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Acid Base Equilibrius

This publication was produced as a teaching tool for

college c“2ristry. The book is a text for a computsr-based unit on
the chemistry of acid-base titrations, and is designed for use with
JORTRAN or BASIC computer systems, and vith a programmable electronic
calculator, in a variety of educational settings. The text attempts
to present computer programs that are relatively free of reliance on
specialized large computer systems programs. The case-study approach
presented is highly research and laboratory oriented. Similar subject
matter is conventionally taught in most introductory college
cheristry courses, but this text material attempts greater depth of
instruction through utilization of the computational resources of a

computer. (Author/BT)




US OEPARTMENT OF HEALTH.
EOUCATION 8 WELFARE
NATIONAL INSTITUTE OF

EOUCATION

THI. DOCUMENT HAS BEEN REPRO

C* "ED EXACTLY AS RECEIVED FROM
1<E PERSON OR ORGANIZATION ORIGIN

AfING IT POINTS OF VIEW OR OPINIONS
STATED DO NOT NECESSARILY REPRE

SENY OFFICIAL NATIONAL INSTITUTE OF
EOUCATION POSITION OR POLICY

Final Report

ED106053

Project No. 1-A-032
Grant No. OEG-1-~71-~0012(509)

George Fleck

Department of Chemistry

Clark Science Center

Smith College )
Northampton, Massachusetts 01060

CASE STUDIES IN SYSTEMS CHEMISTRY

September 1973

U.S. DEPARTMENT OF HEALTH, EDUCATION, AND WELFARE
Office of Education

National Institute of Education

Regional Research Program




ABSTRACT

The 223-page book, Case Studies in Systems Chemistry: Carboxylic

Acid Equilibria, was written, published, and distributed for evalu-

ation as a teaching tool for college chemistry. The book is a text

for a computer-based unit on the chemistry of acid-base titrations,

and is designed for use with FORTRAN or BASIC computer systems, and
ﬁithréggfégfammable eiecféénic calculator, in a variety of educational
settings. The text is novel in that it attempts to present computer
programs that are relatively free of reliance on specialized large
computer systems, proérams that can be used by individual students 1n.
an open-ended manner. This case-study approach 1s highly laboratorv
oriented, with a'strong research flavor. Similar subject matter is
conventionally taught in most introductory college chemistry courses,
but this text material permits significantly greater depth of

instruction through utilization of the computational resources of a

computer.
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INTRODUCTION

Collegiate instruction in chemical equilibrium and chemical
rinetics, the two broad areas of syscems chemistry, has been limited
in sophistication by the formidable barrier imposed by the repetitive,
time-consuming, and boring arithmetic required for comparing data from
experiments with predictions of theory. Comparison of data and theory--
a central aspect of the appreciation of science as well as a critical
aspect of the learning of science--has thus traditionally been given
scant attention in introductory college courses dealing with the
subject matter of systems chemistry. The wide availability of com-
puters and computer terminals on college campuses has vastly expanded
possibilities for exploration of the relationships between laboratory
data and theory in systems chemistry, although these possibilities
have not yet been exploited. This research project was designed to
.:ake available, to both instructors and students, resources needed for
utilization of their available computer facilities for college-level
instruction in systems chemistry.

Work has progressed in the development of case studies in several
areas of systems chemistry, with open-ended descriptions of how com-
puters can be used to facilitate confrontation of student data and the
predictions of student-formulated models. A detailed case study in
the field of the solution chemistry of acid-base equilibria, appropri-
ate for instruction in an honors section of general chemistry, has
been developed.as a prototype for other similar text materials pro-
Jected for coupled equilibria, kinetics, and simultaneous kineties and
equilibria. The complete case study, entitled Carboxylic Acid
Equilibria, is submitted as a portion of this final report.

Of strong interest to the investigator has been the presentation
of this material in forms applicable to a wide range of computer
systems. The case study includes programs written especially for an
IBM 1130 system with a plotter, using FORTRAN language, and also
related programs written especially for a remote typewriter terminal,
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using BASIC language. A program for a Wang 700 series programmable
calculator is also included, but our efforts to use such small
computers has been disappointing and we do not feel that continued
Work with programming our Wang 700 or our Olivetti P§02 is warranted.

The most important aspect of this research is to alert chemical
educators to the new possibilities for teaching what has become a
classical subjecc in general chemistry, analytical chemistry, and
physical chemistry. The investigator presented a talk on systems
chemistry (see Appendix A) to the New England Association of Chemistry
Teachers at their August 1972 meeting, and copies of this talk were
distributed to all participants at the 1972 Mount Holyoke Conference
on Chemical Education sponsored by the Division of Chemical Education,
American Chemical Society. It was announced at these meetings that
materials being prepared under this grant would become available
during the fsllowing year, and could be sent to chemistry teachers
upon request.

METHODS

An effective way of demonstrating to teachers of chemistry that
a new approach to teaching can be used is to present examples of how.
it is being used. Likewise, one effective way of showing students how
to use a technique i1s to show it being used, and then ask the student
to use the technique in a different but closely related manner. For
both reasons, the case study approach has been utilized in this
research to provide examples of the use of computers to facilitate the
comparison of models and data.

Each computer program is illustrative of a wide variety of
similar programs, so that the program need not be followed as a
recipe, but can be varied and extended by the student. The, programs
of the case study are meant to open new vistas, not to exhaust possi-
bilities. A wide range of programs utilizing small desk-top programe-
mable electronic calculators were investigated, with detailed
programming attempted with an Olivetti P602 and a Wang 700. One Wang
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program is presented in the completed case study, but our efforts with
four experienced student programmers and our attempts at stimulating
student usage has been disappointing and generally negative. Workable
programs for these calculators can be written, but there is an inherent
lack of flexibility that inhibits student experimentation with these
programs. We have found great enthusiasm for the IBM 1130 programs,
particularly with graphical plotter output, and good response to the
BASIC programs, contrasting markedly with the responses to the smaller
and less versatile equipment.

The original programs were written by the students, in mzany cases,
and many modifications of the programs have been suggested by students.
The materials of the case study have been tested by classroom-laboratory
use in a college general chemistry course for students with strong
science preparation, and in an independent study project by a secondary
school senior who was compleving a second year of chemistry. Most of
the students involved in formulation and testing of this material are
girls, and almost all are science majors.

The completed case study, Carboxylic Acid Equilibrie. has been
rsent to 30 interested high school and college teachers whc have
expressed interest in this research, and some suggestions have been
received. Corrections and changes arising from their ¢omments will be
incorporated in a set of revision sheets that are to 6§ incorporated
in the case study in June 1974. Preliminary responses indicate that
the computer prog ims are indeed usable in computer installations
other than the Smith College facilities.

RESULTS

The case study begins with a detailed statement of its perform-
ance objectives. Three ge.ieral objectives are stated, followed by a
1ist of specific objectives written in behavioral terms. The
investigator has used this case study for teaching a unit in general
chemistry, and has evaluated student performance in terms of the
ability to meet the stated general objectives. Such studant evaluation
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1s highly satisfactory with an honors-pass-fail (or its equivalent)
grading system. The performance tends to be either full achievement
or failure, and the investigator sends students with a performance of
“failure * back to the text, lab, and computer for further work.
Hlediocre work gets equated with failure, and the middle ranzge of
grades gets eliminated. The acceptance of such an evaluation scheme
probably carries witlk it a rejection of a bell-shaped distribution

of grades.

The case study is an integrated discussion of theory and methods
of treating laboratory data. Computer programming details are intro-
duced as needed. The approach is intended to appear highly pragmatic:
methods are introduced whenever there is a need. The goal set before
the student is the arranging of meaningful confrontations between
data and theory.

Emphasis is placed on model building and on simulation of these
models. Students are reminded that a computer gives a novice chemist
power to test models that was unavailabla to researchers in former
decades. Students are encouraged to test assertions that appear in
older research articles, as well as assertions made by textbooks,
teacrters, and this case study. Some teachers may find this open
approach threatening, as indeed may some students. But the approach
offers an opportunity for students to become liberated from reliance
on textbook dogma, and to test important ideas for themselves.

Distinction 1s made repeatedly between macroscopic and microscopic
descriptions of chemical systems, emphasizing that macroscopic
descriptions are phenomenological and therefore potentially accessibhle
in terms of experimental observables, whereas microscopic desecriptions
are necessarily made in terms of theories and thus are accessible only
in terms of models. Perhaps the discussions add motivation for the
students to achieve facility with simulation techniques, for simulation
of models provides an easy method of dealing with microscopic
descriptions.

The chemical literature contains vast numbers of research reports
dealing with acid-base equilibria with only a few containing as much




detailed quantitative analysis as in this case study. There is thus

2 reservoir of material in the journals for use in teaching about (and
in learning about) tne equilibria involving carboxylic acids. Early
in the case study (on page 61), there appears a listing of biblio-
graphical sources providing entry for a student into the primary
research literature. Additional comments are made throughout the text
to lead the student to the library.

The initial computér programs are presented in FORTRAN language,
with much of the output to be obtained with a plotter. This 1is by
far the most satisfactory method that has been employed by the
investigator. However, - -quate results can also be obtained using a
time~sharing term;nal and employing BASIC language, and several
appropriate BASIC programs are presented, beginning with page 90.

In every case, effort is made to show a program that "works", but at
che same time to encourage the student to adapt that program to the
particular specialized needs of the moment.

In teaching this material, the investigator has repeatedly found
that students miss many important aspects of both theory and experi-
ment when they do a single experiment with a monoprotic acid. Thus
repetition (by titrating a diprotic acid and interpreting that new
data) of the whole procedure has a great deal of pedogogical value.
Happily, there are many significant features that are new to the
diprotic acid case, thus adding some additional interest. The new
features center largely about the use of both macroscopic equilibriunm
constants and microscopic equilibrium constants to describe the same
chemical system, and the possibility of having alternative but indis-
tinguishable descriptions of the same system. These features of acid-
base equilibria are explored in Chapter 2. Finally, in Chapter 3,
polyprotic acid equilibria is introduced in a research context, leaving
many possibilities open for the inquiring student and the imaginative
teacher.




CONCLUSIONS

It is clear that computer use by students in an introductory
general chemistry course can be used to integrate laboratory and cla.
room, as evidenced by the accompanying textual materials and by their
successful use in the investigator's classes. It 1is the Judgment of
the investigator that satisfactory evaluation of student performance
can be made by using the three general objectives stated at the
beginning of the case study. We feel that computer systems comparable
to the IBM 1130 with plotter provide flexibility and performance that
is- completely adequate for the instruction envisioned with this case
study, but that further efforts to utilize programmable calculators
such as the Wang 700 or the Olivetti P602 are not warranted. Undoubt-
edly there should be continuing efforts to increase the portability
"nd transferability of computer programs, and other writers should be
encouraged to develop better ways of writing programs that can be ru:
on a variety of different computers with a minimum of editing.

The completed case study is evidence that the availability of
computing facilities for students can change the substantive content
of introductory chemistry courses. The wide distribution of such case
studies can be an aid to stimulating similar activity on many campuses,
and to exchanging curriculum information between teachers. The case
study approach also provides a medium for self study in which a
student, with modest laboratory equipment and access to a computer,
can learn a substantial amount of science without requiring extensive
interaction with an instructor. '
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Appendix A

New England Aszociatfon of Chemistry Teachersz::August 1o, 197

SYSTEMS CHEMISTRY: PUTTING IT ALL TOGETHER

Genrge Fleck

Department of cChemistry

Smith College

Northampton, Massachu.,etts 01060

Humpty Dumpty sat on a wall

Humpty Dumpty had a great §all;

ALL the king's honrstes

And all the king's men

Couldn't put Humpty Dumpty back togethen again.

Poor Humpty.Dumpty got taken apart rather violently. 1It's
easy to smash an egg. With some practice, an egg can be disassen-
bled with more finesse. The art of separating yolk and white is
not so hard, unless you insist on using just one hand. And with
some more sophisticated techniques, the egg can be sépgrated with
finer resolution and a variety of pure compounds can be isolated
{rom an egg. To take apart an egg — even to take apart an egg and
separate it into many of its constituent compounds — is a straignt-
forward task. But clearly more than a kirg's command is needed to
put it all back together szgain.

So it is with descriptions of an egg. Analysis—the description
of an egg in terms of its constituents — is straightforward. We
can find out what is in the egg, and we can characterize each of
the components in terms of its molecular structure. But synthes:s
— explaining how the molecular constituents function together as
4 system to create a Plymouth Rock chick — is an intellectual tusk
of considerably greater magnitude. Whether literally or figuratively,
it is a whole lot easier to take an egg apart than to put it back
together again.

There is a lot to be learned about things by taking them
apart. The search for the ultimate parts and pieces of things and
stuff was a driving force in transforming alchemy into chemistry.
When earth, air, fire, and water were replaced by scores of chemical
clements. chemistry had become an analytical science. And when
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Page Two

the clements had been taken apart and found to be made of clec-
trons, protons, and ncutrons, part of chemistry had almost be-
come physics. An enticing goal for many chemists has been to
talk about the world in terms of simpler and simpler models,
and in the process to cut up chemical reality into smaller and
smaller pieces.

Yet the rise of chemistry during the past hundred years as
a significant force in our society has not appeared to the lay
observer to be due to progvess in identifying elements, nor to
the insights of quantum mechanics, nor to the ability to deter-
mine molecular structures, nor to the ability to make refined
chemical analyses. Layman, physician, businessman, homemaker,
soldier, and politician have seen and felt the impact of chemistry
in the twentieth century in terms of a host of new materials put
together by the chemists: fabrics, drugs, plastics, explosives,
fertilizers, and construction materials. There is private fun
in taking things apart, but there is public reward-in putting
things together, especially for building — that is, in synthe-
sizing — things new and useful.

As we look to the future, we can see new chemical challenges.
Design and synthesis of new materials will continue to be importunt.
Society will demand from chemistry new fuels, new fabrics, and new
foods at low cost and in abundance, without regard to constraints
imposed by thermodynamics. Society will ask chemistry for ways
to perform miracles in waste disposal, air and water purification,
and instant drug therapy for cancer, heart diseases, and olf age.
In a world rapidly moving toward a confrontation with the limits
of rcadily available natural resources, many of the material
cexpectations of society may be found to be unrealistic or .nattain-
able, and chemistry may soon be called upon to help delineate the

~. "imits of the chemically-possible exploitation of this planet.

Increcasingly, chemists may expect to be dealing with more compli-
cated and less well defined chemical systems: the various eco
systems, for example, and living organisms, for another. Chemists
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will also rind themselves taiking to cconomists, politicians,
voters, and consumers, trying to explain to this public the
limitations placed on chemical systems by the rcalities of basic
physical laws.

In the relationships of .. 'y with society, the future
will require increasing unders..nding of complex chemical systems.
Chemists will need to know what to expect when lots of interacting
molecules get put together. Chemical education should begin now
te provide students with the intellectual tools required for

coping with complex systems.

TAKING IT APART. VERSUS PUTTING IT TOGETHER:
IMPLICATIONS FOR THE CHEMISTRY CURRICULUM

The word system occupies a central place in the teaching of
physical.chemistry, and the word is commonly used in all areas
of chemistry to denote the mixture of chemicals being studied in
an experiment. The need is to make the concept of system an
open-ended concept, capable of being extended by the student to
systems of greater and greater complexity. There needs to be
explicit consideration of the ways in which sub-systems combine,
for seldom are the properties of a chemical system the simple sum
of its parts. There needs to be exploration of the advantages
and disadvantages of the phenomenological description of a systen,
and of the relationships between macroscopic and microscopic
variables and models i1 describing systems. Finally, there necd:
to be an awareness throughout chemistry that students should be
reminded that the real world is made of chemical systems, few of
which arc understood, many of which need to be understood.

We began to make substantial progress in getting students
involved, at the freshman level, with systems chemistry when an
IBM 1130 comruter became available on campus. For our teaching
of solution equilibria and kinetics, access to a computer with
a plotter revolutionized our approach. The mathematics has
shifted from calculus to arithmetic and simple algebra. The lab

and classroom have come closer together, as the computer has

13




Page Four

facilitated a teaching strategy in which students confront their
experimental data with predictions of their models. By giving
the students the powerful tool of computer simulation of a model,
the role of the teacher has changed; since the students have the
tools to challenge ideas and models presented by the instructor,
it is possible to have students and instructcr joining forces in
an active pursuit of models that are faithful to good experimental
data. Finally, the use of simulation techniques means that the
students can discover and verify certain properties of systems,
without having to accept textbook dogma. We find that realistic
small research-type projects are quite appropriate at the college
freshman level, at least in small classes with well-prepared
students.

Systems chemistry, when taught with the support of computer
facilities and a well-staffed laboratory, can enter the che .istry
curriculum in various ways. We are struggling with the appropriate
places where these concepts ought to be taught. They can be
taught very early in a student's career, at the point where we
usually teach stoichiometry and titrations. It can come at the
point where we usually talk about entropy and free energy. It
can wait until senior year, and be used as an integrating course
to help put it all together for a student. For the remainder of
this discussion, I wish to dwell on the substance of the concepts
that need to be taught, without necessarily implying the courses
where the concepts might be introduced or reinforced.

CONCLPTS OF SYSTEMS CHEMISTRY
LEVELS OF CONSTRAINT ON A DYNAMIC CHEMICAL SYSTEM. Every

reacting system, given a constant environment, is predestined to

a particular evolution and a particular equilibrium state. In

thc absence of an adequate reaction mechanism, few predictions

can be made about the initial time-course of the system, The
passage of time, though, places constraints on any reacting sy.tem.
As timec goes by, less information is needed to formulate a

description of the further evolution of the system. By the same
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tehen, less information about the system is available {rom data
obtained from a system close to equilibrium.
A generally-reacting system can be described from time-zero

to time-infinity by postulating a reaction mechanism, and writing
a mathematical model that includes a set of mass-action rate
equations. If values of the rate constants are known, the system
can be simulated by approximating the derivatives in the rate
equations by ratios of small differences, and the time-dependence
calculated by repetitive arithmetic via a process that is quite
appropriate for computer computations. Experimental data can be
usced to evaluate rate constants,, but experiments must be carefully
designed for that purpose. )

For a complicated mechanism, the early <im> phase may be
categorized as '"transient behavior" and ignorec«, so that attention

may be focused on the later stages of the reaction. For any

system that can be characterized by mass-action rate equations,
eventually all transient behavior passes by, and the final approach
to equilibrium is a simple, exponential, first-order relaxation.
With some systems, the reaction all (or virtually all) the way

from time zero proceeds by one or more first-order relaxations.

The time-constant for a relaxation (a macroscopic rate constant)

is a function of all the microscopic rate constants of the
mechanism. For a complicated system, the approach to equilibriun
in a final relaxation is described by a single number. This is

a great simplification for macroscopic or phenomenological descripti. .
The situation renders hopeless, however, the prospect of gaining
detailed mechanistic information about a complicated reaction from
data obtained near equilibrium.

Often, but not always, a system may react in such a way so
that after an initial transient phase, some of the components may
be in a steady-state. Then just a few chemical species are being
transformed from reactant to product, while other species have

concentrations that are time-invariant. Steady-state systems can
be described with fewer variables, but again steady-state rate data
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yicld less information, than a gencrally-reacting system.  Most
biological systems ars in steady-states. It would seem that
general analysis of steady-state systems must be an important-
part of a systematic study of systems chemistry. )
Finally, there is the equilibrium state. A system that is
actually at equilibrium has reacted as far as it can react. Such

a system can be described with the minimum number of variables.
However, the cost of obtaining this simplicity of macroscopic
description is that equilibrium experimental data has essentially
no information content regarding mechanisms of reaction.

STABILITY OF A REACTING SYSTEM. Many thermodynamicists spcak
with assurance when they say that no reacting system overshoots

cquilibrium, that entropy always increases during a reaction,
and that the driving force for achievement of the equilibrium state
is the derivative of the free energy with respect to the degree
of advancement. Each of these statements may well be true, if
properly applied and if properly qualified. Yet apparent contra-
dictions abound. The concentration of an intermediate often
overshoots its equilibrium value during the transient phase of a
reaction. Sustained oscillations have been observed in several
reacting systems,
' Thus it is‘especially instructive to explore some of these
general statements about the one-way nature of the approach to
‘equilibrium and ‘the stapility of the equilibrium state. A comput:.r
simulation is an ideal method for the student to conduct this
exploration. Along with the output of concentration versus timec,
onc can calcuiate entropy and free energy versus time. One can in
fact look at entropy and free energy of individual species, as well
as for the system as a whole. A student should then formulate
some of the general criteria for reacting systems in terms that
can be defended on the basis of simulations of reaction mechanis ‘s.
Most elementary chemical reactions have inherent stabilitv
because of negative feedback built into the form of the mass-action
cquations. Some chain reactions appear to lack this stability,
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and it is instructive to pinpoint where stability is lost, and how
it can be restored. Such considerations of stabilj ty are very
important in talking about control in a living organism, where
steady-state concentrations are regulated by molecular control
processes that need to be understood. Using simulation methods,
an undergraduate student can subject some of the qualitative ideas
that appear in the biochemical literature to some critical tests.

The concept of self-regulated dynamic stability is really quite
apoealing.

STRUCTURE WITHIN A REACTING SYSTEM. Homogeneous solutions
are convenient media for performing reaction-rate studies in the

laboratory. Homogeneous systems are also particularly amenable

to modelling with mass-action rate equations. However, there is
evidence that suggests that.some types of interesting reactions
cannot occur in a strictly homogeneous medium. Certainly, a living
cell is a structured medium, and many of the special properties

of a cell derive from this structure. There is continuing interest
in ways in which an initially homogeneous solution, or gas, or zcl
can achieve structure. It is not enough to divide the woi.d into
homogeneous and heterogeneous media, for the criteria for structure
are probably quite subtle. The dynamic stability of non-uniform
structures such as flames or living cells is intimately involved
with reaction processes. Prototype models can be cast into
mathematical forh, and simulated, setting up open-ended investi
tions for students.

od‘

SOME FUNDAMENTAL CONCEPTS. There are a few ideas that are
central to systems chemistry that need to be stressed to students.
I shall merely list a few of the ones that I feel are significant.

1. Thé macroscopic behavior of a multi-component equilibrium
system, or of a multi-reaction reacting system, can be described
with fewer numbers than the microscopic description of individu::
molecular processes.

2. A system is the superposition of individual sub-system.,
but the properties of the whole are not the additive sum of the
propertics of the parts.

17




Page Eight

3. There is room for subjectivity and creativity in making
models of chemical systems. Various models may be equally useful,
and equally faithful to experimental data.

4. The best that we can sometimes accomplish is to make
statements about the forms, not the details, of equations that
govern a system. But sometimes it is the structure of the dynamic
system, not necessarily all the detaiis, that is significant.
Thus, although probably every candle flame is different, thee arc
common features of candle flames that arise from the structure
of the mathematical model, features that yield stability and
integrity to a candle flame.

SUMMARY

It has been asserted that chemistry makes its impact on th:
world by processes of synthesis, by putting things together.
It has been predicted that this putting-together activity will
increasingly involve chemists in dealing with complex systems,-
chemical in nature, that are of concern to a wide range of non-
chemists. To deal with such research concerns in the future, as
well as to make current instruction relate to issues of sccicty
as they impinge on chemistry, it seems appropriate to introduce
some explicit systems chemistry into the chemistry curriculum.
It is suggested that computer simulations of equilibrium syste«:.
and kinetic systems is an effective way to accomplish this, wit.
the present structures of chemical carricula. ' -
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INTRODUCTION TO CASE STUDIES IN SYSTEMS CHEMISTRY

The focus of each of these case studies is a chemical system.

We shall use investigations of chemical systems to gain experience
with some useful experimental techniques and theoretical methods.
We shall also use these investigations to explore certain central
philosophical issues, including

inter-relationships between facts and theories in science;

analytical versus synthetic approaches to learning about nature;

inter-relationships between macroscopic and microscopic descriptions;

the role of time in describing nature; and

the possibilities for subjective, creative expression in science.

The systems themselves are worth studying for their own sake.

By pointing directly to significant and interesting chemical systems,
we shall try to Keep tangible hunks of matter — a living cell, a
lake, a beaker of solution, a jug of wine — in front of our eyes and
at the front of our minds. And then, to develop realistic theories
that are clearly and directly related to the real chemical systems,
we shall adopt a strategy of confronfation of data §rom chemical experiments
with the predictions of chemical theory. Over and over again, we shall
set up confrontations by carefully designing experiments and by
carefully designing chemical models so that both experiment and
model yields a number that should be the same 4if experiment and model

are consistent. We shall exploit the use of computer simulation methods

for obtaining numerical predictions from our chemical models.
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SOME COMMENTS ABOUT THE USE OF COMPUTERS
IN THE INVESTIGATION OF SOLUTION EQUILIBRIA

Much of the material that follows is oriented toward
computer calculations. There is enough computer output presented
so that a student can read about the chemistry, with understand-
ing, without having access to a computer. However, the case
study is primarily intended to involve each reader with calcula-
tions and with interpretation of his or her own data, and for
these purposes a computer is of great utility.

This case study attempts to present the computer as a tool
that can liberate the student from dependd:ace on the instructor
and on the textbook. The case study is also viewed as a resource
for the student in developing a mature understanding of the
relationships among hypotheses, experimental déta, and interpre-
tation in the special field of solution equilibria. Because the
computer frees both instructor and student from the limitations
of paper-and-pencil calculations, it is possible to explore in
detail and with assurance the consequences of various chemical
issumptions about the systems being investigated.

The computer is not viewed as a substitute for laboratory
experience. On the contrary, the author has found that extensive
use of the computer has made possible a chemistry course in which
laboratory experimentation and the use of chemical theory are
very closely integrated. Throughout the case study, there is an
emphasis on the confrontation of the student's own data and the
quantitative predictions of the student's own model.

In the main body of the case study, use is made of FORTRAN
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programming language, and the illustrative computer output has
been obtained from an IBM 1130 Computer system which includes

an IBM 1627 strip-chart plotter. The discussion assumes that
input of programs is via decks of punched cards. Our experience
in chemistry instruction at Smith College has been with hands-on
student use of the computer system. Some very useful plotting
subroutines, available on our computer, are described in Appendix
I. A single 15-minute orientation session, given to groups of
about ten students at a time by an undergraduate computer-center
assistant, is sufficient to provide all the information needed
for running a progranm.

In writing this case study, as well as in teaching this
material to entering college freshmen, it is assumed that the
student has no previous knowledge of computers or of programming
languages. Working programs are presented that can be modified
easily by the changing of just a few statements. As the case
ctudy (or the semester) proceeds, the programs become somewhat
more complicated, with the result that most students gain a
substantial degree of facility with the computer while learning
about the chemistry of equilibria in solution. Increasingly,
students are entering college with some experience in FORTRAN or
BASIC, and these students are encouraged to write their own
programs and to attempt special computer projects.

At the end of each chapter is a section discussing the use
of the BASIC programming language. The illustrative computer
output has been obtained from a time-sharing terminal of the

University of Massachusetts computer system. We use a Cartertone




T

S15C data terminal which is a modified IBM Selectric typewriter
coupled to the University of Massachusetts computer center via
a Bell System DATA-<Phone.

All FORTRAN programs in this case study are identified by
number, beginning with FORTRAN Program 1. All BASIC programs are
identified by letter, beginning with BASIC Program A.

All Wang programs in this case study are identified by lower
case letter, beginning with Wang Program a. We have attempted
to use a Wang 700 programmable calculator with output presented
on a Wang flat-bed plotter, but have found that the most con-
venient usage by students in studying solution equilibria is
by numerical output. We have therefore given a program in this

case study only for use with a Wang unit with just nixie-light

output.
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PERFORMANCE OBJECTIVES
FOR THE CASE STUDY

GENERAL OBJECTIVES
I. You should be able to show how .the predictions of a

postulated set of chemical equilibria can be confronted with
the quantitative facts from chemical titration experiments in
such a way that the chemical model might be found inconsistent
with the experimental data.

II. For a nostulated set of chemical cquilibria involving
an acid with at lcast two dissociable protons, you should be
able to show how numerical values for the equilibrium constants
for that acid can be obtained from titration data of pl versus
volume of added titrant.

III. For a particular acid, you should be able to obtain an
experimental titration curve, analyze that data, propose a set
of equilibria to serve as a chemical model, perform a computer
calculation of the titration curve prediéted by that model,
and finally compare the results of experiment and the predic-
tions of theory.

aeE
SPECIFIC OBRJECTIVES

To achieve the three general objectives, you should be
able to start with a particular set of equilibria, postulated
for a particular chemical system, and deal with that chemical
model and the chemical system in a stepwise fashion as out-
lined in the list of specific objectives that follows. Given
the particular diprotic acid, you should be able to:

1. STATE A CHEMICAL MODEL. Make a list of all the
chemical species that you decide should be assumed to esist in
the solution. Vrit2 a balanced chemical equation for each
equilibrium reaction that you decide to assume. Check to be
sure that there is at least one way, via the assumed chemical
reactions, for each assumed species to be produced from the
chemicals that are mixed together to prepare the solution.
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2. STATE THE MATHEMATICAL MODEL. Write & set of simultaneous
algebraic ecuations as follows:.

a. For each chemical reaction, write an algebraic equilib-
rium-constant equation in terms of molar concentrations.

b. Write the electroneutrality equation.

c. ¥Write algebraic conservation equations in terms of
molar concentrations.

3. DESIGN A TITRATION EXPERIMENT. Propose\an experiment for
obtaining experimental data sufficient to pl t & titration curve.
Decide on appropriate concentrations. Ihich solution will you
use as titrant?

4, OBTAIN AN ALGEBRAIC PREDICTION FOR THE TITRATION CURVE.
The simultaneous algebraic equations that constitute the
mathematical model should be combined to give a single equation
that involves (H*), the equilibrium constants, and the known
total concentrations (the macroscopic concentrations or analytical
concentrations) of acid and base. Then change to volume variables,
obtaining an equation that relates the two experimental variables
(H') and V :

titrant

5. ESTIMATE VALUES OF THE EQUILIBRIUM CONSTANTS. Calculation
of the theoretical titration curve predicted by your model
requires that you have numerical values for each of the equilib-
rium constants. You may use a literature value for the ion
product of water. Probably the most convenient assumption for
the various acid dissociation constants involves use of the
half-equivalence method. But however you proceed, you must put
some numbers into the calculations as starting values, numbers
that later can be verified or modified as calculations are
compared with data.

6. PERFORM A COMPUTER SIMULATION OF THE SYSTEM. Using the
algebraic equation that you obtained from the mathematical model,
and using the estimated numerical values of the various equilib-
rium constants, use a computer to calculate a predicted titration
curve. Do your data agree with the calculations? If not, then
attempt to get a good fit by making‘appropriate changes in the
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values of the equilibrium constants used in the simulation. By

a8 series of successive anproximations, you may be able to get a
mood fit in the repions of the titration curve where the shape of -
the curve is highly dependent on the values of the equitibrium
constants. It may be that your data are not accurate or precise
or reliable enough for this comparison; if this is the case, Yyou
must return to the laboratory and get some better data. Your
results should include a set of values for the equilibrium
constants, an estimate of\the reliability of each constant, and a
judgment of the extent to which the data are consistent with the
original chemical model.

2eeee

HELPS FOR ACHIEVING THE OBJECTIVES

General objective I, the confrontation of the chemical model
with experimental titration data, is achieved in svecific objective
6. General objective II, evaluation of the equilibrium constants,
is achieved in specific objectives 5 and 6.

Key to Textbook:

G. M. Fleck, Equilibnia in Sofution, *lew York: Holt, Rinehart
and Winscon, Inc., 1966. Objectives 1 and 2: chapter 3. Objectives
3 and 4: chapters 4 and 5.

eeeee

AN EXAMPLE OF THE CONFRONTATION OF THEORY AND EXPERIMENT:
NUMERICAL EVALUATION OF THE EQUILIBRIUM CONSTANT
FOR THE DISSOCIATION OF A MONOPROTIC ACID IN SOLUTION

During the course of the titration of an aqueous solution of
a monoprotic acid with a solution of sodium hydroxide, the pH value
(measured with a glass-electrode-—calomel-reference-electrode
assembly immersed in the solution) increases. Initially, before
any sodium hydroxide titrant has been added, the pH is the pH of
a8 solution of the pure acid in water. At the equivalence point,
when equal numbers of moles of acid and tase have been added to
the titration vessel, the pH value is the same as the pH of a
solution prepare< by dissolving the sodium salt of the acid in
water. Past the eauivalence point, the pH continues to rise as
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additional titrant is added, approaching the pH value of the
sodium hydroxide solution used as titrant.

The titration cuave is a plot of pH versus vNaOH’ the volume
of added sodium hydroxide fritrant solution. We shall examine a
way to use these titration data to obtain a numerical value of
the equilibrium constant for the dissociation of a moncprotic
acid, an acid with just one dissociable proton. Ye shall do this
by suggesting a chemical model to describe (and perhaps even
partially to explain) the molecular equilibriym within the
solution. Then we shall perform a computer simulation set up in
such a way as to confront the model and the data. Demolition of
the model is possible as a result of this confrontation. Also
possible is the exposure of bad data. In this discussion, we
shall follow an organization suggested by the acid-base equilibria
specific objectives 1 -6 for a diprotic acid.

Let us consider the titration of 0.1000 molar acetic acid
solution with 0.1000 molar sodium hydroxide soluiion at room
temperature,

OBJECTIVE 1. STATE A CHEMICAL MODEL.

List of chemical species assumed:
HA  acetic acid
A" acetate ion

Na+

OH

H+

H.0
Equilibria assumed:

HA @ A" + H'
H,0 2 OH + H'
OBJECTIVE 2. STATE THE MATHEMATICAL MODEL.
a. Bquilibrium Constant Equations:

CRICY .
(HA) (1)
K, = (OH") (H") (i)
12
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where (A"), (HA), (M), and (OH™) are individual-species concen-
trations (microsconic concentrations) in moles/liter.
b. Electroneutrality Equation:

(Na*) + (") = (OH) + (A7) (iii)
c. Conservation Equations:

[A] = (HA) + (A7) (iv)

[Na] = (Na") v)

where [A] and [Na) are total concentrations of all acetate-con-
taining snecies and of all sodium-containing species.

OBJECTIVE 3. DESIGN A TITRATIOM EXPERIMENT. Tahe goal of tiis
experiment is to obtain a set of ordered pairs {(H+), vNaOﬂ} for
representative points in the titration, all the way from tie start
to nast the equivalence point. Note that the exnerimental
variables, as directly observed in the laboratory, are pH and

quon‘

OBJECTIVE 4. OBTAIN AN ALGEBRAIC EQUATION FOR THE TITRATION
CURVE. Equations 1 through v, a set of five simultaneous equa-
tions in five unknowns, constitute the mathematical model for
this acid-base titration. We seek to eliminate four of these
unknowns and thereby obtain a single equation relating known
quantities in [ 1's to the measurable (H’). Equations i and iv
can be combined to eliminate (HA), giving

H")

[A] = [ + 1}(A’) (vi),

\
Equations 1iii and v together yield

L )= ) - (OH7) + [Na) (vii)
We now put everything together. Equations vi, vii, and also ii,

are combined, resulting in the following cubic equation in (H+):
(H*)? + {[Na] + K} (H*)? '
- . +y . s (viii)
+ {K[Na] K[A] Kw}(H ) Kwk 0
Our titration is performed by mixing two solutions: a
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solution of acid having concentration [A] = “A and volune VA;
and a solution of hase having concentiration [Na] = M, and volume
added at any particular point in the titration equal to Via: If

. . e . . . h . .
there is additivity of volumes upon mixing (that is. if Vsolution

is equal to the um VA + VNa)’ then we can write the two macro-
scopic (total) concentrations for the solution being titrated as

v .M V. M
A
;“é“"' and [Na] = T—EE—EEL° (1x and x)
A * VNa VA * vNa

(A] =

During the course of the titration, only (") and Vya are
variables. ''e shall now substitute Fquations ix and X into

Equation viii co give

Via = VaF (xi)

where the fraction F is the following ratio of two polynomials in
(H"):
_ () + k2 - {K, ¢ KM JET) - KK
')+ Ko+ M b2 e (KoM - KOFT) - KK |

OBJECTIVE S5. ESTIMATE A VALUE FOR THE EQUILIBRIUM CONSTAMT.
Try the half-equivalence method for getting a :rial value of the
equilibrium constant K to include in the calculations that depena
on LEquation Xi. The half-equivalence method asserts that
(H+) = K (and therefore that pH = pK) at the point in the titration
at which VNa has a value equal to just halj its value at the
equivalence point. Thus, half-way betveen the beginning of the
titration and the equivalence point, the pH has a value that
permits a good guess for the value of X.

OBJECTIVE 6. PERFORM A COMPUTER SIMULATION OF THE TITRATION
CURVE. Now use Equation xi to calculate a titration curve, the
curve predicted for yourn own experimental conditions, forn your
acid, forn youn estimated value for K, expressed as a pnlot of pH
versus VNa. The procedure is to assume a value for (H+) and then
to use Equation Xi to calculate the corresponding value of VNa'
If this volume is negative, the calculation is rejected as not
corresponding to a point in the domain of chemical reality, and

14
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another value of (H') is nicked. This process is repeated over
and over, and the nositive values of volumes are recorded.

These renmetitive calculations can readily l:e performed hy
a digital computer or a programmahle calculator. A FORTRAN
program that will accomnlish our task is given below:

// JoB
// FoOR
* LIST SOURCE PROGRAM
*JOCS(CARD, 1132 PRINTER)
(o TITRATIOM CURVE ACETIC ACID
REAL K, KW, NUM, MA, MNA
VA = 25,00
MA = 0.1000
MNA = 0.1000
K = 1,75E-5
KW = 1,008E-14
PH = 0,00
1 PH=PH + 0.10
H = 10%%(-PH)
NUM = HA23 + KE(HX%2) - (KW+ (K*IA) ) RH-KI*K
DEN = H*%3 4+ (K+MNA)DR(HA®2) + (KAMNA-KW)RH - KW=®K
VNA = -VAXNUM/DEN
IF (VNAY 2, 20, 20
2 IF (PH - 7.00) 1, 1, 30
20 WRITE (3,10) VNA, PH
10 FOPMAT (F10.3, F10.3)

GO TO0 1
30 CALL EXIT
END
// XEQ
Code for Transla?lng Program into Algebra
FORTRAN Symbol Algebralz Symbol
K K
Kt K
w
VA VA
_VNA VN a
MA M A
1
MNA LNa
PH pH
+
H {H)
* X
Ll raised to the power of

15




The output of this program is a long tatulation of ordered pairs
of numbers, where the first number is the volume of titrant added
and the second number is the resulting nH value. As a sample,.
the first few pairs in the tabulation are piven htelow:

0.027 2.899
0.178 2.999

volume | 0.337  3.099  + py
0.513 3.199

titrant 0.714 3.299
0.949 3.399

0f course, there are many other ways to disnlay the results of
the calculations, and you may have your own ideas about the best
way to set up your confrontation of model and data.

Compare calculated numbers with numters from your own lab
data book. If they don't match, try the calculations again with
a different value of K. Maybe you should also change Kw. Can
you match your data and the calculated curve by choice of K? If
so, what is the best value of K? How reliable do think the value
of your best K is? Express K as some number, ¢ some error
estimate. If you can't match data and calculations, then report
what, in your judgment, is the problem. If you suspect the data,
then return to the laboratory and get additional data which are
more reliable.

%
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Cbapter 1

Titration af a
Mbnaprotz'c Acid
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CARBOXYLIC ACIDS :
A COMMON CIASS OF COMPOUNDS

Some would say that the simplest of the carboxylic acids is
CARBONIC ACID, a chemical compound that has never been prepared
as a pure substance. Carbonic acjd (H2C0s) appears to exist only
in solution. A solution that contains carbonic acid can be pre-
pared by bubbling carbon dioxide gas (CO2) through water. This
‘formation of carbonic acid can be described by the chemical equation

CO2 + H20 2 H2COs 1)
Equation 1 is a symbolic chemical model, written to describe some
observations.

Does carbonic acid really exist? Is it a real compound?
Perhaps. But real or not, H,COs is a useful chemical species to
use iﬂ describing some very real reactions of carbonates, bicarbon-
ates, and carbon dioxide with acids, bases, and water. A common
model of these reactions consists of the reactions of carbonic
acid, bicarbonate ion, and carbonate ion, written as the pair of

chemical equations

H,COy # H* + HCO4" (2)
bicarbonate

HCOy~ @ H' + CO,™" (3)
carbonate

In many respects, Equations 2 and 3 have been found to describe
faithfully the observed behavior of solutions. This chemical model
has been found to be consistent with experimental observation.
Carbonic acid has only a few atoms per molecule, and it may
appear to be a simple species. However, description of a system

containing carbonic acid may require Equations 1, 2, and 3, as well as

18
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the equation for the dissociation of the solvent,

H,0 ¢ H' + OH”
A solution containing carbonic acid can be described as a system
of coupled and competing simultaneous chemical reactions. Such a
solution may be a rather complicated chemical system. We shall
find that many aspects of carboxylic acid equilibria can be discovered
in a study of a monoprotic acid (an acid that has only one proton
that dissociates) such as formic acid, acetic acid, or one of the
other acids whose structures are given in Table 1. We shall think
about the system at equilibrium, ignoring the rate and the manner
by which the system achieves its equilibrium state. Then we shall
look at additional features of cayboxylic acid systems by examining
some diprotic acids in which each proton dissociates from a separate
site (proton binding sites are not unambiguously definable for the
various carbonic acid species). We shall return at last to carbonic

acid, but this return will be in the form of a literature-search

and literature-interpretation project.
A molecule of a carboxylic acid listed in Table 1 contains the

Structural unit

A
"Now

called the CARBOXYL GROUP. The proton can dissociate, giving the

carboxylate anion and the hydrogen ion:
—C</Z_ and W
We shall now focus on compounds that contain just one of these

carboxyl groups.




Table 1
STRUCTURES OF SOME MONOPROTIC CARBOXYLIC ACIDS

A o
H-C\0 formic acid
“~H
H
|
H-C—sz acetic acid
l ~H
H
H
e .
?Z-C-C\D monochloroacetic acid
.‘ +H
H
ce
| P . .
CZ—-C«C\0 trichloroacetic acid
l ~H
ce
HH
L1 0 o ]
H-C-C-C\o propionic acid
1 ~H
HH
HH
b
H~C-C-C<§ lactic acid
P ~H
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CHEMICAL MODZL FOR A MONOPROTIC CARBOXYLIC ACID

Let us imagine a monoprotic acid that can exist in solution
both as the associated acid HA and as the dissociated anion A .

Such a situation can exist with any of the compounds given in Tablc
1. Solutions can be prepared by mixing quantities of the acid,

the sodium salt, sodium hydroxide, and water. Such solutions may
have pH values that range from the acidic region to the basic region.
We shall construct a model for this system that allows the prediction
of pH values from statements of the amounts of acid, base, and
solvent used for preparing the solution. In order to make this
discussion specific, we shall focus on the titration of a carboxylic
acid with sodium hydroxide.

The species present in solution are (we shall assume) as follows:

H,0, HA, A*, Na*, H', OH" (4)
The chemical equilibria required to establish equilibrium in this
system are (we shall asume) as follows:

H,0 @ H' + OH™ (5)

HA @ H + A~ (6)

This listing of the chemical species assumed, together with this
listing of the chemical equilibria assumed, constitutes the chemical
modef for the system.

Associated with each chemical reaction is an equifibrium-constant
equation which we shall always write in a standard form, with the
molar concentration of a chemical species symbolized by enclosing the
formula of the species with ( ), and with the equilibrium constant

symbolized by a capital letter K with some identifying subscript.

Thus we write, to accompany Reactions 5 and 6, the algebraic equations

21




K, = (H")(OH) (7)
CRICS &
HA (HA)

The numerator in each equation is a product of concentrations of
neaction products, and the denominator in each case is a product
of concentrations of neactants, with the terms "product" and
"reactant' defined in terms of the chemical reaction equation as
it is written in the chemical model. When the solvent occurs in

a chemical reaction, its concentration aoes not appear in the
equilibrium-constant equation; instead, we write the number one

in its place. These equilibrium constants may be expected to have
constant numerical values under constant conditions, but they will
in general be functions of temperature, pressure, solvent, and
Concentration. Hopefully, an equilibrium constant will not change
its value very muci: with concentration within the concentration
range which is encountered in the experiments under considerac.ion.

The requirement of electrical neutrality of the solution
requires that the number of positive charges in the solution be
equal to the number of negative charges in solution. Written in
terms of molar concentrations, the efectrical neutrality equation
is

(A7) + (0H7) = (") + (Na") (9)

We shall aiso require that there be conservation of mass and
non-transmutation of elements, and that chemical reactiors that are
not inciuded in the model do not occur. Such requirements can be
stated algebraically in terms of a set of conservation equations,

of which we shall require two here:

[A] = (HA) + (A7) (10)
22




fNa] = (Na*) (11)

Equation 10 states that all the carboxylic acid originally placed

in solution is distributed between the species HA and A . The
quantity [A] represents the total of all A-containing specics, in
moles per liter. Equation 10 is an algebraic statement that the
acid, when added to water, cannot disappear, but can be transformed
into any of the species of the model if there is a chemical equation

-~ e

for the transformation. nce there is only one sodium-containing
species in the model, Equa .on 11 is particularly simple.

It is helpful to distinguish between two sorts of concentrations:
we shall speak of macnroscopic concentrations, symbolized by letters
enclosed by [ ]1's, and microscopic concentrations, symbolized by
letters enclosed by ( )'s. Macroscopic concentrations can generally
be known by the experimenter from the manner in which the solutions
were prepared; macroscopic concentrations are thus experimentally
observable quantities. Microscopic concentrations are concentrations
of individual chemical species, and often these concentrations can
be found only by interpreting experimental data in terms of a model.
One goal ot our manipulations of this model of an acid is to
obtain ways to relate observable macroscopic concentrations and

the microscopic concentrations of the species listed in the chemical

model.

MATHEMATICAL MODEL FOR A MONOPROTIC CARBOXYLIC ACID

Equations 7, 8, 9 10, and 11 comprise a set of simultaneous
algebraic equations that describe in quantative terms the chemical
nodel of a carboxylic acid. This set of equations is the mathematical
medel fon the system. These five equations can be combined to
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eliminate all the microscopic concentrations except (H ), giving

the cubic equation

(H)? + {[M] + Ky, }(H)?

. (12)
+ {Ky, M1 - Ky, [A] - K J(HT) - KKy, = 0 :

This equation is written in terms of a rather special microscopic
concentration, (H+), which is used here as a master variable. We
shall use (Hf) to describe the chemistry of the system, largely
because of the relationship between (H+) and the experimentally
measurable quantity, pH. We shall assume the equation

pH = -fogu(H") (13)
where pH is the reading on a properly-standardized pH meter, and
(H+) is the molar concentration of the species called tke hydrated
hydrogen ion, or the hydronium ion.

It appears, from a casual inspection of Equation 12, that
there are two macroscopic variables: [A] and [M]. In an ordinary
titration, however, [A] and [M] are not iﬁdependent variables. It
all becomes clearer if we change variables so as to ﬁake the actual
experimental variable—the volume of sodium hydroxide titrant added

to the acid solution, called V —explicit and prominent in the

NaOH
equation. If the two solutions used in a titration contain only the
solutes HA and NaOH respectively, if we call the volumes of the two
solutions that have been mixed VHA and VNaOH’ and if the volumes of

the two solutions are additive (that is, if V

total = VHA * VNaOH)’




Vv M
[M] = NaOE NaOH

Viaa * Vyeox

(15)

where VNaOH is the volume of sodium hydroxide titrant added,
VHA is the original volume of carboxylic acid solution,
MNaOH is thc molarity of the sodium hydroxide solution, and
Moa is the molarity of the carboxylic acid solution.

Introduction of Equations 13 and 14 into Equacion 12 permits the

elimination of [A] and [M], and gives an equation that relates

the two experimental variables (H+) and V The equation is

NaOH*

\'f

numenaton ) (16)

NaOH 'VHA[denomZhaton

- +y3 ’ ty2 | Yy o
numeraton = (H')® + K, (H') {Kw + KHAMHA}(H ) - K Ko,

. _ + 3 + + _
denominaton = (H') -+{KHA-+MN30H}(H )2+-{KHAMN30H- Kw}(H )- K Ky,
EXERCISES

1. Combine the appropriate algebraic equations and obtain

Equation 12.

Z. Learn about the use and limitations of Equation 13. One
cuthori itive source of information is R. G. Bates,_ Determination
of pH, New York: John Wiley § Sons, Inc., 1964.

3. Perform the algebra that takes you from Equations 12, 14,

and 15 to Equation 16.

25




PREDICTIONS OF THE MODEL FOR A TITRATION EXPERIMENT

In a titration experiment, quantities of the titrant are
dispensed from a burette into a solution of acid, with the volume
of added titrant being recorded after each addition. The pH of the
resulting solution is measured, after each addition of titrant.

There results a pair of two numbers, V and pH, which characterizes

NaOH
the solution at each point in the titration. More titrant is added,
and a new set of numbers, VNaOH and pH, are recorded. When this
process is continued throughout the titration, a set of ordered pairs
{VNaOH, PH} is obtained that can be plotted as a titration curve of
the canboxylic acid. If required, we can use the operational defini-
tion
pH = -20g;dH+)

to convert the prdered pairs {vNaOH’ pH} into the ordered pairs
{vNaOH’ (H')}. our task, in using our model to simulate this
titration experiment, is to obtain a predicted titration curve in
a form suitable for comparing with actual experimental data.

Numerical substitutisn of a value of (H+) into Equation 16
yields a value of VNaOH, provided that numerical values for KHA aﬂd

Kw are already known, or are assumed.

Methods for making reasonable estimates of the numerical values of
these two equilibrium constants will be discussed in a later section.
For purposes of understanding the following computer programs, just
assume that the appropriate numbers have somehow been revealed. If
yYou have your own data, and want to make a prediction of the titra-

tion curve, you should jump ahead to the later section, and find out

how to make an informed guess.
We shall program the IBM 1130 computer to perform this calcu-

lation for us for many values of (H+). A program that will accomplish
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this task is FORTRAN Program 1, listed on page 28, with sample output
given on pages 28 and 29. Let us examince this program, since it is
typical of programs that can do the drudgery of repetitive calculations
for us, leaving us free to think about interpretations and meaning
of the numbers.

Each typewritten line in this program is called a statement.
in each case, the statement was given to the computer in the form
of a single punched card. The first four cards are controf cands;
they must be present and in the proper order for the program to
function. (Actually, the * LIST SOURCE PROGRAM statement is not
needed for the program to function; when it is included, the printer
will type out the program as it appears on page 28. Such a print-
out is helpful in spotting mistakes when you are running the program
for the first time; later on, you may find that such a listing of
the program takes too much time, and is not helpful, and you will
then want to remove this control card.) The C on each of the next
three cards indicates a comment cand. A comment card does not carry
instructions to the computer for the program, but is included only
to remind the user of special features of the program.

A special feature of the FORTRAN language that is often helpful,
but is annoying to us at this point, is the use of the letters |, J,
K, L, M,and N (the letters from I to.N, the first two letters of
INteger) as first letters of variables used as integers. Integers
are numbers without decimal points. Since we shall wish to use the
variable names KHA, KW, NUM, MHA, and MMOH (because they remind us
of KHA’ Kw’ numerator, MHA’ ana MNaOH)’ we tell the computer that
we intend to violate these rules of FORTRAN grammar; we include the

statement REAL KHA, KW, NUM, MHA, MMOH. 1In FORTRAN, the word ''real"

is used to describe numbers with decimal points.
A series of cards follows next to define various variables and
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// JOB

// FOR
* LIST
*#JOCS{

C
C
C

2
20
10

30

M1

S710079551

SOURCE PROGRAM
CARDsy 1132 PRINTER)

TITRATION -CURVE
PREDICTIONS OF THE CHEMICAL MODEL
MONOPROTIC ACIDs ASSUMED VALUE OF KHA

REAL KHAs KWs NUM» MHAs MMOH
KHA le75E~5

VHA 2500

MHA 01000

MMOH = 001000

KW = 1¢008E=14

H
H e S¥*H

PH = =(ALOG(H)) /2303

NUM H¥*%3 + KHA#(H*%#2) = (KW + (KHA*MHA))*H = KW*KHA
DEN
VMOH = =VvHA#*NUM/DEN

IF (VMOH) 29 20s 20

IF (PH = 700) 1ls 19 30
WRITE (3+10) VMOHs FH
FORMAT (F10e3s F10e3)
GO TO0 1

CALL EXIT

END

// XEQ

PRINTER OUTPUT:

Qe
Qe
le
3e
Se
S
13,
17.
200
22
23
24

194 34009
739 36310
607 3611
100 34912
552 4213
100 4514
349 44815
406 50116
524 5417
542 5718
707 64019
336 6320

6621 : 'ﬁ?

H*%¥3 4+ (KHA + MMOH)*(1i%%#2) 4+ (KHA#MMCH = Kw)¥*H = KW#*KHA

28




244830
244915
24957
244979
2499C
244996
25000
250004
250010
25021
250043
254086
250173
250348
250702
260424
27933
316232
394239
644818
4164096

64922
Te223
Te524
Te825
Bel26
Be#27
8728
94029
94330
Y631
9932
10233
106534
10835
116136
116437
11738
12,039
124340
124640
12,941




constants, and to state the initial conditions of the titration.
Since only capital letters (and no subscripts) are available for
communicating with the computer, we use such expressions as KHA and
VHA to represent Kyp and Vin+ The writer of this program thought
that MNaOH could be most clearly represented by MMOH rather than by
MNAOH; you can use whatever combination of letters you wish, with

a maximum of five letters per variable name. Large and small numbers
are written in exponentiaf notation, which means that two of the
FORTRAN statements translate as follows:

KHA = 1,75E-5 > K 1.75x10° %

HA
KW = 1.008E-14 = Kw

1.008x 10"

Most of the remaining cards contain statements that constitute
a computation Loov, and we shall look at this loop in detail later.
Statement 30 and the following card provide the necessary mechanism
for ending the program. The last card in the deck is the instruction
to execute the program.

Unless there are instructions to the contrary, the computer
proceeds sequentially through the statements. After one statement
has been executed, the statement immediately following it is then
executed. However, you as the programmer may change the sequence
of operations by using the GO TO or IF statements:

The statement

GO TO 1
will be followed by execution of the statement numbered 1. Then
the program follows sequentially after statement 1.
1The statement

IF (A) 1, 2, 3

30




provides for transfer of the program to one of three different
statements, depending on the numerical value of the variable A.
If A is negative, then the next statement executed will be the
statement numbered 1. If A is zero, then the next statement that
is executed will be statement 2. If A is positive, then the next
statement executed will be statement 3.

Note that only some of the statements are numbered. You may
number any statement with any number, remembering to never use the
same number twice.

You can add spaces within a statement, almost at your own
convenience, in order to mzke the typewritten statement more
readable to you. If there is doubt in your mind about the order
in which the computer will perform the indicated arithmetic within
a statement, then add some clarifying parentheses; parentheses have
the same meaning in FORTRAN as in arithmetic and algebra. You must.
always use a closing parenthesis with each opening parenthesis.
Other arithmetic symbols used are:

+ addition s4ign

- subtraction s4ign

/ division s4ign

* multiplication sign (do not indicate multiplication
with just parentheses)

** means radised to the powen of

= equals s4ign

The printer instructious to print ordered pairs of values of
VMOH and PH can be written as

WRITE (3,10) VMOH PH
10 FORMAT (F10.3, F10.3)

where the 3 in the WRITE statement is the code number for the printer,

Q ’ ;": J 31
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and the 106 refers to FORMAT statement 10, which gives some details
about how the printer is to print the output. The list of variable
names in the WRITE statement indicates the variables whose numerical
values will be printed by the printer. The notation 10.3 means

that a total of ten spaces has been reserved for typing the number,
with three places following the decimal point. The F (for "§Loating
point") means that the number will be printed as an ordinary number
with a decimal point {that is, not in exponential notation, and not
as an integer).

The heart of this particular FORTRAN program is the computation
loop. A large value (larger than will be encountered in the actual
titration) for (H+) is assumed; the concentration of H is symbolized
by the letter H. Then this value for (H') is reduced to 50% of
its previous value in statement 1, the pH value is calculated for
future reference, and then (H+) is substituted into Equation 16.

A value of titrant volume is calculated, and it is tested in two

IF statements to see if it is negative, positive, or zero; and if

it is negative, whether the titration is in the acidic or basic
region. Only positive values of volume are acceptable as having any
chemical meaning. Negative values are encountered at the beginning
of the calculations, and here the computation loop cycles without
any output being printed. When (H+) gets small enough to produce

a positive volume, the cycle begins to include the WRITE statement
and output results. Finally, when (H+) becomes smaller than its
value in the titrant itself, the calculations pass outside the

realm of chemical reality, the volume becomes negative, and the

program is terminated.




2

$71007+551

// FOR
# LIST SOURCE PROGRAM
*JOCS(CARDy 1132 PRINTER)

C TITRATION CURVE
C PREDICTIONS OF THE CHEMICAL MODEL
C MONOPROTIC ACIDs ASSUMED VALUE OF KHA

REAL KHA9 KWs NUMs MHA» MMOH
KHA = 1475E=~5

VHA s 25,00

MHA = 0,1000

MMOH = 00,1000

KW = 1.008E~14

H = le

H = o8%H

PH = =(ALOG(H))/24303

NUM = H##3 + KHA® (H*#2) = (KW + (KHA®MHA) )#H o KW¥KHA

DEN = H¥*#3 + (KHA + MMOH)*(H#%#2) + (KHA¥MMOH = KW)#H =

VMOH = «VHA#NUM/DEN

IF (VMOH) 29 209 2C

IF (PH = 7400) 19 19 30
WRITE (3910) VMOHs PH
FORMAT (F10e3s F1043)
GO TO 1

CALL EXIT

END

PRINTER OUTPUT:

KW#KHA




5093

64064

7e151

8e346

96632
104984
124372
134764
154124
16e422
17632
184737
194725
206594
216347
214989
22¢532
224986
23e362
234672
234926
244134
244302
244438
24549
264637
244799
24767
244813
244850
244880
244904
244323
244938
244950
244960
244968
244975
244980
244984
244987
244990
244992
244994
244996
244997
244998
240999
254001
254002
254003
254005
254007
254009
254012
254015
254019
254024

40166
4263
44360
4e457
4e553
44650
40747
4e844
44941
5038
54135
5232
56329
5e425
5522
5619
5e716
5813
54910
64007
60104
60201
64298
6394
6¢491
64588
64685
6782
64879
6976
74073
74170
Te266
Te363
Te460
Te557
Teb654
74751
Te848
Te945
84042
84138
84235
84332
8e429
8526
8¢623
84720
8817
84914
94011
94107
94204
96301
9398
96495
96592
94689
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254030
254038
250048
254060
254075
25094
254118
250147
250184
254231
254289
250362
254454
254568
254713
254894
264123
266412
26777
27242
27834
284594
29575
304852
324536
34,789
374866
424188
484506
584296
744933
1084185
2034028
20506702

9786

94883

9979
104076
106173
106270
104367
1Ce464
1045€1
104658
104755
10851
104948
114045
116142
114239

116336

114433
11530
114627
11e724
114820
11917
124014
12,111
12208
124305
124402
124499
124596
124692
12789
12.886
12983
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Perhaps you may feel that the output listed on pages 28 and 29
inadequate to give a realistic prediction of a titration curve
that is, in fact, a continuous function. Some of the output pairs

are rather widely spaced. 1t is easy to get the output more-closely

. . + .
spaced; we simply make the decrements in (H ) smaller in Statement

1. Such a revised program, together with the resultant output, is

given as FORTRAN Program 2 on pages 33 and 34.

A GRAPHICAL PREDICTION OF THE MODEL FOR A TITRATION EXPERIMENT

The numerical output of the previous computer calculations
is a prediction with greater precision than the corresponding
experimental data. However, most people find it rather difficult
to visualize the shape of the predicted function by looking at the
long listing of ordered pairs of numbers. The computer program
vhich we shall now examine yields a graphical prediction. The
principal readout from the computer is a graph of the titration
curve, drawn and labelled by the plotter. The program, FORTRAN
Program 3, is presented on page 37 and the plotter output is given
on page 38, We shall examine some aspects of this program which
pertain to the use of the plotter as the output device.

PLOTTER The plotter preparation statement in the program is

PREPARATION
SUBROUTINE of the form

CALL PREP (XS, Y5, X0, Y0)

XS is the scale chosen for the x-axis, written in inches
per unit, using a number with a decimal point.
YS is the scale chosen for the y-axis, written in inches

per unit, using a number with a decimal point.

’
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X0 is the distance in inches from the left-hand edge of

the graph to the origin. In:lude decimal point.
YO is the distance in inches from the bottom of the graph

to the origin. Include decimal point.
WRITE The statement in the program
STATEMEIL.T

WRITE (7,15) KHA

tells the computer to write, using the plotter (the plotter h ;5 the
code number 7), the numerical value of KHA according to the format
given in tz .ent 15. The foimat information contained in state-
ment 15 tells the computer to write the characters typed on ire
card between the two ' marks. This statement is used to provide a
label for the graph. Similar statements are used to label the

Xx-axis and the y-axis.

Following the CALL PREP statement, a WRITE (7, ) statement
results in a label placed at the top of the graph. Following each
of the CALL XAX!S and CALL YAXIS statements, a WRITE (7, ) state-
ment results in a label placed along the corresponding axis. Other
words and characters can be placed anywhere on the graph; see the

IBM plotter instruction manual for detailed instructions.

SUBROUTINE The y-axis statement in the program is of the form
YAXIS

SUBROUTINE
XAX1S where -

CALL YAXIS (X,Y,U,N,NLAB)

X and Y are the coordinates of the origin of the axes.

U is the distance between tick marks on the y-axis.

N is thke number of tick marks; thus Nx U is the length of
the y-axis. '

NLAB is the number of tick marks that are to be labelled
with che value of the scale at that point.

The corresponding statement is used for the x-axis.
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// JOB

// FOR

[ 3

$71007- 551

#ONE WORD INTEGERS
# LIST SOURCE PROGRAM
*#JOCS(CARDy 1132 PRINTERs TYPEWRITERs PLOTTER)

C
C
C
15
C
1
2
5
3
C
10
17
16

TITRATION CURVE
PREDICTIONS OF THE CHEMICAL MODEL
MONOPROTIC ACIDs ASSUMED VALUE OF KHA

REAL KHA» KWs NUMs MHAs» MMOH

KHA = 1475E=5

VHA = 25,00

MHA = 0641000

MMOH = 061000

KW = 1,008E=~1¢

CALL PREF (429 0559 le9 lo)

WRITE (7915) KHA

FORMAT (*'PREDICTION OF A CHEMICAL MODEL WITH KHA ='9Elle3)

CALCULATION AND PLOTTING OF THE TITRATION CURVE

H = 1l

H = o5%H

PH = =(ALOG(H))/24303

NUM = H##3 + KHA#(H#%#2) = (KW + (KHA®MHA) )#H = KW*KHA

DEN = H#%#3 + (KHA + MMOH)#(H%#%2) 4+ (KHA®MMOH = KW)#®#H = KW*KHA
VMOH = =VHA#NUM/DEN

IF (VMOH) 19292

CALL FPLOT (=29VMOHPH)

H = H = ¢1#H

PH = «(ALOG(H))/24303

DEN = H¥%#3 + (KHA + MMOH)%(H%%#2) 4+ (FHAMMOH = KW)#*H = KW#*KHA
NUM = H##3 4+ KHA®(H%%#2) = (KW + (KHA#®MMA) ) EH = KWEKHA

VMOH = ~=VHA#®NUM/DEN

IF{50e~VMOH) 109343

CALL FPLOT (0 9sVMOHPH)

GO TO 5

DRAVWING AND LABELLING THE AXES

CALL YAXIS (Oes Oes les 159 5)

WRITE (7917)

FORMAT (t'PH!)

CALL XAXIS (0e906916950910)

WRITE (7416)

FORMAT ('MILLILITERS OF SODIUM HYDROXIDE!')
CALL FINPL

CALL EXIT

END
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EVALUATION OF EQUILIBRIUM CONSTANTS
BY COMPARING PREDICTIONS OF A MODEL
WITH THE DATA FROM A TITRATION EXPERIMENT

If we proceed to interpret experimental data according to the
chemical model described on page 21 we shall have reduced all the
differences between various monoprotic acids simply to the differences
in the values of the equilibriﬁm constant KHA‘ Since we intend to
describe the particular acid by specifying the numerical value of
its equilibrium constant, it is important that we have a reliable
method for evaluating that equilibrium constant.

The shape of the titration curve depends on the value of the
equilibrium constants KHA and Kw. Thus it would seem that one way
of obtaining a good value for the equilibrium constants would be to
find the values for Kyp and K, that yield a titration curve that
gives the best fit to experimental data from an actual titration
experiment. This is, in fact, what we shall do.

FORTRAN Programs 1, 2, and 3 each give predictions of the
titration curve for a monoprotic acid. In each case, however, it
is necessary to supply a numerical value for both of the equilibrium
constants before any calculations can be made. Thus we need 2 way
to make an informed guess for such numbers. Then we need a convenient
way to plot the predictions of the model on the same graph as the

experimental data; or a conienient way to list the predictions of the

model in the same table as the experimental data. We shall proceed

first to develop two ways—one numerical and one graphical—to
use the computer to facilitate a comparison of data and model for

various values of the equilibrium constants.




FORTRAN Program 4 has been written to accept (as input) your
experimental data from a titration, and to yield output as a tabular
comparison of observed and calculated values of titrant volume for
cach of the cxperimental pll values. The input data arc in the form

of a set of ordered pairs {V Each pair of numbers is

waons PH}.
punched on a separate card, and the computer reads these cards one
by one. From each card, the card-reader reads the values of VNaOH
and pH. The computer converts each pH value to a value of (H+),

and calculates a value of V which we shall call VMOH (CAL). Then

NaOH
the computer prints out VMOH (CAL) and the experimental value of
VNaOH called VMOH (EXP) originally read from the card.

Statements 28 and 25 give instructions to the card reader (the
number 2 is the code number for the card reader) to read the next
card in the hopper, to interpret any number punched in the first 20
spaces as V, and to interpret any number in the next 20 spaces as
PH. The computer (because of FORMAT statement 25) expects i1.at each
number will have a decimal point; no matter how many decimal places
are in the punched number, the number will be read with two decimal
places and additional digits will be ignored. These data cards are
placed immediately following the // XEQ card.

Every program requires a mechanism for ending itself. Here we
use the device o. placing a negative number in the first 20 spaces.
The IF statement following statement 25 transfers the program to
tne next statement for each data card that actually contains
experimental data (all experimental volumes are zero or positive),
but terminates the program wben V is negative. Thus, by punching

the last data card with a negative value of vclume, we end the program

after all the experimental data have been read and processed.

-89
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/7 JOB S71007+551

// FOR
# LIST SOURCE PROGRAM
*#JOCS(CARDs 1132 PRINTER)

C
C
C
C
C
C
C

28
25

29

10

30

CONFRONTATION OF DATA AND MODELs A NUMERICAL COMPAR]SON
TITRATION CURVE
MONOPROTIC ACIDs ASSUMED VALUE OF KHA

DATA CARDS HAVE VMOH PUNCHED WITHIN THE FIRST 20 SPACES AND
PH PUNCHED WITHIN THE SECOND 20 SPACES

INCLUDE CECIMAL POINT IN EACH VALUE OF VMOH AND PH
LAST DATA CARD MUST HAVE A NEGATIVE VALUE OF VMOH

REAL KHAs KWs NUMs» MHA» MMOH
KHA le75E=5

VHA 25400

MHA 041000

MMOH = 041000

KW = 1,008E~14

" U

READ (2925) Vs PH

FORMAT (F20e29 F20e2)

IF (V) 309 29s 29

H = 10%#(=PH)

NUM H®%#3 + KHA#(H#®##2) & (K + (KHA®MHA))#*H = KWw*KHA

DEN H¥*%#3 4+ (KHA + MMOH)#*(H##2) + (KHA¥MMOH = KW)¥#H = KW#KHA
VMOH = =VHA#NUM/DEN

WRITE (3+10) PHe VMOH» V

FORMAT (1Xe'PH ='9F60204X9'VMOH (CAL) ='9F7e294X9'VMOH (EXP)

*#9FT762)

GO TO 28
CALL EXIT
END

// XEQ

PRINTER OUTPUT:

3442  VMOH (CAL) = 1,00  VMOH (EXP) = 1400
4s11  VMOH (CAL) = 4457  VMOH (EXP) =  4e47
451 VMOH (CAL) = 902 VMOH (EXP) = 8489
4458  VMOH (CAL) = 9497  VMOH (EXP) = 10426
4485  VMOH (CAL) = 13,82  VMOH (EXP) = 14453
4e96  VMOH (CAL) = 15436  VMOH (EXP) = 15496
5032  VMOH (CAL) = 19462  VMOH (EXP) = 19442
5454  VMOH (CAL) = = 21419 4

21646 VMOH (EXP)
!
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In actual practice, we would run this program several times,

cach time with a diflferent value of KHA,  The "best" value of the
cquilibrium constant would be the value that gave the best it of
experimental and calculated values of titrant volume.
EXERCISES |
1. Certain regions of the simulated titration curve, calculated
with programs such as 1, 2, 3, or 4, are markedly more sensitive to
the particular value of the equilibrium constants than other regions.
Determine, by running such a program with a range of equilibrium

constant values, what experimental data will be most useful in

determining the best value of KHA'

2. The computer can be helpful in making a decision about which,

of several sets of output volumes in program 4, represents the best

fit of data and model. One criterion for best fit might be that, in

the range where the calculated curve is most sensitive to changes in

the value of the equilibrium constant, the differences between calcu-

lated and experimental values of volumes should be as small as possible.

¢
Thus we might find a program that made such a subtraction, and

printed out the difference, to be helpful. Even more helpful would

be a program that summed the absolute values (or the squares) of

these differences, and printed this sum at the end of the calculations.

Write such a program, and execute it with your data, and with several

values of an equilibrium constant.

A GRAPHICAL FORTRAN Program 5 takes the experimental data from a
COMPARISON OF . . )
DATA AND THE titration experiment, punched on cards in the same

PREDICTIONS .
OF A MODEL format as required by program 4, and plots these data

on the same graph as a calculated plot of the predic-

tions of the chemical model. When such comparisons are made for
42
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several different values of an equilibrium constant, inspection of
the computer-drawn graphs may be sufficient to permit an informed
estimate of the best equilibrium constant value.

The graphical output from this program gives the prediction of
the chemical model as a smooth curve, and the experimental data as
points plotted on the same graph. Such output, using the same data
cards as used for demonstrating program 4, is presented on page 46.
The model and the data are consistent if the points fit the curve

within the limits of the experimental uncertainty of the data.

® What is an explanation of each of the folLowing deviations

between plotted points and caleulated curve?

9 The data points lie above the curve for volumes between
5 and 20 ml for a titration curve that has a sharp inflection point
at about 25 ml.

9 The data points lie below the curve for volumes between
5 and 20 ml.

1 The data points lie to the right of the curve forpH values
from 7 to 10.

1 The data points lie below the curve for volumes greater
than 30 ml.

T The data points lie randomly above and below the curve
for volumes between 5 and 20 ml.
SOME NOTES ON The smooth solid curves drawn by the plotter are
THE COMPUTER .
PLOTTING PROGRAM in fact constructed by instructing the plotter

to draw a series of very short connected straight

line segments. The procedure is to bring the pen to one end of the

desired line, with the pen up (lifted off the paper) so that the
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C

N NN

NONN

[ 5

5710079551

// FOR

#ONE WORD INTEGERS

# LIST SOURCE PROGRAM

#JOCS(CARDs 1132 PRINTERs TYPEWRITERs PLOTTER)

TITRATION CURVE

COMPARISON OF EXPERIMENTAL DATA WITH THE PREDICTIONS OF A
CHEMICAL MODEL

MCNOPROTIC ACIDs ASSUMED VALUE OF KHA

DATA CARDS HAVE VMOH PUNCHED WITHIN THE FIRST 20 SPACES
DATA CARDS HAVE PH PUNCHED WITHIN THE SECOND 20 SPACES
INCLUDE DECIMAL POINT IN EACH VALUE OF VMOH AND PH

LAST DATA CARD MUST HAVE A NEGATIVE VALUE OF VMOH

REAL KHAs KWs NUMy MHA®» MMOH

KHA = 1475E-=5

VHA = 2500

MHA = 01000

MMOH = 0641000

KW = 1,0C8E-14

CALL PREP (629 ¢55¢ les 1)

WRITE (7915) KHA

15 FORMAT ('CONFRONTATION OF CHEMICAL MODEL WITH TITRATION DATAs KHA

X =Y9E1163)

CALCULATION AND PLOTTING OF THE TITRATION CURVE
H= 1e
H = ¢5%H
PH = =(ALOG(H))/2¢303
NUM = H#%3 + KHA#®(H¥*%#2) = (KW + (KHA®MHA))%H = KW*KHA
= H¥%3 + (KHA + MMOH)®# (H#%2) + (KHA#MMOH = KW)#H = KW#*KHA

VMOH = =VHA®*NUM/DEN
IF (VMOH) 19292
CALL FPLOT (=29VMOHPH)
H = H = ¢1%H
PH = =(ALOG(H))/2e303
DEN He#*%3 + (KHA + MMOH)* (H¥%2) + (KHA¥MMOH = KW)*H =« KW*KHA
NUM H#%3 + KHA®(H¥#%#2) = (KW + (KHA®MHA))¥H = KW*KHA
VMOH = «~VHA*NUM/DEN
IF(50e=VMOH) 109343
3 CALL FPLOT (OsVMOHIPH)

GO T0 5

v N

PLOTTING CATA POINTS FROM THE TITRATION
10 CONTINUE
28 READ (2425) VP
25 FORMAT (F20e29F204e2)

IF (V) 30929929
29 CALL FPLOT (leveP)
CALL FPLOT (=29¢VP)




PAGE 2

CALL POINT (1)
GO TO 28

C DRAWING AND LABELLING THE AXES

30 CALL YAXIS (Oes O6s9 les 159 5)
WRITE (7917)

17 FORMAT ('PH')
CALL XAXIS (0e906916950910)
WRITE (7+16)

16 FORMAT ('MILLILITERS OF SODIUM HYDROXIDE!')
CALL FINPL
CALL EXIT
END

// XEQ
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. |
pen is not writing. The pen is then lowered. When the pen is then 1
moved in the down position to the other end of the desired line, the i
straight line is drawn. An instruction to move to another position
yields a continuation of the line if the pen is left in the down
position. The necessary information to control these pen movements
is included in the computer program in the form of FPLOT statements
of the form
CALL FPLOT {1,X,Y)

where | is an integer that controls the up-down pen position as
follows:

I =0 = no change

positive = control pen before movement

negative = control pen after movement
I = odd % raise pen away from paper

even = lower pen to writing position
The variables X and Y are the coordinates of the graph position to
which the pen is moved.

If you want to place a printed label on the graph, use the
FPLOT statement to bring the pen to the position where you wish the
lower left corner of the first character to appear. The pen should
be in the up position. Then use the statement

WRITE (7,J)
where J is the number of a FORMAT statement of the form
J FORMAT (! ")
The desired letiers and numerals for the label go between the ' !

marks.

If you want to plot a point on the graph, you may use the
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statement

CALL POINT (1)
This statement causes the plotter to draw an x mark at the current
pen position. It expects to find the pen down and it leaves the pen
down when finis?gd. Other numbers may be used in this statement,
with other marks resulting; details are given in the IBM plotter
manual.

At the end of a graph, when all plotting and graphing is finished,

it is convenient to use the statement

CALL FINPL
This subroutine plots a cross at the lower left hand corner on top
of a plus sign put there by PREP. This is a check on machine errors
during the plotting. If the two symbols do not land exactly on top
of each other, the graph should not be trusted. FINPL then raises
the pen and moves it to an appropriate position for beginning a new

graph.

USE OF THE MACROSCOPIC HALF-EQUIVALENCE METHOD
FOR MAKING AN INFORMED GUESS OF THE VALUE OF THE
EQUILIBRIUM CONSTANT FOR A MONOPROTIC ACID

In order to confront the data from a titration experiment with
the predictions of a particular chemical model, it is necessary to
assume some specific numerical value for the equilibrium constant

K Only then can a theoretical titration curve be calculated for

HA®
direct comparison with the experimental curve. If the agreement is
not very good, then a different value for KHA can be tried. This
trial-and-error approach — the method of successive approximations —

will usually yield a '"best value" of KHA after three or four such

48

t ;-’
i




calculations if the first trial value of KHA is reasonably close to

the value that finally gives the best fit between chemical model and
experimental data. With a computer being uscd for these calculations,
almost all the effort goes into the first calculation. Succeeding
calculations, with different trial values of KHA’ require only that
you change a single card in the program deck, and each calculation
takes only about five minutes of IBM 1130 computer time. We have
already seen how to perform the calculations and get a readout, on
the plotter, of the simulated titration curve plotted together with
experimental data points obtained from an actuval laboratory titration.
What we need now is a simple way to make a good guess for a value
of KHA to begin the successive approximations process.

During the titration of a monoprotic acid, the pH value of the
solution will be equal numerically to the PKy, of the acid when the

concentrations of species HA and A™ are equal. The criterion of

equal concentrations of these two species is the microscopic definition

0§ the half-equivalence point of the titration. A macroscopic

haf§-equivalence point is often defined as the point in the titration
at which a volume of base has been added which is equal to half that
volume required for reaching the equivalence point.

Microscopic and macroscopic half-equivalence points are not
necessarily identical. If they are the same, within the limits of
experimental errors of measurement of volume and pH, then the pH
value at the macroscopic half-equivalence point provides the datum
for a convenient determination of pl(ﬁA and therefore of KHA' In
any event, the determination of the pH at the macroscopic half-

equivalence point provides a convenient and straight-forward way to

’ (X6 49
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get an approximate value of K“A to serve as a starting point for

the successive approximations calculations. The K so obtained

HA
will be an excellent approximation for cases in which the actual
value of the dissociation constant lies between 10™* aud 107'° —
where the actual value of PKy, lies between 4 and 10. Even when

Kgp is of the order of 1072, the value given by the half-equivalence
method is a useful starting point for a series of successive approx-
imations.

FORTRAN Program 6 enables us to evaluate the half-equivalence
method by simulating the titrations of acids with KHA values ranging
from 10°! to 107'2. The resulting computer-produced plots are
presented on pages 53 to 58, For each of these simulations, a
straight line is drawn with pH = pKHA’ and another with VMO =

H
If the intersection of these two lines lies on

1
/ZVMOH sequivalence’
the calculated titration curve, the macroscopic and microscopic

half-equivalence points coincide. All these calculations are for
titrations in which both acid and titrant have concentrations of 0.1
moles per liter. The half-equivalence method becomes less reliable
at lower concentrations, but the loss of accuracy at pKHA =

vervy dramatic at concentrations of 0.01 molar, for instance.

SOME NOTES ON THE The titration curve for an acid with a large
COMPUTER PROGRAM

value of the dissociation constant — that is, for

a relatively strong acid — begins with a slope close to zero. An

aqueous colution of a strorg acid is a good buffer solution. This
fact introduces a strange feature into these computer plots that is
entirely a quirk of our programming: the calculated titration cutrve

doesn't necessarily begin at VMOH = 0! The problem is that in the
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// <0 S$710079551

// FOR

*ONE WORD INTEGERS

* LIST SOURCE PROGRAM

#JOCS(CARDs 1132 PRINTERs TYPEWRITERs PLOTTER)

C TEST OF THE VALIUITY OF THE HALF=EQUIVALENCE METHOD
C FOR EVALUATING THE EQUILIBRIUM CONSTANT
C MONOPROTIC ACID

REAL KHAs KWe NUMs MHAs MMOH

KHA = leE~4

VHA = 25400

MHA = 041000

MMOH = 041000
KW = 1¢4008E~14
CALL PREP (e29 559 les le)
WRITE (7915) KHA
15 FORMAT ('TEST OF THE HALF=EQUIVALENCE METHODs KHA = ' 4EQ42)

C MARKING OF THE HALF=EQUIVALENCE VOLUMEs AND PH = PKHA
VMOH = ¢5#VHA#MHA/MMOH
PH = =(ALOG(KHA))/24303
VMOH 1 = VMOH = 3,
VMOHZ2 = VMOH + 3,

PH1 = PH = 1o

PH2 = PH + 1o

CALL FPLOT(19VMOHsPH1)
CALL FPLOT (=29VMOHsPH1)
CALL FPLOT(=29VMOHPH2)
CALL FPLOT(19VMOH19PH2)
CALL FPLOT(=29VNMOH19PH)
CALL FPLOT(=19VMCH29PH)

C CALCULATION AND PLOTTING OF THE TITRATION CURVE
H= 1le¢
1 H = ¢5#H
PH = =(ALOG(H))/2¢303
NUM = H#%#3 + KHAR(H##2) = (KW - (KHA®MHA))*H = KW#*KHA
DEN = H##3 + (KHA + MMOH)#*(H##.' 4+ (KHA#®MMOH = KW)*H = KW*KHA

VMOH = =VHA#NUM/DEN
IF (VMOH) 1,292
CALL FPLOT (=29VMOHsPH)
H = H = ¢l#H
PH = =({ALOG(H))/2e30(3
DEN H¥*#%3 + (KHA + MMOH)®*(H®%#2) + (KHf#MMOH = KW)¥*H = KW#KHA
NUM H¥%#3 + KHA® (H#%#2) = (KW + (KHA#MHA))#H = KW*KHA
VMOH = =VHA#NUM/DEN
IF(50e=VMOH) 104343
3 CALL FPLOT (O9sVMOHsPH)
GO TO 5

v N

nan

C DRAWING AND LABELIL.ING THE AXES (Y 51




PAGE 2

10 CALL YAXIS (0e90e91e91595)
WRITE (7+17)
17 FORMAT ('PH?)
CALL XAXIS (0e90e91e1950410)
WRITE (7916)

16 FORMAT ('MILLILITERS OF SODIUM HYDROXIDE!')

CALL FINPL
CALL EXIT
END

// XEQ

'wm.d
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TEST OF THE HALF-EQUIVALENCE METHIDs KHA = 0-10E-01
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searching process at the beginning of the calculations, when the

program is looping until V becomes positive, the pH increment is

MOH
too large. It is possible for an overshoot of almost 0.5 pil units

to occur. This is of no consequence for a weak acid, wherc the
titration curve begins with a rather steep slope. The simple remedy
for this problem (if you consider it to be a problem) is to reduce

the pH increment to some smaller value by modifying one statement in
the program.

The section of the program for drawing the two intersecting lines
contains some strange instructions 7. the form of the FPLOT state-
ments. The procedure is to bring tihe pen to one end of the desired
line, with the pen up so that the pen is not writing. The pen is
then lowered, and moved while in the down position to the other end
of the desired line. This process yields a straight-line segment.

The necessary information for decoding these FPLOT instructions is

given on page 47.

A METHOD OF ESTIMATING THE VALUE OF K,
FROM AN INSPECTION OF THE TITRATION CURVE

Confrontation of data and model also requires that you assume
some specific numerical value for the equilibrium constant Kw. Then
a series of successive approximations can be used to find the value
that gives the best fit between calculations and titration data.

A straightforward method of estimating the value of Kw involves
use of Equation 7: |
K, = (H")(0H)

A place on the titration curve is needed where you can know the
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values of both (H') and (OH).

If you continue the titration well past the equivalence
point, you will find that the pH approaches a limiting value.
This limiting value is the pH of the titrant. Eventually, if you
were to add an extremely large volume of titrant, the resulting
solution would be essentially pure titrant. If you can make a
reliable estimate of the limiting pH value, then you can use
Equation 7 to calculate Kw. This pH value is converted into a
concentration, giving the value of (H+) that results when (OH )
is equal to MNaOH'

Rather than to rely on guessing the value of this limiting
pH, you may find that it is more convenient to measure the pH

of the pure titrant solution.

N
N
N
N
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WHERE TO FIND EQUILIBRIUM-CONSTANT VALUES IN THE LIBRARY

Much quantitative information about chemical reactions has
been reported in research articles in the form of numerical values
of equilibrium constants. Such numbers for acid-base reactions
have been collected in several useful compilations that are listed
and described in this bibliography. Obviously, research results
reported after a set of tables has been compiled will not appear

in those tables. For recent research, consult Chemical Abstracts

or Chemical Titles for references to the original research papers.

GENERAL TABULATIONS

L. G. Sillén and A. E. Martell, Stability Constants of

Metal-Ion Complexes, 2nd ed., London: The Chemical Society,
196L4. Supplement, 1971.

An excellent and reliable source of equilibrium conaztant
valucs. For each entry, there is information about the solvent,
ionic strength, temperature, and experimental method, together wilh
n reference to the original research report. This is a virtualily
‘complete survey of the chemical literature for acid-base reactions,
metal-ligand reactions, inorganic oxidation-reduction reactions,
and precipitation reactions.

ACID-BASE REACTIONS

D. D. Perrin, Dissociation Constants of Inorganic Acids
and Beses in Agqueous Solution, London: Butterworths, 1969.

D. D. Perrin, Dissociation Constants of Organic Bases in
Aqueous Solution, London: Butterworths, 1965

G. Kortiim, W. Vogel, and K. Andrussow, Disspciat.on Constants
of Organic Acids in Aqueous Solution, London: Butterworths,

1961.
Each of these volumes was published under the auaspicen of
the International Union of Pure and Applied Chemistry. Completle
infcrmation regarding solvent, temperature, experimental melhod,

data treatment, and a reference to the primary research publication
is given for every entry.




USE OF A VISUAL INDICATOR TO DETECT
THE EQUIVALENCE POINT IN A TITRATION

Thus far in this case study, we have been considering the
use of titration data to learn about the chemical nature of a
carboxylic acid in water solution. The most common use of the
burette is in the titration of solutions to determine the quantities
of some material in those solutions. Such titrations are among the
most convenient methods of quantitative volumetrnic analysis, and
depend for their reliability upon methods of detecting the titration
equivalence point. For determining the amount of a carboxylic acid
in a water solution, the color change of an acid-base indicator is
especially convenient. We shall use a computer simulation to
investigate the utility and the limitations of visual equivalence-
point detection in the titration of a monoprotic acid.

Let us examine a solution ﬁrepared by mixing aqueous solutions
of the weak acid HA, the strong base NaOH, and the indicator HI.
Visual detection of the equivalence point aepends on the species HI
and I~ having markedly different colors, with at least one of those
species being highly colored so that only trace quantities of the
indicator are needed in solution.

Often it is necessary to dissolve the indicator in an alcohol-water
mixture in order to get enough indicator into a drop of indicator
solution. However, in describing the chemistry of a titration, it

is customary to ignore the drop of alcohol that is introduced into

the titration mixture when the indicator solution is added.
We shall examine the conditions under which an abrupt color change
would be expected to coincide with the equivalence point, thus

signalling the point to halt the titration and read the burette.
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Consider the special case of a titration in which the indicator
concentration is so low that throughout the titration (but in
particular in the vicinity of the equivalence point)

(1) << (A) (15)
If

K (16)

Hr < Kua

the inequality 15 will be satisfied if
[1] << [A] (17)

It is often quite easy to arrange experimental conditions so that

conditions 15, 16, and 17 are satisfied.

The relevant equilibria and associated equilibrium constant

equations that we need for constructing a model for this system are

H,0 2 H + OH™ K, = (H") (0H") (18)

HA 2 H® + A~ K, = ) () (19)
¢ HA (HA)

HI 2 B + I K.,. = ) a0 (20)
¢ HI (HI)

The algzbraic equations for conservation of mass are

[A]l = (HA) + (A)) (21)
[Na] = (Na*) (22)
[1] = (HI) + (1) (23)
The electroneutrality relationship is
") + (Na") = (A7) + (OH) + (1) (24)

The volume variables that tie our description directly to burette
readings in a titration can be introduced into the model via the

three equations
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vV, M

[A] = HA HA (25)
Var * Vaa * Viaon

[Na] - VNaOHMNaOH (20)
Ver * Vua * Vieon

(1] = VarMur (275
Vur * Via * Vieon

where VHA is the volume of acid solution fof molarity MHA) that

was originally placed in the titration vessel, VHI is the volume

of indicator solution (of molarity MHI) added, and VNaOH is the

volume of titrant (of molari:ty MNaOH) which has been delivered from
the burette at a given point in the titration. Only VNaOH is a
variable during a particular titration.

With approximation 15 introduced, Equation 24 becomes

(H";+ Na*) = (A7) + (OH") (28)
Equatip 19 21, 22, 25, 26, 27, and 28 can be combined to
S SR W S %
give mi ‘ R Y § %g : s
‘ '!‘, 3 2 1 + \3 ety 2 \
" (H )7+ Kﬁ H*y (H' ) + Kty (H')
;. ' + ‘ ]
WVha l (KM, ? Kw}(H Moo Vyr| - KED o
L - ¥
v _ 44 KVKHA KwKHA L.
NaOH %)3 v, . A (29)
()2 o+ {Kpp + My b (D2 (K My oy - KHETD) - KoKy,

Equation 29 contains no reference %o either HI or I  as chemical
species; the volume of indicator solution appears, but this solution
functions in Eovuation 29 only to increase the total volume of the
titraved solution, thus slightly diluting the sclution. fhe re-
quirement that [I] be small has resulted in separation of variables.

The indicator plays no role in establiihing the value of (H+) for
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any value of added titrant. The distribution of total | between
the species HI and I depends solely on the value of (H+). Thus we
see that this concentration variable (H+) functions as a mastex
variable, providing the chemical coupling between equilibria 18,
19, and 20, and providing the algebraic coupling between Equation
20 and the rest of the mathematical model.

We shall now proceed to make a quantitative predictior for the
color change of the indicator in a titration. Quantitative measure-
ment of color changes in solution is best made in terms of the
optical absorbance, A, of the solution at some appropriate wavelength.
Apsorption of visible light by either of the two indicator species
occurs when a photon of light is absorbed by electrons in the anion
or the mclecule. Association or dissociation of the proton changes
the permitted wavelengths of light that can be abscrbed by theé
indicator species. The rc;ult is a change in the color of the™

4 .\:

* e
This changé in tF® amount of
L

solution containing the indicatox. We are intercsted in how much

light is' absorbed by éhezv,’ut1o:\

kfgnt of each wavelengthz bso%bed by the solution as ;de tutrat1on
proceeds is directly relatLd io the var1at10n in concentratlons of
the chemical species in solution.

A beam of monochromatic light &111 be reduced in intensity
while passing through a solution that contains chemical species
which absorb photons of that wavelength. \The decrease in intensity
depends on the number of molecules of the absorbing species in the
path of the light beam. Ié the beam has an intensity I, before

entering the solution, emerging from the solution with an intensity

I, then the Boug:r-Beer Law states that, for a solution containing
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only a single absorbing species X,

I = Iolo-lex(X)

(30)

LA

where £ is the optical pathlength, the distance travelled through
the solution by the light beam; (X) is the molar concentration of

chemical species X; ard €, is a proportionality constant, called the

X
molar absorptivity of species X.

If there are two different absorbing species in solution, then

Equation 30 is modified to become

I = 10[10'“€x1(x1)]{10'“€x2(x2)] (31)

Species X and X are here assumed to absorb light independently of

one another. Equation 31 can be written in the equivalent form
I = 1,10 %18y, (K1) + &y (X2)} (32)

To get from Equation 31 to Equation 32, use was made of the relation-

ship

{10%}{10%} = 10'2*?} Yk
£\ L

1 v 3.
Quantitative measurements of light absorption in éplution! ire
conveniently made in the laboratory with an optical abso{ption' 3
spectrophotometer, and the measurements are usually repo%bed in terms
of either transmittance, T, or absorbance, A. Transmittance is
defined by
I
T £ — '
I
0 \
Absorbance is defined by :
Io o: M
A = fogio|— (33)
I
There are both advantages and limitations to the use of either T or
A. Transmittance values are contained within the interval from zero
to unity, whereas absorbance valueq can raunge from zero to infinity.

r
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Transmittance is related to concentration in an awkward way, but
absorbance is a convenient linear function of concentration.
A derivation and discussiocn of the Bouger-Beer law is given

in M. G. Mellon, Analytical Absorption Spectroscopy, New York: John

Wiley & Sons, Irc., 1950, pp. 90-101. This book remains an excellent
source of information about spectrophotometry, although continuing
rapid advances in instrumentation make it necessary to supplement

such a book with the latest information from instrument manufacturers.
Alternative derivations of the Bouger-Beer Law are given by H. A.
Liebhafskey and H. G. Pfeiffer, J. Chem. Educ., 30, 450 (1953), and
by J. H. Goldstein and R. A. Day, J. Chem. Educ., 31, 417 (1954).

We shall now investigate how this linear dependence of A on
concentration comes about. Equations 30 and 33 are combined,
taking advantage of two fundamental properties of logarithms:

log,olox

1
»

lo-x =

The result is

i
©
m

~~
<
~

1 v e A X " s (31)
H D : Y ‘*
for aisolut10n1konta1n1ng the single :3s rb1ng Lpecies X. Thpi
g i
corregpond1ng egpatlon relating absorbance to concentrat1ons for a
solut1on w1th twe absarbing chemical species is obtained by com-
2
P Equatio 31 and 33. The result is
s

) {la fXx) + 2.4 (X2) (35)

% \ .
\ P

an important chemical risearch tool is the optical ab?orption

[T

e

spectrophotometer, an instrument used to measure the amoud& of

@ IVed sV
-

monochromatic light absorbed by a sample. White light com%s;from

W RN

an incandescent tungsten-filament electric light buld for %easure-
ments in the visible portion of the spectrum, and this light is

passed through a prism or grating monochromator. Monochromatic

light comes from the monochromator as a narrow band of wavelengths

Q> 67
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distributed around a nominal value shown on the monochromator
dial. Numerical values of absorbance are oittained by determining,
with a photosensitive detector, the intensity of a light beanm

that passes through a transparent cell containing the solution.

If, at the wavelength chosen, the only significant light

absorption is due to the two indicator species HI and I , then

the absorbance of the solution is given by

A= leHI(HI) + REI-(I-) (36)

where €yt and €;- are the molar absorptivities of species HI and

I . We can convenieﬁtly measure A in the laboratory, but there
is no direct method of measuring (HI) or (I ), so we seek now
to eliminate both (HI) and (I ) from Equation 36. We seek an
equation relating only experimentally-measurable variables.
Combination of Equations 20 and 23 gives both

e
[1] = (HI) |1 + —22
L (H))

) ((H+) 4
(11 = (1) + (38)

K
| HI J

Then introduction of both Equations 37 and 38 into Equation

36 gives

Rearranging, we get

»
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(112 +
T+ K egr (H') + €I‘KHI] (40)
HI

Introduction of volume variables by means of Equations 25, 26, and

27 transforms Equation 40 into

V..M L
A = HI 'HI

+
Vir * Via * Vyaou|[(H) + Kyp

+
[EHI(H ) +e-Kpo| (41)

If, at some particular point in the titration, paired values of

(H+) and V are known, then Equation 41 can be used to
NaOH q

calculate the value of A at that point. Our computer calculation

of A versus Viaog Will use this procsdure. Equztions 29 and

41 will be used together for the calculations.

Computer calculations could give us insight into several

questions ajout the use and usefulness of indicators in the

titration of zn acid with a base: ETE

® By how much do the vafues of the two absonpiivities have

to differn in onden that a sharp absonbance change can
oceun? ;

What ane the nestnictions on the value of Kyp consistent
with an abrupt absonbance change?

Does an abrupt absonbance change necessarily coincide
with ZThe equivalence point?

18 it possible to have an abrupt change in abscrbance
withoui a connespondingly abrupt change in 2

Can an absonbance change occun before the equivalence
point? aften the equivalence pcint?
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FORTRAN FORTRAN Program 7 begins with a trial value of (H+),

COMPUTER

PROGRAM and calculates a value of V using Equation 29.

NaOH?’

If the calculated value of V is negative, a

NaOH
smaller value of (H+) is chosen, and the calculation is made
again. This procedure continues until a positive volume is
obtained, and then that value of (H+) is also used to calculate
the value of A by using Equation 41. A graph of A versus Vyaon
is drawn from the points obtained from the series of further
calculations, each calculation made from a smaller value of (H+).
Finally (H+) becomes so small that the calculated volume "of
titrant again becémes regative, and then this phase of the
program is completed. Then on the same coordinates, a plot of

pH versus V is drawn with numbers obtained from a new set

NaOH
of calculations. The statement following statement 2Z adjusts

the scale axes so that pH, ranging from 4 to 13, can be plotted
on the same axes as absorbance, ranging from 0 to 1. The

quantities B, C, D, E, and F were introduced for convenience

. +

in punching was thereby reduce#. i ]
1 : :

in punching cards, on the aséuz?tioﬁ'tman‘qhe chance %g eqrors ,
$ - . '

Autene

H

R ’ i '
CONCLUSIONS: SOME The resu%lts of% s'pme;‘ reé:resentativ:—: ‘

GENERALIZATIONS ABOUT . \
THE PRACTICAL USE calculations are presented on the

OF AN INDICATOR .

fc..lowing pages. It is clear that an
abrupt change in color of the solution (an abrupt increase ih
the absorbance Zor the cases presented here) can be achieved fﬁ
KHI has a numerical value equal tc a value of (H+) within a

nearly-vertical portion of the pH-volume Cugve near the equivaience

point. The sharpest endpoint is found when KHI has a value equai

L2 70

}.
()




Y'Y ITY
@t rarabapdes

ut

L7

/7 JoB S710079551

// FOR
# LIST SOURCE PROGRAM
#ONE WORD INTEGERS
*#JOCS(CARDy 1132 PRINTERs TYPEWRITERs PLOTTER)
< COLOR CHANGE OF AN INDICATOR
REAL KHA9s KWs KHI9 MHA9 MMOHe MHIs L
VHA = 25,00
VHI = Q.1
MHA = 061000
MMOH = 041000
MHI = 0,03
KHA = l4E=5
KHI = l4E=12
KW = 14008E~14

L = 1400
El = 1le5E4
EHI = 1e5E2

CALL PREP (el49 8o les 1)
" WRITE (7+15)
15 FORMAT (*'COLOR CHANGE OF AN ACID=BASE INDICATOR?')
CALL YAXIS (Oe9 Oes ols 109 2)
WRITE (7917)
17 FORMAT ('ABSORBANCE s O5PH!)
CALL XAXIS (Oe9 Oe9 Ses 10s 5)
WRITE (79¢16)
16 FORMAT ('MILLILITERS OF SODIUM HYDROXIDE')
H = le
= ol#H
= VHA# (H#%#3 + KHA®* (H#%#2) = (KHA®MHA + KW)#H = KN’KH
= VHI#{(HE®#3 + KHAR(H¥%#2) = 5“* ﬁﬂﬂKHA) Qd?
l\\‘ t *'3 + (FHA + MVOH)*(H**!\+ {KHA#MMOH .= KiR)#*

1

PP e o)

RNae

H
E
F
* DE ; WEKHA
VM #E + F)/DEN T . ) \

B % VHI®MMI/(VHI + VMCH + VHA) . VY
C = L’(H + KHI) ’
D = EHE®H + EIWKHI

A = B#d*D

IF (VMOW) 19292 .

CALL FPbOT i=29YMOHsA) 3

H = H = ¢1%H . A\,
E = VHA# (H##3 + KHA®(H##2) = (KHA®MHA + KW)#H = KW#KHA)

F = VHI®(H#%#3 + KHAR(H#%#2) = KWw#H = KWH*KHA)}

DEN = H#%#3 + (KHA + MMOHI#(H##2) + (KHA%MMOH = KW)#H « KW#KHA
VMOH = =(E + F)/DEN

A -~ —-v"w" ""M
-

1

e

-t ®

B = VHI#MHI/(VHI + VMOH + VHA)
C = L/(H + KHI)

D = EHI®H + EI#KHI

A = B*CsD

IF(5Ge=VMOH) 109393
3 CALL FPLOT (0sVMOHsA)
GO T0 5
10 CONTINUE
CALL FPLOT (1sVMOHs$A) 7




PAGE 2

le
o1 #H
VHA# (H®##%#3 + KHA® (H#%#2) = (KHA#MHA + KW)#h = Kw* HA?
VHI#(H®#%#3 4 KHANR(H##2) = KWtH = KW*KHA)
DEN =2 H®#%#3 4+ (KHA + - MMOH)#(H#®%#2) + (KHA#MAOH = Kiv)#H = Kax#KHA
VMOH = =(E + F)/DEN
IF (VMOH) 21922422
22 PH = =(ALOG(H))/Z2e3C3
P = PH/20.
C LL FPLOT (=29VMOHsP)
25 '- = H = ¢1#H
L = VHA% (H#%#3 4+ KHA®(H#%#2) = (KHA®MHA 4+ KW)#H = KW#KHA)
F = VHI#(H®##3 + KHA#(H#%#2 ] = KW#H = KW#*KHA)
DEN = H##3 + (KHA + MMOH)#(H#%#2) + (KHA#MMOH = KW)#H = KW#KHA
VMOH = =(E + F)/DEN
PH = =(ALOG(H))/24303
P = PH/20
IF(50e¢=VMOH) 309234923
23 CALL FPLOT (OesVMOHP)

21

MmMMII

GO TO 25
30 CALL FINPL
CALL EXIT
END
. A/ XEQ 1 ]
'i Pt i ’ E -1
‘ % TR (X
SR
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(GLOR CHANGE CF AN ACID-BASE INDICATOR

VHA = 25.00
VHI = 0.1
MHA = 0.1000
MMOH = 0.1000
o HI = 0.03
2] l:t:IA = 1.E-5
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ABSORBANCE

COLOR CHANGE OF AN ACTD -BASE INDICATOR

10

VHA = 25600

VHI = 0.1

MHA = 041000

MMOH = 041000

MHI = 0,03

KHA = 14,E=5

KHI = 1l4.E-10
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L = 1600
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EHI = 1e5E2
PH o

AD

J

%!

~
by

Ao
- ~
PreR e 40

i9-00

20-00

MILLILITERS 1F SCOIUM HYCROXIOE

€11
v a

30-00 4G-00

}




(OOR CHANCE OF AN ACIC-BASE INDICATOR

VHA = 2500
vHI Oel

MHA 01000
MMOH = 01000
o, MHI = 04,03
E% KHA = leE=5
v; KHI = leE=12
KW = 14008E-14
L = 1600
EI = le5E4
EHI = 1le5E2
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to (H+) at the basic side of this equivalence zone.

If the indicator has an equilibrium constant 100 times too
large or too small, then no abrupt change of coler will be
observed, and the color change that does occur may not take place
at the equivalence point.

These calculations assumed a particular set of values of
Kgas Myp» and My oy
concentrations, would be expected to affect the results. What

A different acid, and a different set of

does your chemical intuition say? How can you check your

intuition?

™~
N
N
N
N
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CHANGES IN THE TWO DISTRIBUTION FRACTIONS
DURING THE TITRATION OF A MONOPROTIC ACID

A fruitful way of thinking about the shifts in chemical
equilibria that occur continuously during a titration is to look
at the behavior of the species distrnibution §ractions during
that titration. The species distribution fractions aie functions
that tell quantitatively, for each value of (H+), how the protons
are distributed between HA and A", and how total A is distributed
between these two chemical species. For the case of the mono-
protic acid HA being titrated with NaOH, the two fractions are

(HA) (A1)

—_— an —_—

[A] [A]
Note that (HA)/[A] is the fraction of all A-containing species
present in solution as HA, and that (A )/[A] is the fraction
present as A°. To obtain algebraic equations relating these
fractions to (H+), we shall combine the defining eq ation for
the equilibrium constant KHA with the conserration equation for

all A-contzining species. Thus, Equations 8 and 10 can be

readily combined to give

K
[A] = (HA) [1 + Hf]
)

whereupon rearrangement yields

(HA) 1 (") " (42)

GD)

In the same manner, we can again start with Equations 8 and

10, this time obtaining

78
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h)

KIIA

[A] = (A7) 1 +

which can be rearranged to give

A7) ) 1 Kyn

ol + (43)
a1 E) W) Ky,
K

HA

® Show that the sum of the two distrnibution §ractions is

equal to 1.

o Show that when (H') is substantially greaten than Ky,» the

predominant species in sofution is HA.

o Show that when (H') £s much Less than K A" is the

HA?

predominant species.

® When the two distrnibution §ractions equal one anothen {and

thus each is equal to 'k}, what is the numenical value of (H+)?

To illustrate the vse of distributiorn fractions, let us -

investigate the chemical changes involved during the titration of

a monoprotic acid with a dissociation coﬁstant equal to 10~° (that
is, with pKy, = 5). FORTRAN Program 8 can be used to plot the
titration curve and the two distribution fractions (see the output
on pages 85 to 88). The fraction (HA)/[A] is zimost equal to
1.0 at the beginning of the titration, meaning that in this 0.1
molar solution of acid in water, most of the acid is undissociated.
Then during the titration, the fraction decreases essentially
linearly with addition of NaOH, reaching the value (.0 almost
exactly at the equivaler.ce point. The fraction (A")/[A] begins

almost at zero, and increases linearly to 1.0 at the equivalence
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point. From the beginning of the titration to the equivaience
point, each aliquot of sodium hydroxide solution has the same
incremental effect on each of the fractions.

Then, at the equivalence point, the situation mankedly
changes. Further addition of titrant has no observable effect
on either fraction. There is a qualitative change in the
dependence of the fractions on volume of added .itrant. Each
fraction ceases its linear change, and remains essentially equal
to either zero or to one.

The fraction (HA)/[A] reaches essentially zero on the linear
scale; on a logarithmic scale, we would observe this function

to continue its decrease. In fact, for (H*) < KHA’ Equation

42 assumes the limiting form (HA)/[A] = (H*)/KHA, and the
value of the fraction plunges toward zero together with the value
of (H*).

This qualitative change signals a change in the whole character
of the significant equilibria; the chemistry is different. The
entire first portion of the titration from start to equivalence
point can be described accurately as the reaction of NaOH with
HA. However, at the equivalence point the solution is unable to
furnish unreacted HA to continue the reaction. The equivalence
point in this titration marks a sharp dividing line between two
very different chemical situations. The most dramatic occurrence
seen on these plots is at-the equivalence point on the plot of
pH versus VNaOH’ where the quantity (H+) changes by a factor of
a million with the addition of just a few milliliters of titrant;
this change is abrupt even on the logarithmic pH scale. It is

this abrupt change that permits the reliable detection of the

@3 80
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equivalence point in the titration.

Note that both distribution fractions iudrc equal to Y, at
the macroscopic half-equivalence point, and that the pH at that
point is numerically equal to the value of pKHA‘

For a substantially stronger acid, the picture drawn by
the distribution-fraction curves is different in several signif-
icant respects. A stronger acid (see the curves on pages 85 and
86) is dissociated to a greater degree at the beginning of the
titration. With an acid having pKHA = 5, we could say with
justification that equimolar amounts of OH (from the NaOH solu-
tion) and HA react following each addition of titrant prior to
the equivalence point. With the stronger acids (acids with a
larger value of Ky s and a smaller value of pKHA), the slope of

the (HA)/[A] versus V curve is less steep, and this fact can

NaOH
be interpreted as meaning that OH from the titrant reacts only
partly with HA and also partly with H*.

With very weak acids, the distribution fractions do not
change linearly during the titration (see page 88), noticeably
just before the equivalence point. Some HA remains in solution
even after the equivalence point has been passed. Endpoint detec-
tion is then difficult and less precise, primarily because there
is no longer a qualitative difference between the chemistry just
before and just after the equivalence point. Note that this
plot suggests a requirement for an abrupt pH change at the equiva-
lence point: the sLope of the distrnibution-gnraction curve, plotited

on a Linean scale vensus volume of added titrant, must change

abruptly at the equivalence point.
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The arguments of the preceding section are based on graphs
in which (H+) is presented logarithmically, and each of the
distribution fractions is presented linearly. You may wish to
consider whether such presentations are appropriate for a
faithful and informative presentation of the relevant facts. It
is possible that this presentation distorts some relationships.
Feel free to make your own computer-drawn graphs, plotted in

other ways, and to draw your own conclusions about the chemistry.

COMPUTER CALCULATION Calculation of the fractions (A )/[A] and

OF THE DISTRIBUTION
FRACTIONS FOR A (PAY/[A] as functions of Vyaor PToceeds by

MONOPROTIC ACID . X ) +
considering the concentration (H ) to be

a master variable that connects Equations 16, 42, and 43. The
chemical reason for this algebraic convenience is that the chemi-
cal spevies H* is common to the two chemical equilibria, providing
a chemical coupling between the two reactions in solution. For

a particular value of (H+), use of Equation 16 yields the paired
value of V
(A7)/[A].

This program introduces two new FORTRAN features: writing

NaOH? Equation 42 gives (HA)/[A], and Equation 43 gives

and use of a stored subroutine, and storage of variables in COMMON.
The COMMON statement has the general form

COMMON A, B, C, ...
where A, B, C, ... are variable names. Five variables are assigned
to COMMON by our main program, and the values of these variables
are available for use by the subroutine without being redefined
in the subroutine.

The subroutine appears first, so that it can be used later
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// FOR
* LIST
*#10Csi
#ONE W

37

56

35

33
30

45

43

40

// DUP

*STORE

$71007+551

SOURCE PROGRAM

CARDs 1132 PRINTERs TYPEWR)}TERs PLOTTER)

ORD INTEGERS

REAL NUM> KHA9 MMOHs KWy MMA

COMMON V sHH s KHA sMMOH s KW s MHA 9 VHA

SUBROUTINE PLOT2

CALCULATION AND PLOTTING OF THE DISTRIBUTION FRACTIONS
CALL PREP (el4 Gos 1le9 1lo)

CALL YAXIS (o9 Qo9 ols 109 2)

WRITE (7+37°

FORMAT ('Ol JN FRACTION?')

CALL XAX1S 9 les 509 10)

WRITE (795¢

FORMAT ('MI.LILITERS OF SODIUM HYDROXIDE?®)

VMOH = V

H = HH

FHA = H/(H + KHA)

CALL FPLOT (=29sVviHMOHsFHA)

H =2 H = o1%M

DEN = H#%3 + (KHA + MMOH) % (H#%#2) + (KHA#MMOH = KW)#H = KW#KHA
NUM = H¥®#3 4+ KHAR(H®#2) = (KW + AKHA®MHA) | #4 = KW#KHA
VMOH = =VHA®NUM/DEN

FHA = H/(H + KHA)

IF(50e=VMOH! 304334933

CALL FPLOT (0Q0sVMOHoFHA)

GO TO 35

VMOH = V

H = HH

FA = KHA/(H + KHA)

CALL FPLOT (19VMOHsFA)

CALL FPLOT (=2¢VMOHsFA)

H = H = o]l#H

DEN = H#*%3 + (KHA + MMOH)®(H#%2) + (KHA®MMOH = KWIsH = KWH#KHA
NUM = H##3 + KHA®(H##2) = (KW + (KHA®MHA) )#H = KW#KHA
VMOH = =VHA®NUM/DEN

FA = KHA/{(H + KHA)

IF (50e=VMOH) 40943943

CALL FPLOT (0sVMOHFA)

GO TO 45

CALL FINPL

CALL EXIT

END

WS UA PLOT2
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PAGE

// FOR
*#10Cs!(
* LIST
#*ONE W

Jd

15

17

10

2

CARDs 1132 PRINTERs TYPEWRITER,s PLOTTER)

SOURCE PROGRAM

ORD INTEGERS

REAL KHAs KWs NUMe MHAs MMOH

COMMON VoHH oKHA sMMOH o+ KW sMHA 9 VHA

CHANGES IN THE TWO DISTRIBUTION FRACTIONS DURING A TITRATION
VHA = 25,00

MHA = 0,1000

MMOH = 01000

KHA = 1,E-10

KW = 14008E-14

CALL PREP (6149 6259 les 565)

WRITE (7+15)

FORMAT (f'CHANGE OF THE DISTRIBUTION FRACTIONS DURING A TITRATION?®)
CALL YAXIS (0e¢90091091595)

WRITE (7+17)

FORMAT ('PH!')

CALL XAXIS (0e90091¢950910)

CALCULATION OF THE FIRST POINT OF THE TITRATION CURVE

H = 1l

Hs H = o1%H

PH = =(ALOG(H)) /24303

NUM = H##3 + KHA#(H#%#2) = (KW + (KHA®MHA})#H = KW#KHA

DEN = H*#3 4+ (KHA + MMOH)#(H%¥%2) 4+ (KHA¥MMOH = KW)#H = KwWeKHA
VMOH = =VHA®NUM/DEN

IF (VMOH) 14292

CALL FPLOT (=29VMOHsPH)

vV = VMOH

CALCULATION AND PLOTTING OF THE TITRATION CURVE
HH = H

H =2 H = 1%H

PH = =(ALOG(H))/2.303

DEN = H#%3 4 (KHA + MMOH)#(H#%#2) 4+ (KHASMMOH = KW)%*H = Kw#KHA
NUM = H#%. + KHA®(H#%#2) = (KW + (K{A%MHA) )#H = KW*KHA
VMOH = =VHA#NUM/DEN

IF(50e=VMOH) 109343

CALL FPLOT (0O sVMOHoPH)

GO 7O 5

CALL FINPL

CALL LINK(PLOT2)

END

// XEQ
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CHANGE OF THE DISTRIBUTION FRACTIONS DLRING A TITRATION
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when needed in the main program. T»e subroutine is written as an
ordinary program, with a specification of the variables the
subroutine expects to find in COMMON. The last ctatement is END.
The programmer decides on some name for the subroutine, and then
uses the // DUP statement and the *STORE statement to transfer

the subroutine into a temporary storage location on the disk.

We then proceed to the main program, written in the usual
manner. The COMMON statement instructs the computer to store in
COMMON each of the five variables whenever they are defined, and
to replace these values with new values whenever the variables
are redefined.

The CALL LINK statement calls the subroutine from disk
storage into the working core memory, and transfers control to
the first statement of the subroutine. The general form of the
statement is

CALL LINK (NAME)
where NAME is the name of a subroutine already stored on the disk.

There are two distinct plotting programs, and in each case .
there is a pause in the exzcution before the plotter begins
plotting to allow you to set the pen in thg proper location on
the paper. Careful readjustment of the pen position is necessary

to assure that the secorid plot will be located on the paper

’,

directly under the first.




COMPUTER CALCULATIONS USING THE
BASIC PROGRAMMING LANGUAGE
AND A TIME-SHARING TERMINAL

Many of the computer calcv® - illustrated by FORTRAN
programs can be readily performe¢. using a remcte terminal for
input and output. There are some advantages, as well as some
limitations, to use of a simple teletype or teletypewriter
terminal. The principal advantage is the ease with which the
user can interact with the program. Disadvantages of the simplest
terminals include the necessity of relying on key’ rard input of
programs and data (punched cards, while more difficult to prepare,
are more reliable for repeat runs), and the lack of high-resolution
Plotting capability. In essence, batch processing of cards with
an IBM 1130 system that includes a high-fesolution plotter is
different than time-sharing computations from a simple terminal.
Some illustrative programs, all written in BASIC programming
language, are presented on the following pages to show how the
inherent advantages of a terminal may be utilizel for learning more
about the chemistry of rcnoprotic carboxylic acids.

BASIC Program A is written to provide simulated data from a
titration of the acid HA with a solution of NaOH. The variables
are given short names (for example, A, B, C, ...) so that the

program can be typed with a minimum of effort. The output is

printed as a listing of paired values of VNa and pH.

OH
Let us examine this program in detail. The program is based
on Equation 16, and this equation appears in a somewhat disguised

form in statements 100, 110, and 1.0. Rather than use the symbols
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Table 2
ARITHMETIC SYMBOLS USED IN THE BASIC PROGRAMMING LANGUAGE

addition sign
subtraction sign
division s4ign

multiplication sign (do not indicate multiplication
with just parentheses)

means radised to the powen o4

equals s4ign

RELATIONAL SYMBOLS

Less than

Less than on equakl to
equal to

greaten than

greaten than on equal zo

not equal to




directly from Equation 16, we have used certain arithmetic
symbols from the listing in Table 2, and we have given the various

variables the following short names:

Code for Translating Program into Algebra

‘BASIC Symbo | Algebraic Symbol
A KHA
B ) Via
¢ M
b MNaOH
E Kw
1 change in (H+)
H (H")
P pH
N numenraton
D1 denominaton
v VNaOH

Large and small numbers are written in exponential notation,
which means that two of the BASIC statements translate as follows:

- _ - -5
A=1.75E~-5 = KHA 1.75 x 10

E=1.01e-14 > K
w

1.01 x 10™1*

Each typewritten line in the program is called a $tatement,
and each statement has a number. The first statements define
various variables and constants, and state the initial conditions
of the titration. Unless there are instructions to the contrary,
the computer proceeds sequentially through the statements in

numerical order according to their statement numbers. After one
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i

A

10
20
30
ho
50
60
70
30
90
100
110
120
130
140
150
160
170
180
190
200

A=1.THE=YH
B8=2%

c=,1
D=.1
£=1.01E=-14

1=.5
H=1
H=H*1

==(LOG(H))/2.303

N=Ht3 + A%(H12) - (E+(A%CI)*H - (E*A)
D1=H13 + CA+D)*(H12) + C(A®D-ED#H ~(E*A)
v=((~8)*¥N)/D1

IF v>=0 THEN 170

X=P~T

IF X>0 THEN 190

GO TO 80

PRINT v, TAB(30),F

GO TO 30

PRINT "END OF CALCULATIONS'

END

A~ ;:’

[ A
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RUN TITR1

8K

L191077203 3.00975767
« 739318196 3.3107332"%
1.607182 3.61170914
3.10031864 3.0126949
5.55210606 11,21366067
9.1008400% h,51463643
13.3493431 i, 81561219
17.4066554 5.11658795
20.5240076 5.41756372
22.5421029 5.71853948
23.7075563 6.01951524
24,336648 6.320491
24.,6638825 6.62146077
24,830836 6.92244253
24,9151943 7.22341829
214,957652 7.52439405
24 ,979062 7.82536981
24 ,9900347 8.12634558
24.9960329 8.42732134
25.0000496 8.7282971
25.0040919 9.02927286
25.0101815 9.33024863
25.0213661 9.63122439
25.0432503 9.93220015
25.0868258 10.2331759
25.1740792 10.5341516
25.3494378 10.8351274
25.7038263 11.1361632
26.4277668 11.4370789
27.9394798 11. 7350547
31.2461742 12.0390 304
39.2757244 12.3400062
64,9608534 12.640982
423,050333 12.9419577

END OF CALCULATIONS
200, NORMAL EXIT FROM PROG,

TIME: 0.318 sEc.
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statement has been executed, the statement with the next-higher
number is then executed. Iilowever, you as the programmer may
change the sequence of operations by using the GO TO or IF e« THEN
statements:

fThe statement

GO 10O 80
will be followed by execution of the statement numbered 80. Then
the program will follow sequentially the statements that follow
statement 80.

fThe statement

IF X>=0 THEN 190
transfers the program to statement 190 if§ the numerical value of
the variable X is greater than or equal to zero. Otherwise, the
program moves along in order to the statement next in numerical
order following the IF «+ THEN statement.

You can add spaces within a statement, almost at your own
convenience, in order to make the typewritten statement more
readable to you. If there is doubt in your mind about the order
in which the computer will perform the indicated arithmetic within
a statement, then add some clarifying parentheses; parentheses
have the same meaning in BASIC aslin arithmetic and algebra. You
must always use a -losing parenthesis with each opening parenthesis.

Statements 80 — 180 constitute a computation Loop. This
loop is the heart of this particuldr BASIC program. A large value
(larger than will be encountered in the actual titration) for (H+)
15 assumed in statement 70. Then this value is reduced to 50% of

its previous value in statement 80, the pH value is calculated
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for future reference, and then (H+) is substituted into Equation
16. A value of the titrant volume is calculated, and this value
is tested in two IF * THEN statements to scc il it is negative,
or positive or zero; and if it is negative, whether the titration
is in the acidic or basic region. Only positive values of volume
are accepfable as having any chemical meaning. Negative values
are encountered at the beginning of the calculations, and here
the computation loop cycles without any output being printed.
When (H+) gets small enough to produce a positive (or zero) value
of the titrant volume, the cycle begins to include the PRINT
statement, and output gets typed. Finally, when (H+) becomes
smaller than its value in the titrant itself, the calculations
pPass outside the realm of chemical reality, the volume as cal-
culated becomes negative, and the program is terminated.
It is necessary that each program have a name. It was

decided to call this program TITR1l, and so the line

NAME TITR1
was typed prior to the typing of the statements of BASIC Program
A. In order to get a listing of the program, one types

LIST TITR1
To execute the program, one types

RUN TITR1
The results of executing the program are presented on page 94.
The entry 8K is printed automatically, indicating the amount of
storage space that the computer has available for running this
program. The output is a listing of paired values of VNaOH and

pH for evenly-spaced values of (H+).
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After inspecting the typewritten output, you might decide
that you want the simulated data to be more closely spaced, and
that you have no need for data beyond VNaOH = 23 me. You can
get closer spacing by changing the value of the variable I. This
is easily accomplished by typing the line

60 1=.7
The result is that the former statement 60 is replaced by this
new statement 60. One way to end the program at 23 mf is to add
a new statement:

125 IF v>=23 THEN 190
Typing this statement adds it to the program.' To check the pro-
gram after making the change and the addition, we call for a
listing of the program:

LIST TITR1

10 A=1,75E-5
20 B=2%

30 c=.1

4o p=.1

50 E=1.01E-14

60 1=,

70 ti=1

80 H=iH*1

90 P=-=CLOG(11))/2.303

100 H=H23 + ARCHI12) - CE+(ARC)IHH - (EA)
110 DI=H%3 + (A+D)=CHI2) 4+ (ARD-L)y -(E32A)
120 v=((-8)#2)/n1

125 IF v>=23 THEN 1990

130 IF v>=0 THEN 170

149 x=p-7 .

150 IF >0 THEN 19

160 GO To 80

170 PRINT v, TACC30),P

130 ¢O0 TO 890

190 PRINT "enD OF CALCULATIONS™
200 END

We can then run the program by typing the instruction
RUN TITR1

which is the instruction to run the edited program. The output
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RUN TITR1

L T
ok

9.198 49 384E-2

<33438278)
L1008y
909502251
1.430132%2
2.04068329
2.848400068
3.9010U06706
5.23770234
6.87524774
8.79210319
10.9136577
13.1409337
15.3226125
17.3365122
19.0926b58
20.5495796
21.7990571
22.60165624

of the program is as follows:

2942007
2.0uTh5105
5.26235511
300722010
3.567219321
3.71697727
3.371C5132
4.020672537
L ,15159942
33647345
iH,09134753
000622158
4,2010956Gh
11,95596259
5.116CA374
5.2057175
5.029521C5
5.5754659
5.73933995

END OF CALCULATIOKS
200, HORGAL EXIT FROL PROCG,
THE: J.2Th sEC,

When a chemist is involved in a research project for the
determination of the numerical value of ;n equilibrium constant,
he or she ﬁust be concerned with the precision and the accuracy
of that value. How many significant figures caﬁ be justified in
reporting an equilibrium constant? The answer is not a simple
one, but one important piece of information required for the
answer 1s the answer to this second question: what is is smallest
change in an asspmed value of KHA that causes an experimentally-

detectable change in simulated values of V and pH? We can

NaOH
easily get such information by repeating this simulation with
different values of KHA; that is, we can rerun this BASIC program

with a slightly-changed value of A, and check the output to see
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if there are any significant changes in the predicted volumes for
identical values of pli. The value of A is readily changed simply
by retyping statement 10, and then the program is run simply by
typing the RUN command. The commands and the results for a change

of KHA from 1.75 x 107% to 1.76 x 10™°% are as follows:

10 A=1, Tut-%

RUN TITRL

3K

9. 408815342 2.947007

. 337353772 3.D9TH51 5

6204592737 3.:) 135511
)73_,30028 3.:407220 30
1U3GLTTY 3.50210221
2.05%161339 3.TLC2TTRT

2.86296“11
3091993172

P N, .
3. 37155132
4.0 TR5 T

5.20144359 4,1°150900
6.903731.024 4.33o!73”~
82061 ThT L u0134757
10.9537196 i, f"’“°]““
13.1764949 .,‘ok‘)
5.396377¢ §.O555% ’t‘)
17.3667504 B 11;3'“7h
19.11332%5 5.2657178
20.5703766 5.1205 31185
21.7253007 5.57Gﬂ63?
22.6140044 5.73023%)5

EWD OF CALCULATIONS
UG,  GIORIAL “XIT FRub PRec,

TIHHE: .20 SEC.
Comparison of these numbers with the output listed on the previous
page reveals that the predicted volumes differ generally only by
.02 m, an amount comparable to the uncertainty in reading a
burette. A closer look shows that the largest dirferences occur
near the macroscopic half-equivalence point, suggesting that such

mid-titration data are most useful in evaluating an equilibrium

constant.




USE OF A 2ASIC The easiest way to use a time-sharing terminal

PROGRAM FROM
PERMANENT STORAGE 1is to call 2 program that someone else has

written and placed in permanent storage. You
don't need to know anything about programming language, and you
don't need to know what the program is doing. Of course, there
is the possibility that you therefore won't know what the output
means! BASIC Program B is such a proéram. It performs the same
calculations as BASIC Program A. In order to obtain the printout
of simulated data, the user types the following two commands:
FETCH PROGB
RUN PROGB

The results of this series of commands are given on page 102. The
FETCH command obtains the program from storage, and places it in
the user's active working area, ready for use. (Of course, this
procedure only works if BASIC Program B ﬂas already been stored
in your particular computer system, and if it has been given the
name PROGB.) This program is written so that it always has some
Teasonable numbers supplied for each of the variables and constants.
However, if you wish to simulate data for your own special set of
conditions, you will want to enter your own numbers. To do this,
you merely retype the statements (30, 40, 50, 60, etc.) that are
required to define your own experimental conditions. You need a
listing of the program in order to identify these statement numbers.

Here you have a program in storage that serves as a starting
point for your calculations. It has an output that includes some
conventional English-language sentences that describe the set of

experimental conditions assumed for the simulation. You can then
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10
20
21

)
(3K 4

3
ho

50
60
65
79
60
v0
91
100
101
110
111
120
121
130
131
140
141
150
151
152
153
160
161
162
170
180
190
200
219
220
230
210
250
260
270
280
290

PRINT "THIS PROGRAM SIMULATES DATA FROM A ";
PEIHT "HCNOPROTIC ACID TITRATIONY
PRINT
PRINT )
A=1, Thi.-% -
B=04
c=.1
N=.1
E=1.01E-10

I=.5
H=1 .
PRINT "A==THE VALUE FOP  (H+)(A=)/C1IA)="";A
PRINT

PRINT "B--THE VOLUME OF THE UPICINAL COOH SOLUTION=Y;:
PRINT

PRINT "C--THE VALUE FOR TJ4E I'OLARITY OF TUHE COO:l SOLUTIOH=";C
PRINT

PRINT "p- THE YALUE FOP. THE I'OLARITY OF TAL LACH SOLUTICH=';p
PRINT

PRINT "E-~THE YALUE FOIR (1+)C0H-)=";¢C

PRILT

PRINT "1--THL DUCPENENT=";]

PRILT

PRLIT ™I-=THE VALUE FOP (i+)=" ;11

PRINT

PRINT

PRINT

PRINT "VOLUME OF HAOHY™,TABCH0)," "

PRIT

PRINT

NEERD|

P=-(LOG(H))/2.303

N=HT 24 AS(1H12)-(E+CARC) D #=CERA)

PL=H 3+ CA+DDE (H 2D+ (ARD=E) #H=-(F 2A)
V=C(=8)%11) /1l

IF v>=0 THEN 260

¥=p-7

IF ¥>f THEIN 280

GO TO 170

PRINT V,TALCHO),P

oo TO 170

PRINT "EMD OF CALCULATIOMS!

END
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THIS PROGRAM SIMULATES DATA FROM A MONOPROTIC ACID TITPATION

A==THL VALUL FOrr (H+)C(A-)/(HAD= 1.75E-1,

B=--THE VOLUME OF THE ORIGINAL COOH SOLUTIOM= 25

C--THL VALUE FOR THE MOLARITY OF THE COOH SOLUTION= .1
D- THE VALUE FOR THE MOLARITY OF THE NAOH SOLUTION= .1
E==THE VALUE FOR (H+)(Oil=)= 1.01E-14

I--THE DECREMENT= .5

H=--THE VALUE FOR (H+)= 1

VOLUME OF NAOH PH
.194077263 2.00975762
.739318196 3.31073338
1.607182 3.611790914
3.10031864 3.9126849
5.552106006 4,21366067
9.10034005% 4,51463643
13.3493431 4.81561219
17.4066%554 5.11658795
20.5240076 5.41756372
22.5421029 5.71853948
23.7075563 6.01951524
24,336648 6.3200491
24,6633825 6.6214G677
24,.830836 6.92214253
24,9151943 7.22341829
24.957652 7.52439495

24,979062

2h,9900347
24,9900 329
29.900049¢
25.0040919

7.825309361
3.1263“553
¢ 2732134
.7282971

0.,029272%¢

25.0101815 9.33024863
25.0213661. 9.63122439
25.0432503 9.93220015
25.0868253 19.2331759
25.1740792 10.5341516
25.3494378 10.3351274
25.70382¢3 11.1361032
26.4277668 11.4370739
27.9394798 11.7389507

31.2461742
39.2757244
6u.96q85§u
423,050333

EilD OF CALCULATIONS

12.0399304
12.3400062
12.640982

1?.9"19577.
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modify the program to suit your own purposes by adding, changing,
or deleting statements. Happily, the originai program in storage
remains unaffected by anything that you do to its copy.
We have used the PRINT command in several ways. The state-

ment

ss® PRINT "MONOPROTIC ACID"
results in the printing of the words MONOPROTIC ACID, followed by
advance of the paper to the next line. The statement

ssm PRINT
advances the paper one line. The statement

.mms PRINT X
results in the printing of the numerical value of the variable X.
The number is printed with nine significant figures, except that
trailing zeros are rot printed. The empty spaces at the extreme
right end of the numbers printed on page 102 represent zeros. If
a number happened to have only zeros following the decimal point,
the decimal pcint would be omitted, and the number would appear
as an intéger. The typewriter's tabulation capability can also be
used by inserting the command TAB(N) within the PRINT statement;
this results in the typewriter '"tabbing" across the line. The
computer considers the typewriter set with the left-hand margin at
column 0. The command TAB(N) causes the next character to be
typed in column N. N can be either a number or an arithmetic
expression.
PLOTTING WITH AN The listings of numbers that result from BASIC
OUTPUT PRINTER . . A
USING BASIC Programs A and B have many more significant

figures than are needed for any purpose involving a comparison

il
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with experimental data. Despite this superabundance of digits,
however, the lists do not necessarily convey the full signifi-
cance of the calculations. An overall picture of the calcula-
tions is often seen better if the data are graphed. A graphic
presentation can be produced by a conventional typewriter or
teletype printer. Such a graph is rather crude, since the coord-
inates of each point must of necessity be positions on the paper
where a character can be typed. Notwithstanding this limitation,
such plots can be informative, and we shall present two programs
that produce graphical output of a titration simulation.

BASIC Program C illustrates a simple plotting program. Very
similar to BASIC Program A, this program gives output via the
statement

170 PLOT 10+V="xt, 10zt
The PLOT statement is executed from right to left, so that the
first command is to plot 10="+", This means that the typewriter
is to type a + sign in column 10. And then, without advancing
the paper, the command to plot 10+Vv="#" jis executed. This means
that the typewriter is to plot the symbol #* in column 10+V.
Finally, when all the characters have been typed, the paper is
advanced to the next line. In order to nave pH plotted along the
vertical axis, the calculation loop has been instructed to change
pH by increments of 0.5 pH units, thus making each print line on
the graph correspond to 0.5 pH units. The horizontal axis is the
vNaOH axis. We used 50 spaces (50 character columns) for this
graph, and the volume range was from 0 to about 50 mf, so we

were able to let each space equal one volume unit. Otherwise, we

ETRN
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LIST PROGC

10 A=1, 7HE=-5

20 B=25

30 €=,1

Ll() D--.l

50 E=1,01E-14

60 1=.5

70 pP=1

30 P = P+1

90 H=101(-pP)

100 N=H13 + A¥CHY2) - (E+

110 D1=H%3 + (A+LI®(HP2) + (ARD-ED®H - (E2A)

120 v=((-8)*N)/Dn1
130 IF v>=0 THEN 170
140 X = p-7

150 IF X>0 THEN 190
160 60 TO 380

170 PLOT 10+v_-_u::ll’ 10="141
130 G0 TO 30

CA%CYIHH - (E®A)

190 PRINT "END OF CALCULATIONS"

200 END
RUN PROGC

K

.
-

+++ 4+

END OF CALCULATIOIIS
200, ROKMAL EXIT FROM

TIME 0.218 SEC,

LYY )
¢ o es ev e

s ap ') .
o s% ev ev v

PROG.

AL A

A
Lt
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would have been required to multiply the variable by an appropri-
ate scaling factor so that the graph would fit into the z21lotted
stace on the paper.

BASIC Program D is written for permanent storage, and has
several useful features. The output begins with a title, and a
listing of the numerical values of the various constants that
characterize the particular acid being titrated and the experi-
mental conditions of the titration being simulated. The actual
plot has labelled axes, and an indication (with the printing of
the symbol X) of the half-equivalence point. This program can
be called from storage and used without understanding the various
plotting statements, modifying computation statements as desired
in the same manner as described on the previous pages. However,
there are some additional programming features which may be of

interest.

Use of a subroutine is illustrated in statements 424 to 430.
These statements are a miniprogram to plot an X at the half-equiv-
alence point. The final statement 1s RETURN. Execution gets
transfered to the subroutine by the command

Gosus 424
After completion of the calculations or instructions of the sub-
routine, the execution returns to the statement immediately fol-
lowing the GOSUB statement.

For this graph, it was decided to use a scaling factor to
expand the horizontal axis. Can y.u find where the scaling factor
is inserted?

In order to get the vertical axis labelled with pH values,
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10 A=1.7HE=-5

20 u=2%H

30 c=.1

§0 p=.1

50 E=1.008e-14

60 Izo‘)_

65 H=1

70 PRINT "PLOT OF A SIMULATED MONOPPOTIC ACID TITRATION CURVE “;
T1 PRINT "WITH (H+)(A-)/(HA)=";A

72 PRINT

73 PRINT

80 PRINT "A--THE VALUE FOR (H+)CA-)/(HA)=";A

81 PRINT

90 PRINT "s5--THE VOLUME OF THE ORIGIMAL COOH SOLUTION=";B
91 PRINT

100 PRINT "C--THE VALUE FOR THE IMOLARITY OF THE COOH SOLUTION=";(
101 PRINT

110 PRINT "D--THE VALUE FOR TilE MOLARITY OF THE NAOH SOLUTION='";D
111 PRINT

120 PRINT "E~=-THE VALUE FOR (H+)(OH=)=";E

121 PRINT

130 PRINT "I--THE DECREMENT=";I

131 PRINT

140 PRINT "ii-=THE VALUE FOR (H+)=";i

141 PRINT

150 PRINT

160 PRINT

170 PRINT TA8 (15),"MILLILITERS OF SODIUM {IYDROXIDE"

180 PRINT t'pyn

190 PRINT TAB (C10),"0 5 10 15 20 251
2C0 PRINT TAB (1l0),"+-cectommmfommmpcc e poc o e fom mmfm e p e e m I
210 FOR w= 1 TO 10

220 PRINT TARCLO0),"+%

230 MEXT W

235 ¥X=

240 1i=H#*]

245 IF H>A THEN 250

246 GOSuUL 424

250 P=-(LOGCHDD/2.303

200 P1=1IHT(C10%P)/10

270 P2=INT(P)

280P=p/2

290 H=HA3+AZ(HT2)-CE+(ARC)) #H=-(ERA

300 D1=H13+CA+DI=(HP2) + (ARD~E D)1= CLZ%A)

310 v=((=3)*D/11

3201F v>=0 THEI.360

330 x=P=-y

MU IF X>0 THEN b2

350 GO TO 240

360 IF PL<>P2 TN 400

301 IF Pl <=y THEI3TO

362 PRINT P1;
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303 PLOT $4C2%V)4,hztisin omen
364 GO TO 240

370 PRINT F1;

380 PLOT T+(2%V)+ Hnin oty
390 GO TO .240

400 PLOT 10 +(28V)+, 5=, gtiyn
10 o TO 2i0

-?20 PRINT ;END OF CALCULATIONS'"
121 GO TO 431

24 1F X=1 THEN 130

1§25 x=1

426 P==CLOGCA)D/7.303

427 v1=.5%8%C/D

428 PLOT 9+(2%#Vv1)=f1X, 9=t

5130 PETURH

431 eilb

QUTPUT

PLOT OF A SIMULATED IiONOPROTIC ACID TITRATION CURVE
WITH  (H+)CA=)/(Ad= 1.75E-5

A--THE VALUE FOR  (H+#)CA-)/(HA)= 1.T5E=-5

B-=THE VOLUME OF THE ORIGIMAL COOH SOLUTIOH= 25

C--THE VALUE FOR THE ['OLARITY OF THI COOH4 SOLUTIOM= .1
D-~THE VALUE FOR THE I'OLARITY OF TilE MAOH SOLUTIOH= .1
E--THE VALUE FOR (H+)(OH-)= 1,008E-14

I--THE DECREMUNT= .5

H-=THE VALUE FOR (H+)= 1

OUTPUT CONTINUED ON NEXT PAGE
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it was necessary to have integral values of pH available. To do
this, use was made of the INT(X) command to convert a variable into
its next-lowest integer (the number rounded off to an integer by
simply discarding all digits following the decimal point). This
program is pre: :nted to illustrate the sorts of programming
niceties that can be used to dress up the output of a printer-

generated graph. You may have other ideas.

CONFRONTATION OF BASIC Program E provides a point-by-point

SIMULATED DATA AND ]
EXPERIMENTAL DATA comparison of experimental data from a

FOR A TITRATION

titration experiment with the predictions of
a mathematical model for that experiment. The program is written
for permanent storage. When run, the program provides for a
dialogue between computer and user, with instructions coming from
the cbmputer in the form of English-language questions and state-
ments. In the interest of simplicity, and in the interest of
getting the user involved in the actual program, this interactive
dialegue has been kept-to a rather minimal level, but you may
wish to write a more extensive program with more conversational
interaction.

The program tegin. with a dimension statement
10 pIM A(50),B(50)

that reserves storage space for 50 paired numbers Ai,Bi; that is,
for 50 subscripted variables that will be identified with the

experimental values of pH and V Within the program, the

NaOH'®
subscripted variables are written as A(X) and B(X), where identical
values of X means that the two variables are paired. Statement

60 prints a question that asks the user to type a number that

1o~
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tells the computer how many sets of pairs {pH,VNaOH} are to be
entered. The following statement

70 INPUT N
orders a pause in the execution of the program until a number
has been entered by the user at the terminal. That number becomes
the value of the variable N, and the statements numbered 90 through

140 then ask for values of pH and V a total of N times, storing

NaOH
the entered numbers as an array of the form

AC1), B(LD

AC2), B(2)

AC3), B(3)

ACH), BCl)

A(ND, B(N)
The program now proceeds to take each of these pairs in turn,
calculating a predicted valueiof the volume that corresponds to
the experimental pH value, and then printing the predicted and
experimental values of the titrant volume for comparison.

In order to perform the calculations, it is necessary to have
values for the two equilibrium constants, the two molarities, and
the initial volume of acid. These numbers have afready been
entened by statement 160. You might wish to alter the program by
deleting statement 160 from the program, allowing yourself the
option of entering these numbers during the execution of the
program. You would need a statement prior to statement 150 that
printed out an appropriate question to indicate the form in which

these constants are to be entered from the keyboard.

"
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10 DI ACHUD,18(H0)

20 PRINT "Jil1S PROGERAI. CONFLEONTS LYXPEPINITTAL DATAY

3 PRIGT "UITi T, PREDICTIONS OF A PATIUHATICAL topeg
35 PRINT "FOR Till TITRATION OF A JOROPPOTIC ACIDY

i PiINT

50 PRILT

00 PRINT '™10M IIANY SETS OF EXPERIGEIITAL DATA MILL YOU 3E USHCY;
70 INPUT 1l

80 PRINT

JO FOR X=1 TO 1!

100 PRINT '"iH=";

110 LIPUT ACK

120 PRIUT "YOLUI'E OF [!AQ:H=";

130 INPUT BIX)

140 MEAT X

150 READ A,3,C,D,E

160 DATA 1.75,25,0.1,0.1,1.008

170 A=A%101(-5)

180 E=E*104(-14)

190 PRINT "THE VYALUE FOR (H+)CA=)/CHA)=";A

200 PRINT

210 PRIMT MiHE VOLUIE OF THE ORIGINAL HA SOLUTION=";1
220 PRINT

230 PRIMT M"THE YALUZ FOi THE LOLARITY OF THE YA SOLUTION=Y;C
240 PRINT

250 PRINT MTHiE YALUE FOR TiIE LOLARITY OF THE HAOH SOLUTIOH=";n
260 PRINKT

270 PRINT “THE VYALUE FGR (H+)(OH=)=M;i

280 PRIWT

290 PRINT

300 PRINT TA(20),"CALCULATEDY, TABCH0), M XPERITIENTALY
310 PRINT *pil",TAB(C202,"/OLUIE OF HANAM, TABCU0),"OLUNE OF AN
320 PRINLT

330 PRIINT

340 PRINT

350 FOR %= 1 TO il

360 T=ACK)

370 :1=104(-T)

380 P=-CLOGCi1))/2.303

390 H=EHA3+AR(H12)-(E+CA%C) ) #H-(E*A)

400 D1=H13+CA+D)#(H12)+CA%RD=ii ) %H=-(E*A)

410 v=((-u)%iid /vl

120 1F Vv>=0 THEM 460

430 K=P-7

B0 1F X>0 THEN 480

59 60 70 470

60 PRINT ACX),TAB(C20),V,TABCH0), (XD

70 HEAT

480 PRINT BEND OF CALCULATIONHS™

490 enD

w2
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THIS PROGRAM CONFRONTS EXPERIMENTAL DATA
WITH THE PREDICTIONS OF A I'ATHENMATICAL I'ODEL
FOR THE TITRATION OF A MONOPROTIC ACID

HOW I'ANY SETS OF EXPERIMEMTAL DATA WILL YOU BE USIMG?

g
PH=?
3.04

VOLUME OF NAOH=?
-19

PH=?
3.31

VOLUME OF NAOii=?
< T4

PH=?
3.62

VOLUME OF HNAOH=2
1.73

PH=?
3.89

YOLUME OF il1AQii=?
3.12

PH=?
h,34

VOLJME OF HAOH=?
5455

THE VALUE FOR (H+)CA-)/(HA)= 1,75E-5

THE VOLUME OF THE ORIGINAL HA SOLUTION= 25

THE VALUE FOR THE MOLARITY OF THE HA SOLUTION= .1
THE VALUE FOR THE MOLARITY OF THE NAOH SOLUTION= .1

THE VALUE FOR (H+)(Ol=)= 1.008E-14

CALCULATED EXPERTMENTAL
VOLUHME OF NAOH

PH VOLUME OF WAOH

3.04 240481747 .19
3.31 .736393441 T
3.62 1.63590446 1.73
3.89 2.95390902 - 3.12
4,34 £.90691832 5.55
“ND OF CALCULATIONS )

)
G
o
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You can change just the value of A (that is, just the value

of'KHA) by adding a statement of the form

161 A=1.76
Note that the exponent portion of each equilibrium constant is
added later, in statements 170 and 180. This procedure for
entering the constants is just one of many possibilities, and
you should write the program in the way that is most convenient
for you. \

A sample of the user—computer dialogue, as well as the
~calculated comparison of model and data, is presented on page
113.

Certain data points, taken from the region of the titra-
tion curve in the vicinity of the half-equivalence point, are
most sensitive to variations in the value of KHA’ and these are
the only points that need to be considered when searching for a
value of that equilibrium constant. A final comparison should
include data from throughout the whole titration curve.

You may wish to write a program that allows you to try a
whole series of different values of KHA’ while keeping the exper-
imental data stored for repeated comparisons. Another worthwhile
refinement would be to have the program find the difference be-
tween calculated and experimental titrant volumes, printing out

that difference as a part of the output.

~N
~N
N
~N
~N
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USE OF A WANG 700 PROGRAMMABLE CALCULATOR
IN EVALUATING AN EQUILIBRIUM CONSTANT

The Wang 700 calculator is a miniature computer with a
limited memory (a limitation) and with extremely simple input-
output capability (an advantage). Such a calculator can be of
great use to the chemist who is trying to find the numerical .
value of an equilibrium constant that'brings the predictions
of a mathematical model into agreement with a few experimental
data points clustered about the half-equivalence point of a
titration. Wang Program a performs such calculations. The
user is closely involved with the actual calculations, having
close control over the numbers being used in the calculations.
The user 4ntenracts with the calculator and with the calculations
in a meaningful and effective manner.

The Wang 700 calculator permits the user to perform arith-
metic in the same manner as with any electronic calculator, by
entering numbers and depressing keys labelled +, -, X, %, and
so forth. Numbers at any stage of the calculations can be stored
in one of 122 data registers of the calculator's core meméry.

The,whole sequence of operations that constitutes a program can

e ————

e er g

be étore&'in memory so that the calculator can then execute the
steps aut;matically. Finally, this program can be stored for
future use on a magnetic-tape cassette.

This program is based on Equation 16. The strategy is
quite simple: we shall store (in registers 00 to 08) the various
terms that need to be added together to give numerator and

denominator, then perform a division at the very end. Since the

110
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[a ]

STEP KEY CODE STEP KEY CODE
00 MARK 0408 33 x 0602
01 1 . 0701 34 4 0605
02 CLEAR x 0715 35 STORE DIRECT 0404
03 STOP 0515 36 REGISTER 04 0004
04 CHANGE SIGN 0711 37 RECALL DIRECT 0405
05 10% 0613 38 REGISTER 03 0003
06 STORE DIRECT 0404 39 STORE DIRECT 0404
07 REGISTER 00 0000 4o REGISTER 05 0005
08 STORE DIRECT 0404 41 CLEAR x 0715
09 REGISTER 02 0002 k2 stop 0515
10 x? 0713 43 x DIRECT 0402
11 STORE DIRECT 0404 b4y REGISTER 05 0005
12 REGISTER 01 0001 45 CLEAR x 0715
13 STORE DIRECT 0404 4e sTOP 0515
14 REGISTER 08 0008 . 47 x DIRECT o402
15 x DIRECT 0402 48 REGISTER 01 0001
16 REGISTER 02 0002 " 49 x DIRECT 0402
17 CLEAR x° 0715 50 REGISTER 03 0003
18 sToOP 0515 51 CLEAR x 0715
19 x DIRECT 0402 52 STOP 0515
20 REGISTER 08 0008 53 STORE DIRECT 0404
21 STORE DIRECT 0404 54 REGISTER 07 0007
22 REGISTER 03 0003 55 RECALL DIRECT 0405
23 4 0604 56 REGISTER 02 0002
24  RECALL DIRECT 0405 57 ¢ 0604
25 REGISTER 00 0000 58 RECALL DIRECT 0405
26 x DIRECT olo2 59 REGISTER 08 0008
27 REGISTER 03 0003 60 + 0600
28 + 0600 61 RECALL DIRECT 0405
29 1 0701 62 REGISTER 04 0004
30 4 0704 63 - 0601
31 CHANGE SIGN 0711 64 ¢ 0605
32 10* 0613 65 STORE DIRECT 0404

111
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STEP KEY . CODE

66 REGISTER 06 0006
67 * 0604
68 RECALL DIRECT 0405
69 REGISTER 01 0001
70 + 060¢C
71 RECALL DIRECT 0405
72 REGISTER 03 0003
73 + 0600
T4 4 0605
75 STORE DIRECT 0404
76 REGISTER 09 0009
TT RECALL DIRECT 0405
78 REGISTER 06 0006
79 ¢ 0604
80 RECALL DIRECT 0405
81 REGISTER 05 0005
82 - 0601
83 RECALL DIRECT 0405
84 REGISTER 09 0009
85 = 0603
86 RECALL DIRECT 0405
87 REGISTER 07 0007
88 CHANGE SIGN 0711
89 x 0602
90 STOP 0515
91 END PROGRAM 0512

SAMPLE OUTPUT OF THE PROGRAM

Ky, = 1.75 x 107%, M__ .= 0.1000, M,, = 0.1000, V., = 25.00
pH = 3.009, Vg .. = 0,192+
3.310 0.736
3.611 1.602
3.912 3.091
4.213 5.538
4.514 9.081
12




USER'S OPERATING INSTRUCTIONS

PROGRAM

STEP INVOLVED

depress SEARCH, then 0

depress GO

enter value

enter value

enter value

enter value

enter value

of pH, then GO
of KHA’ then GO

of M
of M

of VHA’ then GO

HA’

NaOH?

then GO
then GO

00

goes
gnes
goes
goes
goes

goes

to

te

to

to

to

to

03
18
42
46
52

89, stops, with

and stops
and stops
and stops
and stops

and stops

displayed value of

VNaOH’

STORAGE LOCATIONS AT TIME OF FINAL CALCULATIONS

Register
Register
Register
Register
Register
Register
Register
Register

Register

00
01
02
03
04

05

06
07
08

+

(H)

+52
MNaOH(H )

G
M

MHAKHA

numenaton

VHA

+
Kyp(H)?

4
NaOHKHA(H )

K {K;, + (D)}
(")

13




calculations are designed for data in the region of the half-
equivalence point where predicted values of vNaOH are insensi-
tive to the assumed value of Kw, we shall always use the value

K, = 1.00 x 10”1 o

Certain key; on the Wang keyboard need an explanation, for they
are used to move numbers in and out of the storage registers.

STORE DIRECT. This key is followed by a register key,
and the result is ° it the number that is displayed in the
x-register on the calculator (displayed in nixie lights) is
stored in the indicated register. The number also remains in
the x-register, available for fuither computation.

RECALL DIRECT. When this key is followed by a register
key, the contents of that register become displayed in the
x-register, ready for further computation. The number remains
stored, and can be recalled as many times as desired.

X DIRECT, When followed by a register key, this command

o

multiples the contents of that indicated register by the
cont2nts of the displayed x-register, and stores the product
in the indicated register. There is now a new number in the
storage register, the result of the multiplication. The
displayed number in the x-register remains unchanged.

+, -, X, #, Adds, subtracts, multiplies, or divides the
numbers displayed in the x- and y-registers, and places the
result in the y-register. In subtraction, the order is y-x;
in division the operation is y/x.

+. Places the contents of the x-register into the y-reg-

ister, leaving the x-register unchanged.

114
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¥. Places the contents of the y-register into the x-reg-
ister, leaving the y-register unchanged.

#¥. Interchanges the contents of the x- and y-registers.

If you want to become more familiar with programming and
using the Wang calculator, try to modify Wang Program a to get

some of the following features:

® Wnite a program that penmits entny of assumed values of

the equilibrium constant K.

® Wnite a program that netains the values of MNaOH’ MHA’
and Viaons 40 that these values do not have to be entered each
Lime a new value of pH on Kyy 44 chosen.

® Write a program that allows the entry of %4epeated valfues
of pH with the same valuzs of alf the constants, so that several
pieces of expenimental data can be compared with the predictions
0f Zhe model without ne-entny of constants.

Output from the Wang is in the form of a display of nixie
lights, so the user must write down these numbers before pro-
ceeding to the next calculation. While this may appear to be
more demanding than simply watching a high-speed printer or a
Selectric typewriter produce numerical output, it does have an
advantage: the user becomes more involved with the calculations,
and has time to think about the meaning of the numbers. This

can often be a blessing; mistakes can be caught earlier, and

misconcenptions can be corrected earlier.




C Impter 2

Titration af a
Dz;brotz'c Acid
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The chemical model for the titration of a diprotic carbox-
ylic acid involves an additional chemical equilibrium. An
additional chemical equation appears in the chemical model which
in turn introduces an additional algebraic equation into the
mathematical model. The equation for the titration curve thus
becomes more complicated. Once we have derived the equation for
the titration curve, however, this complication need cause no
problems or inconveniences in making computer calculations.
Indeed, instead of complications, titration of a diprofic acid
provides additional insights into the chemistry of coupled reac-
tions and competitive equilibria.

We shall investigate the analysis of experimental titration
data for diprotic carboxylic acids by again confronting labora-
tory titration data with the predictions of our model. We snall
also investigate several aspects of the model by performing com-
puter simulations of the model for avariety of different situa-
tions.

There are many common diprotic carboxylic acids, a few of
which are presented in Table 3. Many are major constituents of
certain plants or food products, or of significant biochemical
importance. Most of the low-molecular-weight dicarboxylic acids
are sufficiently soluble in water so that a titration curve can
be obtained without difficulty. Some of these acids have been
studied in great detail, but the equilibria for others have been
investigated only in passing, and some research topics of interest
can be found within this class of rather simple compounds.

We shall begin this chapter with a statement of the chemical

17




Table 3
STRUCTURES OF SOME DIPROTIC CARBOXYLIC ACIDS

H,Z>*\O,H

H~0
H H
NN
~C—C
H*O/C ] !-C\)*H
HH

)
”
B

oxalic acid

malonic acid

succinic acid

trans isomer::

fumaric acid

cis isomer: maleic acid

malic acid

glutaric acid

oo
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and mathematical models that we shall use for simulating diprotic
acid equilibria in solution.
THE CHEMICAL MODEL Any one of the representative diprotic car-

FOR OUR SIMULATION )
OF THE TITRATION boxylic acids represented by structural form-

OF A DIPROTIC ACID
ulas in Table 3 can be represented as an

associated acid HzA which can lose one or two protons in solution
to become anions HA” or A~. In a solution prepared by mixing
quantities of the acid, the salts NaHA and Na2A, sodium hydroxide,
and water, the species present (we shall assume) are

H20, H2A, HA™, A™, Na*, H', OH"
We require a sufficient number of chemical equilibria in our model
to pgrmit the interconversion of all A-containing species, as well

as the dissociation of the solvent water. We shall assume the

following three chemical equilibria:

H,0 2 H + OH™ (44)
HaA @ HA™ + H' (45)
HA @ A~ + H' (46)

This listing of the chemical species assumed, together with this
listing of the chemical equilibria assumed, constitutes the chem-
Lcal modef forn the system.

THE MATHEMATICAL MODEL Associated with each of the chemical

FOR OUR SIMULATION OF A ) ) )
DIPROTIC ACID TITRATION reactions of the chemical model is an

equilibrium-constant equation. Thus we

write the algebraic equations

K, = (H ) (OH) (47)
L D 5)
HaA (H2A)

119




_H) @A)
(HA')

K- (49)

The requirement of electrical neutrality of the solution gives us
the equation
2(A7) + (HAT) + (OH) = (H') + (Na') (50)
Notice the coefficient '"2" that appears so that two negative
charges will be counted for each A" anion in solution. Finallf:
we include two conservation equations in our mathematical model:
[A] = (HaA) + (HAT) + (A7) (51)
[Na] = (Na") (52)
Equations 47 — 52 suffice to permit elimination of all micro-
scopic srecies concentrations except fo1 (H+), giving us an
algebraic equation relating [A] and [Na] to (H+). For the
particular experimental situation of the titration of the acid
H,A with the base NaOH;.it is convenient to change variables by

introducing the two equations

\'J M
Vi,a * VNeon
\' M
[Na] = NaOH NaOH {54)
Vv + V

H2A NaOH
Equations 47 — 54 constitute a set of simultaneous algebraic
equations that can be combined to give an equation that relates

the two experimental variables (H+) and VNaOH‘ The equation is
numenaton ]

\J (55)

= -V
NaOH HA[denoanatoa

where the quantities numenator and denominator are given by the

relations
120
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aumernaton = (H')* + KH A(“f)3

+ {Ky,nKua- = Kg,aMu,n - miC bk

+ 2Ky, Ky -My,a = KK HzA}(H )

-k KHA KH A

. _ +.4 443
denominaton = (H )" + {KHzA + MNaon}(H )

; 2
+ {KH aKga- * Kg,aMyaom ~ K W ()
+ {Kn AKa-Myaon — %Kn, A}(H )
- KwKn AKHA'

Equation 55 is the heart or all the computer calculations in
this chapter.

o Penfonm the algebra that consolidates the information of
Equations 47 — 54 into Equation 55.

e Compare Equations 16 and 55. On the basis of this com-
parison, predict the form (and some on all of the detaifs) of
the connesponding equation for a trniprotic acid. How would

you vernify youn prediction?

»°
»°
»°
»°
»°
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PREDICILONS OF THE MODEL FOR THE
TITRATION OF A DIPROTIC ACID

Again we shall present two different methods of using an
IBM 1130 computer to simulate the titration of an acid with a
base in aqueous solution. Comput.: programs will be presented
with output both as a tabulation of numbers and as a graph of
titrant volume versus pH. We shall assume, for purposes of
discussing these programs, that values of the various equilibrium
constants have been obtained in some way. In the next section,
we shall show that the partial-equivalence point method, an ex-
tension of the half-equivalence point method, is an adequate
method for estimating a trial value of dissociation constants
for diprotic acids in most cases, and an excellent method in

some cases.

PREDICTIONS OF THE MODEL FORTRAN Program 9 utilizes Equation
PRESENTED AS A TABLE OF . .
pH AND VOLUME VALUES 55 for its calculation of the titrant
volume that corresponds to various values of (H+). The program
begins with (H+) = 1.00, and then systematically reduces the
value of (H+) with the statement

H = .8%H
a statement that replaces the value o the variable H by 80% of
jts value. When the assumed value of (H+) is larger than possible
in the titration, Equation 55 yields a negative value of the
titrant volume. Such a situation is chemically impossible, and
we reject all such pairs of (H+),V values with the statement

NaOH
IF (VMOH) 2, 20, 20

122

‘orzadi
M
s




[ 9

// JOB $710079S51

// FOR
# LIST SOURCE PROGRAM
#J10CS(CARDs 1132 PRINTER)

C TITRATION CURVE
C PREDICTIONS OF THE CHEMICAL MODEL
C DIPROTIC ACID

REAL KHA9 KHHAs KWs NUMy MHAy MMOH
VHA = 25,00

MHA = 06,0500

MMOH = 041000

KHHA = 14E=6

KHA = 14E=7

KW = 14008E~14

H = le
1 H = o8#H
PH = ={ALOG(H)) /24303
NUM = H##4 ¢ KHHA# (H#%3) + (KHHA#®KHA = KHHA#MHA = KW)% (H##2)
#o ( QHKHHARKHA®MHA + KWHKHHA)#H = KWH#KHA#KHHA
DEN = H##4 + (KHHA + MMOH)# (H##3) + (KHHA#KHA + KHHA#MMOH = KWw)
e (HHN2) + (KHHARKHA#MMOM = KW#KHHA)#H = KW#KHA#KHHA
VMOH = =VHA#NUM/DEN
IF (VMOH) 2+ 209 20
2 IF (PH = 7.00) 19 19 30
20 WRITE (3+10) VMOHs PH
10 FORMAT (Fl0e39 F1043)

GO 70 1
30 CALL EXIT
_END

// XEQ

123
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04008
04033
04060
04089
Qel24
Qelb64
0e212
04270
00341
Oe428
0535
0e666
04825
1,020
1e256
16541
1,882
20286
20760
3,310
3.940
40651
506439
64300
Te225
84203
96223
10273
11342
12,421
134501
144572
154625
164650
174635
18,568
194439
204238
204960
214601
220163
224648
234062
234411

‘234703

234945
240145
244309
240442
244551
244639
240711
2heT769
240815

34681
34778
34875
34972
40069
4elb6
40263
40360
40457
40553
40650
YN
4e844
40941
54038
5135
50232
5329
50425
8e522
50619
5¢716
5813
56910
64007
60104
64201

s 60298

60394
64491
64588
64685
60782
64879
64976
74073
T¢170
7266
Te363
Te460
Te557
Te654
Te751
Te848
Te945
84042
80138
80235
86332
84429
84526
84623
64720
84817

LT T T LT L T TN T L LT LU LTI L

P

~

W

@8]

24485%
240884
2644909
244930
240948
244963
244976
244988
240999
25010
254022
250035
25050
254067
25087
250112
250143
254181
254228
254287
254360
250452
250567
250712
254894
260122
264411
266777
276241
27834
284594
294574
304852
324536
344789
374866
42,188
484506
584296
744933
1084185
203,028
2050,708

84914

9,011

9107

9204

94301

90398

9495

94592

94689

90786

94883

94979
104076
104173
106270
100367
104464
104561
104658
104755
10851
100948
114045
110142
114239
114336
114433
114530
114627
11724
11.820
11917
12,014
12,111
12,208
124305
124402
124499
12596
120692
12.789
12,886
12,983
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which transfers the program back to statement 1 (by way of
statement 2) if the volume is negative, and allows output of the
calculated value of titrant volume only if that volume is zero
or positive. Statement 2 checks to be sure that the negative
volume has been encountered early in the titration; if the pH
value has passed 7 and the titration has been proceeding, a
negative volume signals that we have assumed a value of (H+)
that is less than chemically possible, that we have assumed a
value of (H+) lower than the value in pure titrant. Such an
event is the sign that all meaningful calculation has been
completed, and that it is time to stop. Transfer of the program
to stgtement 30 calls exit and end of the program. Output of
the program, with the particular set of equilibrium constants
and initial concentrations and volume give in the program listing,
is presented on page 124.

® Wnite a computen program that presents output as evenly-
4paced pH values.

® Hene's a challenge! Wnite a computen program that gives

output as evenly-spaced V values.

NaOH
Note that the algebraic expression for NUM is too long to

fit on a single punch card, and so it was continued to a second

card. A character punched in column 6 indicates that such a

card contains a continuation of the previous card. The statement

gets typed on the program listing as a two-line statement, but

gets executed as if it were all printed on a single (extra-long)

line.

As expected, the equivalence point occurs at 25.00 mf when

125
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25.00 me of a diprotic acid of molarity 0.0500 moles/liter is
titrated with a sodium hydroxide solution of twice that molarity.
The criterion for equivalence is that twice as many moles of
base must be added to a given number of moles of acid. Why

"twice'"?

ON SEEING TWO ENDPOINTS The number of endpoints that can be

IN THE TITRATION OF A ] ]

DIPROTIC ACID observed during the titration of a
diprotic acid with a solution of sodium hydroxide depends on the
numerical values of the two dissociation constants of the acid,
as well as on the values of the molarities of the acid and
titrant solutions. On the following pages, we shall examine the
results of some numerical calculations simulating the titration
of several hypothetical acids in order to gain insight into the

effect of the values of KHZA and KHA on the shape of the titra-
tion curve. We shall focus our attention on the question: "How
many endpoints can ode recognized duning the titnati&n?" These
calculations are based on Equation 55, and are performed using
FORTRAN Program 10. Output for various values of the two equi-
librium constants is presented on pages 128 — 133.

Inspection of the simulated titration curves leads one to
propose some generalizations of the following sort:

9In order to get a sharp first endpoint, there must be a
large separation of the numerical values of the K's, probably of
the order of at least a factor of 10%.

9To achieve a sharp second endpoint, it is necessary to
reduce the value of (H+) to a value much less than the numerical
value of Kya--
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S710079551

SOURCE PROGRAM
CARDys 1132 PRINTERs (YPEWRITERs PLOTTER)
ORD INTEGERS
ON SEEING TwWO ENDPOINTS IN THE TITRATION OF A DIPROTIC ACID
t' KHAs KHHA9 KWe NUMs MHA9 MMOH
Vvt 25400
MHA = 00,0500
MMOH = 061000
KHHA = lesE=4
KHA = leE=13

KW -~ :-308E=14
Cral EP (o029 59 le9 1)
WR.E (T915)

FORMAT ('NUMBER OFf ENDPOQINTS IN THE TITRATION OF A DITADTIC ACID")
H = ls

H £ ¢5%H

PH = =(ALOG(H)) /24303

NUM = H#%4 + KHHA®(H®#%#3) + (KHHA#®KHA = KHHA®MHA = KW)¥*(H#%2)

#e ( 2¥KHHA®KHA#MHA + KW#KHHA)#H = KW¥RKHA#KHHA

DEN = H##4 + (KHHA+MMOH)#(H*#3) + (KHHA%KHA + KHHA#MMQH = KW)

#h(H¥®2) + (KHHA#KHA#MMOH = KW#KHHA)#H = KW#KHHA#KHA

// JOB
// FOR
* LIST
*#10CS(
#ONE W
C
15
1l
2
5
*
*
3
10
17
16
// XEQ

VMOH = =VHA#NUM/DEN

IF {VMOH) 19292

CALL FPLOT (=29sVMOHPH;

H = H = ¢l#H

PH = =(ALOG(H)) /24303 )
NUM = H¥#%4 4+ KHHA# (H#%#3) + (KHHAMKHA = KHHA#MHA = KW)#*(H#*#2)
= ( QH¥KHHARKHA#MHA + KW#KHHA)#H = KW#KHA#KHHA

DEN = H#%#4 + (KHHA+MMOH)#{H#%#3) + (KHHA®KHA + KHHA®MMOH = KW)
®(H®%2) + (KHHA#KHA¥MMOH = KW#*KHHA)#H = KW*KHHA#KHA
VMOH = =VHA®#NUM/DEN

IF (50¢=VMOH) 109343

CALL FPLOT (OsVMOHsPH)

GO TO 5

CALL YAXIS (Oe9 Oes les 159 5)

WRITE (7017)

FORMAT ('PH!)

CALL XAXIS (Oes Oes lee 509 10)

WRITE (7916)

FORMAT ('MILLILITERS OF SODIUM HYDROXIDE!)

CALL FINPL

CALL EXIT

END
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You can learn a great deal about diprotic acid titrations
by studying and comparing and contrasting the graphs presented
here, and by trying some different sets of conditions for your
own calculations. You probably will find the following special
cases helpful in reading some chemistry into the computer simu-
lations.

4 Case of KHzA = 4-KH This is a simulation of the titra-

A-.
tion of a diprotic carboxylic acid in which the two protons are

bound by indistinguishable, non-interacting groups.

For an algebraic discussion of the relationships between
macroscopic and microscopie equilibrium constants for such an
acid, and the reason for the factor 4, see G. M. Fleck, Equilibria
in Solution, New York: Holt, Rinehart and Winston, Inc., 1966,
pPp. 91 -93.

A titration curve calculated with such a set of equilibrium con-
stants is presented on page 128. This titration curve has exactly
the same shape as the curve for a monoprotic acid present in

twice the molar concentration as the dibrotic acid. Interpreted
as a monoprotic acid, what would be the numerical value of the
single equilibrium constant? There is clearly just a single
endpoint in the titration of this acid.

@ Case of KHA' < (H+) . Under these

lowest value in titration
conditions, only a small fraction of the second protons can be
removed, and the diprotic acid behaves as if it were a monoprotic

acid. The titration curve has the same shape as the correspond-

ing curve for a monoprotic acid of the same concentration. See
page 133 for one such case. Interpreted as a monoprotic acid,
what would be the numerical value of the single equilibrium con-

stant?
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iJ Case of KHzA > 10" -K This large difference in equi-

HA-®
librium constant values implies that the groups that bind the
two protons are chemically very different, or that they are
strongly interacting. The titration curve reveals two endpoints
if the pH at the conclusion of the titration is high eqough. If

the value of KHA' is too small, or if M is too small, then

NaOH
the removal of the second protons may be supressed, and the
second endpoint may not be observed. Compare the titration curves
presented on pages 129 — 132.

o Fon one of the simulations that yields two endpoints, gind
a set of numenical values for the foun microscopic equilibrium
condtants that is consistent with the assumed values of the two
macroscopic equilibrium constants. 1s youn set of values gon the
micno constanits the onky possible set?

o Investigate the effect of concentrations on the existence
of two endpoints in the titrnation of a diprotic acid. 1s thene

any concentration effect? Which (acid on titrant) concentration

has the gnreaten effect? Why?

N
N
N
N
N
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EXTENDING THE HALF-EQUIVALENCE METHOD TO THE
ESTIMATION OF BOTH EQUILIBRIUM CONSTANTS FOR
THE DISSOCIATION OF A DIPROTIC ACID

A close look at several computer-simulated titration curves
for monoprotic acids showed that the macroscopic half-equivalence
method yields reliable values for equilibrium constants within

the range 4 < pK < 10, and values that are useful as estimates

for a successive-approximations procedure well outside that range.

We were able to gain insight into the method; gezfing a feeling
for both its usefulness and its limitations, by looking at the
results of some numerical calculations.'

In order to interpret your titration data for a diprotic
acid in terms of the chemical and mathematical models presented
in this case study, you need a method for making informed guesses
of the numerical values of two dissociation constants for that
acid. It would be nice indeed if an extension of the half-
equivalence method could be use&. We shall explore the possibil-
ities, testing the validity of such an extension by making some
calculations with the IBM 1130 computer, using FORTRAN Program
11. We shall call this extension the partial-equivalence point
method of estimating equilibrium constant values by inspection
of a titration curve.

USE OF A "DO Loop” IN A new programming feature is introduced
A FORTRAN PROGRAM in this program. We have used a DO loop
that enables us to do the same sequence of operations twice
without punching a duplicate set of cards. Had we wanted, the

DO ioop could have been repeated many times. The statement
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// FOR
# LIST SOURCE PROGRAM

#IOCS(CARDs 1132 PRINTERs TYPEWRITERs PLOTTER)
#ONE WORD INTEGERS

C TEST OF THE VALIDITY OF THE PARTIAL-EQUIVALENCE METHOD
C FOR EVALUATING THE EQUILIBRIUM CONSTANTS
C DIPROTIC ACID

REAL KHAs KHHAs KWs N My MHAs MMOH
VHA = 25,00
MHA = 040500
MMOH = 01000
KHHA = leE=3
KHA = le¢E=5
KW =2 1,008E~-14
CALL PREP (e29 0559 les 1)
WRITE (7915)
15 FORMAT ('TEST OF THE HALF=EQUIVALENCE METHOD FOR A DIPROTIC ACID')

C MARK ING OF THE HALF=EQUIVALENCE VOLUMES
C MARKING PH = PKHAs AND PH = PKHHA

VMOH = 1¢50%VHA#MHA/MMOH

PH = ={ALOG(KHA))/24303

DO 20 1 = 19 2

VMOH 1 = VMOH ~ 3,

VMOHZ2 = VMOH + 3,

PH1 = PH = 1l

PH2 = PH + 1l

CALL FPLOT(1sVMOHePH1)

CALL FPLOT (=2 9VMOH9PH1)

CALL FPLOT (=2 9sVMOHsPH2)

CALL FPLOT(19VMOH1 oPH2)

CALL FPLOT(=29VMOH19PH)

CALL FPLOT(=19sVMOH29PH)

VMOH = ¢ 50#VHA#MHA/MMOH

20 PH = =(ALOG(KHHA)}) /24303

C CALCULATION AND PLOTTING OF THE TITRATION CURVE
H = le
1 H=H =~ ¢l%H
PH = =(ALOG(H))/24303
NUM = H#%4 + KHHA® (H##3) + (KHHA%KHA = KHHA#MHA = KW)*(H#*%#2)
#eo (2KKHHARKHA®MHA + KWHKHHA ) #H = Kw#*KHA*KHHA
DEN = H##4 + (KHHA+M4MOM)#(H*#%#3) + (KHHA®KHA + KHHA#MMOH = Kw)
#u(Hu%2) + (KHHA#KHA®MMOH = KWH*KHHA)#H = Kw#KHHA#KHA
VMOH = =VHA*NUM/DEN
IF (VMOM) 19292
2 CALL FPLOT (=29VMOHsPH)
5 H=H = ¢1%H 137
PH = «~(ALOGI(H))/24303 461




2

NUM = H#tg + KHHA® (H#%#3) 4+ (KHHA#KHA = KHHA#MHA = KW)#(H#%#2)
e ( 2HKHHAXKHARMHA + KWHKHHA)#H = KWH#KHA#KHHA

DEN = H%*#%#4 4+ (KHHA+MMQH)#*# (H#%#3) 4+ (KHHA#KHA + KHHA#MMOH = KW)
#n(HeE%2 ) + (KHHA®KHA®MMOH =~ KWH#KHHA)#H4 = KW*KHHA#KHA

VMOH = =yvHA#NUM/DEN

IF (35¢=VMOH) 109343

CALL FPLOT (OsVMOHPH)

GO TO 5

CALL YAXIS (0e900910915495)

WRITE (7917)

FORMAT ('PH!)

CALL XAXIS (Oes Qe S5e9 79 7)

WRITE (7916)

FORMAT ('MILLILITERS OF SODIUM HYDROXIDE!')

CALL FINPL

CALL EXIT

END




TEST OF THE HALF-EQUIVALENCE METHOD FOR A DIPROTIC ACID
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DO 201 =1, 2
. * 2 command to execute in sequence all the following statements
to, and including, statement 20 — and then to return and repeat
the entire sequence again. The integer 1 is a counter which is
set initially at 1 and which increases by 1 each time through the
DO loop. When the counter gets to 2, then the DO loop is executed
for the final time, and the program continues past statement 20.

A more general form of the DO statement is

DONTI =4, K
where N 1s a statement number (the number of the terminal state-
ment in the DO loop), J is an integer that gives the initial
value of the couater, and K is another integer that specifies the

test value of the counter, the value which I may not exceed.

SOME TESTS OF THE We shall define twu partial-equivalence
VALIDITY OF THE METHOD ) ) . s s
FOR DIPROTIC ACIDS points as the points in the titration

at which Y% and %, of the final titrant
volume have been added to the sample. 1§ all the protons from
a ,articular functional group were removed before any of the
protons of the other group in the acid molecule, then the point
at which % of the titrant is added would represent the macro-
scopic half-equivalence point for titration of the first group.
Such an extreme situation never i: realized, but there is nothing
to prevent us from defining these two places in a titration as
the first and second partial-equivalence points. The relevant
question is: "Is there a simple nelationshin between the pH values
at the partial-equivalence points and the values of the two

equilibrium constants forn the acid?" The answer: "Often, yes!"
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Inspection of the three titration curves, marked by the
computer to show the two partial-equivalence point volumes and
the two pH values equal to the pK values, gives us some assurance
that this partial-equivalence method does indeed have some
validity. On page 140 we see that for a 0.05 molar acid with
pK values of 5 and 7, excellent values of the two equilibrium
constants can be obtained by direct inspection of the curve:
that is, the two crosses have their points of intersection on
the titration curve, at least within the limits of the accuracy
of the plotter. With pK values cf 3 and 7, the second partial-
equivalence point cross lies on the curve, although there is
some discrepancy with the first; perhaps pK = 3 is too small
for the method to work precisely, although clearly this would
be adequate for a first guess in a successive-ipproximations
procedure. With pK values of 6 and 7 (page 141), the agreement
is not so good, although again the'values obtained would be
adequate as first guesses for a procedure that could lead tc
refined values.

Then what can we conclude? It may be dangerous to generalize
from these three calculations, but it does appear that:

9For acids with certain values of the two equilibrium cons-
tants, the two pK values are equal to the pH values obtained
when one-fourth and three-fourths of the equivalence point volume
of titrant have been added.

1If the values of the two equilibrium constants are very
nearly equal (differing only by a factor of 10 or 100), then

the method loses accuracy, but the values obtained may be ade-
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quate for first guesses in a successive-approximations procedure.
1If one of the equilibrium constants lies outside the range
4 < pK < 10, then the method loses accuracy for that equilibrium
constant.
® Penform calculations designed to investigate the effect
04 acid concentration on the validity of the partial-equivalence
method.
The conclusions presented above ane based on the nesults
0f just thrnee calculations. Pernform calculations designed %o
test these conclusions. What sont of values of equilibrium
consdtants and concentrations would provide some critical tests?
Forn the previously-investigated case of a monoprotic .
acid, the afgebra shows that the macroscopic half-equivalerce
method is nigonously exact only f§on the single value pK = 7.

[G. M. Fleck, Equilibria in Solution, New York: Holt, Rinehart

and Winston, Inc., 1966, pp. 68 - 70.] 1s there any situation
in which the pantial-equivalence method is nigonously exact
fon a diprotic acid?

What sections of the ftitnation cunve anre influenced most

by the panticular value of K by KHA_? What expenimental

?
HzA
data need to be most accurate for precise and accurate determina-
tion of these equilibrium constants? Design and pernform some

caleulations to substantiate youn statements.

™~

™
N
N
™
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CHANGES IN THE THREE DISTRIBUTION FRACTIONS
DURING THE TITRATION OF A DIPROTIC ACID

During the titration of a solution of the diprotic acid

H,A, the relative concentrations of the three species H;A, HA , .

and A~ change. It is informative to examine in some detail how
these concentrations change, because some of the differences
between diprotic acids are revealed in the striking differences
in the dependence of the species distribution fractions on pH

and on VNaOH'

Equations 48, 49, and 51 can be combined in three different

ways to yield three distribution-fraction equations:

(HAT) 1 (56)
= 56
[A] Hh Ky -
—F ] 4 -
KHzA (H')
(H2A) 1
- (57)
[A] 1 + KHzA + KHzAKHA-
H") (H")?
(A7) 1 (s8)
wr @H: @Y
+ + 1
KHgAKHA' KHA‘

FORTRAN Program 12 uses Equations 56, 57 and 58, together with
Equation 55, to calculate the changes in tﬁe three distribution
fractioﬂs that are predicted by our model. Three illustrative
examples are presented on pages 149 — 151, and we shall examine
each in turn.

If both of the carboxylic groups on the acid H;A are
145
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// FOR
% LIST SOURCE PROGRAM
#]OCS(CARDy 1132 PRINTERs TYPEWRITERs PLOTTER)
#0ONE WORD INTEGERS
REAL NUMs KHA» KHHA® MMOHs KWs MHA
COMMON Vs HHe KHAs KHHA9 MMOHs KWe MHA® VHA
SUBROUTINE PLOTZ
CALCULATION AND PLOTTING OF THE DISTRIBUTION FRACTIONS
CALL PREP (el4y Ges les 1)
CALL YAXIS {(Oe9 Qo9 ols 10y 2)
WRITE (7437)
FORMAT ('DISTRIBUTION FRACTION?')
CALL XAXIS (Oes QOes les 509 10)
WRITE (7956)
FORMAT (*MILLILITERS OF SODIUM HYDROXIDE®)
VMCH = V
H = HH
FHHA = H#H/{H*H + KHHA#H + KHHA#KHA)
CALL FPLOT (=29VMOHsFHHA)
35 H = H = o¢l*H
NUM = H##4 + KHHA#(H#*#3) + (KHHA®KHA = KHHA#MHA = KW)#(H##2)
#o (2RKHHARKHA®RMHA + KWHKHHA)#H = KW#KHA#KHHA
DEN = H##4 + (KHHA+MMOH)#* (H#%#3) + (KHHA®KHA + KHHA®MMOH = KW)
A (H%%2) + (KHHARKHA#MMOH = KWHKHHA)#H = KW*KHHA®#KHA
VMOH = <=VHA#NUM/DEN
FHHA = H*H/(H*H + KHHA#H + KHHA®#KHA)
IF(50e=VMOH) 30933933
CALL FPLOT (OsVMOHsFHHA)
GO TC 35
VMCH = V
H = HH
FHA = KHHA#H/ (H*H + KHHA#H + KHHA#KHA)
CALL FPLOT (1sVMOHsFHA)
CALL FPLOT (=29VMOHsFHA)
45 H = H = o1%H
NUM = H®#4 + KHHA®# (H#%#3) 4+ (KHHA#KHA = KHHA#MHA = KW)#(H##2)
#o { QRKHHARKHA®MHA + KWH#KHHA)#H = KW#KHA%#KHHA
DEN = H##4 + (KHHA+MMOH)#(H#*#3) + (KHHA#KHA + KHHA#MMOH = KW)
#n(HER2) 4+ (KHHA®KHA#MMOH = KW#*KHHA;*H = Kw*KHHA#KHA
VMOH = «VHA#NUM/DEN
FHA = KHHA#H/ {H#H + KHHA#H + KHHA#KHA)
IF (504=VMOH) 40943943
CALL FBLOT (GsVMOHFHA)
GO TG 45
VMOH = V
H = HH
FA = KHHA#KHA/ (H*H + KHHA*H + KHHA¥KHA)
CALL FPLOT (1sVMOHFA)
CALL FPLOT (=29VMOHsFA)
55 H = H = ¢l#H
NUM = H#%#4 + KHHA#({H##3) + (KHHA#KHA = KHHA®MHA = Kw)# (H#®##2)
#eo ( QHKHHARKHARMHA + KWEKHHA)#H = KWa#KHA#KHHA ‘146




PAGE 2

DEN = H##4 + (KHHA+MMOH)®(H*#3} + (KHHA#KHA + KHHA*MMOH = KW)
#n(He%2) 4+ (KHHA#KHA#MMOH = KW#KHHA)#H = KW#KHHA#KHA
VMOH = =VHA#NUM/DEN
"FA = KHHA#KHA/ (H*H + KHHA#H + KHHA#KHA)
IF (50e¢=VMOH) 50453953
53 CALL FPLOT (OsVMOHsFA)
GO TO 55
* 50 CALL FINPL
CALL EXIT -
END

// DUP

*#STORE WS UA PLOT2

// FOR
#JOCS(CARDs 1132 PRINTERs TYPEWRITERs PLOTTER)
# LIST SOURCE PROGRAM
#ONE WORD INTEGERS
REAL KHAs KHHAs KWs NUMs MHA9 MMOH
COMMON Vs HHe KHA9 KHHA9 MMOHs KWe MHAs VHA
C CHANGES IN THE THREE DISTRIBUTION FRACTIONS DURING A TITRATION
VHA = 25,00
MHA = 00,0500
MMOH = 001000
KHHA = leE~=5
KHA = 1,E=3
KW = 1.008E~14
CALL PREP (ol4s 0259 les 545)
WRITE (7415)
15 FORMAT ('CHANGE OF THE DISTRIBUTION FRACTIONS DURING A TITRATION')
CALL YAXIS (QOe90eslesl545)
WRITE (7+17)
17 FORMAT ('PH!')
" CALL XAXIS (Oe90e91e950910)

C CALCULATION OF THE FIRST POINT OF THE TITRATION CURVE

H = 1le
1 H=H = o1%H

PH = =(ALOG(H))/2¢303

NUM = H##4 + KHHA® (H*##3) 4+ (KHHA®KHA = KHHA#MHA = KW )# (H#%2)
o ( QXKHHARKHA®RMHA + KWHKHHA)#H = KW#KHA#KHHA

DEN = H##4 ¢+ (KHHA+MMOH)®* (H#%3) + (KHHA#KHA + KHHA#MMOH = KW}
e (HER2) + (KHHA®KHA®MMOH = KW#KHHA)#H = KWw*KHHA#KHA

VMOH = «~VHA#*NUM/DEN

IF {vMOH) 19292
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2 CALL FPLOT (=29VMOH9PH)
V = VMOH
C CALCULATION AND PLOTTING OF THE TITRATION CURVE
HH = H

S H = H = J]1%H
PH = =(ALOG(H)) /24303
NUM = H#%#4 + KHHA® (H#%#3) + (KHHA®KHA = KHHA®MHA = KW)*(H®#2)
e (2QHKHHAKHA#MHA + KWH*KHHA ) #H = KW*KHA*KHHA
DEN = H#%#4 + (KHHA+MMOH)#*(H*#3) + (KHHA#KHA + KHHA#MMOH = KWw)
#R(H®HD) + (KHHA®KHA*MMOH = KW#KHHA)#H « KW#KHHA#KHA
VMOH = =VHA*NUM/CEN '
IF(50e=vMOH) 109393
3 CALL FPLOT (QsVMOHsPH)
GO 10 5
10 CALL FINPL
CALL LINK(PLOT2)
END

// XEQ
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CHANGE OF THE DISTRIBUTION FRACTIONS DLRING A TITRATION
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CHANGE. (F THE NTSTRTRUTTON FRACTIONG TURING A TTTIRATIIN
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CHANGE OF THE DTSTRIBUTTON FRACTIONS DURING A TTTRATTEN
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jdentical and noninteracting, then the ratio of the two equi-
librium constants is 1:4. All the binding sites for protons

are equivalent, and for such a case the protons will distribute
themselves in a random, statistically-determined arrangement on
the binding sites. At most, only half of the molecules can

ever exist as HA , and then a fourth are H,A, and the remaining
fourth are A_. This distribution results when there are just
half as many protons as sites, so that each site has a probability
of !, of being occupied and a probability of Y, of being empty.
The graph on page 149 shows this anticipated distribution at the
macroscopic half-equivalence point, where the distribution frac-
tion (HA")/[A] reaches its maximum value of Y., and the other
two distribution fractions are equal to Y.

® Penform some caleulations to Lnvestigate the shapes of
the distnibution-fraction cunves fon othen sets of two equilibrium
constants that stand in the natio 1:4. The prediction, based
on statistical considerations, is that a natio of 1:2:1 must
nesult when thene ane just half enough protons to occupy all the
binding sites. Does this condition necessanily occur at the
macroscopic half-equivalence point? Can you find a situation
in which the §raction (HA")/[A] does not pass Lhroug- a maximum
0f ?

In ordetr to achieve a solution in which more than half of
the A-containing species are present as HA", we must chose an
acid that has equilibrium constants that differ by more than a
factor of four. Even when the two equilibrium constants differ

by a factor of 100 (as is the case depicted on page 150), there
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remain significant amounts of species H,A and A" at the point
in the titretion where the fraction present as HA passes through
its maximum value.

® Inspection of the graphs on pages 149 — 151 suggests that
the fractions (HaA)/[A] and (A=)/[A] are equal whenever the frac-
tion (HA')/[A] neaches its maximum value. Ane there any con-
ditions unden which this may not be true?

¢ Unden what conditions can sofutions be prepared in which
two species have distrnibution §ractions each equal to *,? éhech
youn answen with appropriate simulations.

Two endpoints are seen in the titration curve presented on
page 151 for a diprotic acid whose equilibrium constants differ
by a factor of 10*, The condition for a sharp endpoint is
generally that a few drops of titrant must change the qualitative
nature of the chemical solution, and such is the case in this
titration. In the vicinity of 12.5 mf of added sodium hydroxide
solution, the solution changes from a mixture of H,A and HA™ to
a mixture of HA” and A~ . There is essentially no place in the
titration where all three species coexist. At 12.5 mf, the frac-
tion (HA")/[A] is essentially equal to 1.0, and we can say that
at this point all the H,A has been titrated to HA ; the ccrres-
ponding statement is not valid for the acids whose titrations
are simulated on pages 149 and 150. Likewise, we can speak of
a solution of HA  for this acid, but not for the other cases.

o Wnite and execute a computen program that gives a numen-
ical outrut of distrnibution-fraction values duning a titration.

By how much do the equilibrium constant values have to diffen
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in onden that the f§raction (HA )/[A] can neach the value 0.9?
the vafue 0.95? the value 0.99? the value 0.999? 148 the Limit
equal to exactly 1, on ane there nestrnictions that keep the
maximum attainable value of this intenmediate species concentra-
tion Less than 17

® Which of tne vandious hypothetical cases of diprotic acids
presented here connespond to neal acids? What, in fact, are the
natios of equilibrium constants that arne encountened in the fLab-
onatorny with common diprotic carboxylic acids? othen diprotic
acids? Look up some equilibrium-constant values in the Libranry
to get a feeling for the nange of equilibrium-constant values

that can be neasonably expected.

N
™
™
™
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CHANGES IN THE FOUR MICROSCOPIC-SPECIES DISTRIBUTION
FRACTIONS DURING THE TITRATION OF A DIPROTIC ACID

When talking about the equilibria involving a diprotic

‘acid, it is often helpful to consider indepenuently the two

different species that have the overall composition and charge

indicated by the symbol HA . Here we explicitly recognize the

two species H~A~ and “"A~H which differ because a different

proton binding site is occupied.

These is only one species with

the formula H;A, and that is H~A~H. There is also only one

species devoid of dissociable protons, and that is AT,

The fully-protonatied species can react to form the c m-

pletely-dissociated species by either of two distinct reaction

pathways which differ in the order in which the two protons are

removed. The four chemical steps and the associated microscopic

equilibrnium constants in this model for diprotic-acid equilibria

are .
¥
+ -
H~»A~H @ H + A~H v,
+ -
H~A~*H @ H + H~A K,
- + =
H~A 2 H + A Ks
- + =
A~H @ H + A Ky

whiere the individual species are

position of a bound vroton: left

(B A~ H)

(59)
(H~A~H)

(H ) (H~AT)

= (60)
(H~»A~H)

(H ) (A) _
= _— (61)
JH~AT)
(H")¢AT)
("A~H)

(62)

written with indication of the

and richt sides of the letter

A indicate different pnositions in tne mrlecule. The molar con-
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centrations of these individual species (we shall call these
concentrations microscopic-4pecies conceﬁtnationb whenever there
is a need to make a careful distinction) are indicated by en-
closing the formula by the symbols ( ). In this section we shall
indicate microscopic equilibrium constants by using subscript
numbers, and macroscopic equilibrium constants by using sub-
script formulas.

The four microscopic equilibrium constants K;, K,, K3, and
Ky are not independent. If the numerical values of any three of
these K's are known, the value of the i{ourth can be calculated
without difficulty.

¢ Combine Equations 59 — 62 to obtain the ieiat&onéhip

KiKy = K2Ks (63)

However, there are three independent microscopic equilibrium
constants, even thourh there are only two mecroscopic equili-
brium constants whose values can be obtained by analysis of
tltrap%qnsﬁétx This fact implies that knowledge of; the values
of thé xparlnentally determined macroscopic equ;llbr1um constant%
is not suf11c1ent to specify a unique setlof valueq for the four

oot

m1croscbp1c equilibrium constants. We can, howavel. obtain some
)
V%

rolatmoubhlpa between the makro and micro consftnts,@and we shall

proceed with that task at this time. \g'
The 1link between the macro and micro descriptions of these

equilibria is the set of equations

(H2A) = (H~A~H) , (64)
(HA") = (CA~H) + (H~A") (65)
(AT) = (A7) (66)
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e Combine Equations 4§, 49, 59 — 62, and 64 — 66 1o get
the §ollLowing two nelationships between the macroscopic equi-

Libnium constants and the microscopic equilibrium constants:

Ky,a = K1 * Ko (67)
KKy

K, .= — (68)

HA Ks + Ky

To obtain algebraic equations relating distribution frac-
tions for the four microscopic species to (H+), we need the
conservation equation

[A] = (H~A~H) + (CA~H) + (H~A") + (A)) (69)
Equations 539 — 62 can be used to eliminate all but one of the
microscopic species concentrations in Equation 69. Depending
on which concentraticn remains, we can get any one of four
distinct equations which can in turn be rearranged into a con-
sistent form so that the four distribution fractions can be
written as

(HwA~H)y  (H)?

. = _ . (70)
[A] V' ddnominaton %
! - + : 2’%. t i
("A~H) . (B )K2 s ,& : P \7
= T -t i \( 1)
[A] denominaton ) \ .
e 0|
(H~A") (H )Ka, *{ \ . (72)
[A] denominaton . \
. 4
(A7) K, K, \ 7%
[A] denominaton
where
denominaton = (H')? + {K, + Kz}(H+) + K2Ks
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e Penform the algebra nequined to obtain Equations 70 —
73. You may f§ind it convenient on necessary to use Equation
63 to simplify centain expressions.

e Show that Equations 56 — 58 can be wnitten as three
frnactions with a common denominaton.

o Stanting with Equations 70 — 73, and using nrelationships
between microscopic and macroscopic quantities, obtain Equations
56 — 58.

o Venify that the fourn microscopic distrnibution fractions
togethen add to unity (that is, that tne sum of§ the fourn fractions

i8 equal to 1).

COMPUTER CALCULATIONS OF THE FORTRAN Program 13 provides a
MICROSCOPIC DISTRIBUTION .
FRACTIONS DURING A SIMULATED convenient way to learn about

DIPROTIC ACID TITRATION . . .
changes in the four microscopic

distribution fractions during the course of a titration. The

numerical values of three microscopic equilibrium constants are

A1
assumed, as well as a set of initial conditionsi(voggme of

. . vh L ]
solution and concentrations of acid and base). Fer the infQrjna-

-t
P
-
P

tion of the chemist who is using this program to simu%ate var%?us
titrations, ther: is a printout of pK values for both the @gc;o-
scopic and macroscopic equilibrium constants. Then the pro;ram
produces a huge array of numbers, a sampling of which is pre-é
sented on page 160. Actually, you probably cannot find any real
acid that behaves 1ike this simulation, since K, was assumed to
have a larger value than either K; or K.. Generally it is harder

to remove the second proton, which means that the second equilib-

rium constant is smaller.
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13

// JOB $71007,551
/7 rux
Lol soUikdn PaluilAs

#1uCo(CAKU 1132 PRINTEX)
REAL AU KHA9 XKHHA9 KiWse LiMOH MHAs Kls K29 K39 K&
CALCULATION OF FRACTIGCHNS OF TOTAL A=CONTAINIGG SPUrCILS PRESLAT
AS EACH UF THE MICROSCOPIC SPECIES DURIAG THE
TITRATIOYN OF THE ACIC HZ2A
<1 leD0L=4
K2 3e0L=4
K3 9eJr=4
Ko K2#K3/K1
<HHA = k1 + K2
KHA £3#K4/ (K3 + K4)
’<1 =(ALOG(K11)/263353
PKZ ={ALOG(K2))/263033
PR3 =(ALOUI(KZ2) 1726303
P4 =(ALOGLIK3)) /726303
PKHHAA = =(ALJOO(KIHA) 1 /726302 )
OLHA = «=(ALQOLI(KEHA) )/ 20303
witITL {3911) PK1lye PK2e PK3y PKL4
11 FORMAT(YIPKL =1y FGe2y ! PK2 =1y Fbely ! PK3 =ty FHelos
*¥VPKa =ty FHe2)
#itiTe (39 14) PKHIA» PKHA
14 FORMAT ('1PKHHA =1y FGely ! PKHA ='y FbeZ//)
WRITE (39 15)
15 FuURMAT (! (H2A) (HA) (AH) (A) VYOH PH? )
VHA 25400
HHA 560500
“vi0H = Ce10C0
'w = 1e¢006E=~14

H 2 3 . Tk
1 i 1&; gﬁ § % X . ii %
od*“ 3 H R

B = = (ALDQ 311724303 \‘ x :
. Ayi o= pars ? KeHA% (He#3) + (<~HA*<;hg- KEHARS A = ) #(HE%2)
; *J§¢*Kﬁr§?&q&*ﬁrA + RARKARAI# = Qe #*KFTARKHHA
A ﬁu\ = ﬁ*#4~1 (KHHA + MMDH)# (1:%#53) 4 JKHHA%AHA 4+ KHHA*NNOH = <u)
};**&n**g)‘w ﬁpHA*KPA*hnO& - n"*'HtA)*ai- K #KRHARCHAA
g VulH =‘-{HA YU /LE 4

[aNale!

_7.
1€ (VindH Y ["Zb’ 2% & A
2 IF (Pn = 74800 1s 1s 30 ' ‘
2% CONTIMUL ; ;
4 Fouh = W#4Z + (#1 + K2)¥H + K3%K? E
Feifid = (H#*%2) /FLen \
FHA = H#{2/FDEn
FAH = pi#K1/FDEN f
FA K2#K3/FDEN
D =(ALOG()) /726303
wWitiFt (2916) FHAHe FHA9 FAHs FAs VNDite PH
16 FOXNAT (6F1Ce6)
f GG TC
20 CALL eXIT
END

»
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This program calculates pairs {V,_..,pH} for a titration,
and £hen uses the pH value (actually, it uses the value of the
concentration of H+) together with Equations 70 — 73 to calculate
values of FHAH, FHA, FAH and FA, the four microscopic distribution
fractions, at each pH value. Statement 20 has not been used in
previous programs; it doesn't do anything, but it seemed to be
a good place to branch for an IF statement. The CONTINUE state-
ment could have been eliminated by numbering the following state-

ment as M 20.

One significant feature of the data from this simulation
should be noted. The ratio (H~A )/{ A~H) is constant throughout
the titration. Since this ratio does not depend on pH, there is
no information about the ratio that can be obtained from the
shape of a titrztion curve. There is in fact information about
just two equilibrium constants in the titration data. This fact
means that analysis of a titration curve yields insufficient

data for ewvaluation of the microscopic equilibrium constants.

Chemists can and have evaluated the microscopic eqﬁrium
constants for diprog?z-acids, often by very clever means::»For

a discussion of the evaluation of micro constants for amino
ecids, see J. T. Edsall, "Dipolar Ions and Acid-Base Equilibria,"
chep. 4 in E. J. Cohn and J. T. Edsall, Proteins, Ag;gg,Acids and
Peptides (American Chemical Society Monograph N 90), Hew York:

Reinhold Publishing cvorp., 1943,




CONFRONTATION OF EXPERIMENTAL DATA WITH THE
PREDICTIONS OF A DIPROTIC-ACID MODEL.:
A STRATEGY FOR EVALUATING TWO EQUILIBRIIUM CONSTANTS

The critical test of a chemical model is a confrontation of
the predictions of that model with data from appropriately de-
signed experiments. Such a confrontation simultaneously tests
both the adequacy of the model to interpret the data, and the
adequacy of the data to test the model. With our model, we use
the process of confronting data and model to find the set of two
macroscopic equilibrium coastants that bring data and model into
the best quantitative agreement. The result is that we can
obtain numerical values for the two equilibrium constants. We
are attempting to obtain a consistent description of the chem-
istry of a diprotic acid in solution.

The shape of the titration curve is most sensitive to the
numerical value of K in the vicinity of the first partial-

H2A

equivalence point (that i%,.negr,t?e oint where the volume of
P 30 Y3y 3

added titrant is Y, of the vplume} Tedufired to reachﬁihe;equiva-‘
lence point of the titrationg. These ;re the data that{are most
useful in evaluating that eqéilibfiu% const%nt. The nuA%rical
predictions of the model are most sensiﬁéve‘to the numeri%al
value of K,,. in the vicinity of the seq%%d pqrtial-equiv%}ence
point (near the point where %, of the eq?fvalence-point v%?ume
of titrant has been added), and these data are;the most usgful
in evaluating that equilibrium CD;stant. Onty a few carefully-

selected numbens from youn expenimental titrnation data are

needed fon the successive-approximations procedune that Leads to
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// JOB

ST7T100C79551

/7 FO<

# LIST SOURCE PROGRAY
#ICTSICARD Y 1132 PulaTon)
C CONFRONTATION OF THE DATA WITH PRECICTIONS Fux A SIPsSTIiC ACic
HEAL KH'As LittAy Kby U9 MHAe MivOH
VHA z 25400
4HA 310.05
MMUH = 0610
KHHA = 098-6
TKHA = lelle=7 o -
K = lek=l4
28 READ (2925) Ve PH
25 FORMAT (F20e2 FZO.Z)
IF (V) 3092992
29 H = ;o**(-pnx
B KUM= H#¥4 + KHHA® (H%*%3) 4+ (KHHA®KHA. = KiihA# A ~ KK)*(H**’)

Fee (2R HHARKHARYHA 4+ AWHXHHA ) ¥ ® K*KHARKHA
DEN = H¥*4 +

(KHHA + mMOR) #(H#%#3) + (KHHA®KHA + SHHARMANOE = K)
FE(H*ED) + “AKEHARKHA®NMOr = RURKHHA ) *H = KA#KHA*KHHA
T vMDH = aVHARSUM/DEN
WRITE (3910) PHs VMOH,y V
12 FORMAT (3F7.2)

B

GO 1O 28 . ’ ) o
3G CALL EXIT
N _END -
T7 XED

503 lels le25 e *; . e e

5632 2005  2e2t : ) T

571 Lels LebD ’ i e
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numenical values forn the iwo equilibrium constants for the acdid.
Then the full set of data from throughout the t°tration can be
compared with the predicted titration curve for the full titra-
tion, using these "best values'" for the macroscopic dissociation
constants.
FORTRAN Program 14 is a simple and convenient way to compare
a few data valucs with the numbers that the model predicts, for
an assumed pair of equilibrium-constant values. This program
reads a card on which are punched paired values of pH and titrant
volume. The pH value is converted into a value of (H+), and
Equation 55 is used to calculate a predicted value of vHaOH‘
Th2 experimental and predicted values of volume are then printed,
together with the corresponding pH value. Several sets of cal-
culations, each with a slightly different value of one or both
equilibrium constant(s), can be performed until you feel that
the best agreement has been achieved.
® Design a set of caleulations to verify (on nefute) zhe
assemtion that caﬁta&n negions of the titrnantion curve aré the
) ! mos L 6€%¥LILVQ 195L0ﬂ6 wéth ni; ect to variations in the numen-

1 f-, .

Lical ualueb cé ceniaﬁn eq&LZL nxum aonbtantb.

® As an sdid tc 6tndLng the set of calculations that gives the
_bebt ggneemenf\ waL;@.?.paojiam‘that companes Zhe cateutated and
predicted titnant volumes, p°ahapb by taking the difference, o
the natio, of these two numbens. 1§ you want more significant

figunes in the output, what should you change in the program?

® Changing the value o4 Kgp- hos some effect on the predic-
tions of the modef in the vicinity of the §inst partial-equiva-

Lence point. Design a set of caleulations (and penform the
164
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KONE wuils IiNTLGLRS

* LIST SUUKIE PRCGKAM

#JOCS(CAKRDs 1132 PRINTEKs TYPEWKITERs PLOTILER)

C TITRATION CUKVE

C COMPAK]ISUN CGF LAPEKIMLATAL DATA wlTH THE PxecICTIONS OF A
C CHEM]CAL “OCEL

C DIPRCTIC AClos ASSUMED VALUES OF KHA AALD KHHA

C DATA CTARDS hAVE VHCH PUNCHED wlTHIn Tht FIkST 20 SPACES
C OATA CARDS HAVE PH PUANCHED &IThHIAN ThHE SECORD 20 SPACLES

C INCLUSE DECI=AL POUIAT IN EACH VALUE OF vellH AAD PH

C LAST SATA CAXUD MUST HAVE A NLGATIVE VALUE OF vyoH

KEA.. KHA9 KHHEA9 KWy Uiy ¥iHA9 MMOH
. KHiIA = lelE=§H
- KA

= QeGE=7
VHA = 2500
YHA = (060500

MO = Q0e1CJ0
Ke = 1e¢002L=16
CALL PREP (o299 559 les 1lo)
w*RITE (7915) KHA9 KrHA
15 FOKYMAT ('KHHA = ' 9EBe2! KHA = V9E842)

C CALCULATICON ARL PLCTTING OF THE TITRATIUMN CURVE

H = Joe ’
1 H = ¢5%H

PH = =(ALOG(i1))/26303

NUM = m#%4 + KEHA® (H®#T) + (KHHA%KHA = KrHA®MHL = RW) % {Hx#42)
fte (QRKCHHARKHAXMAA + KykKtiHA ) %11 = Ka®*#KHA¥KrHA

DEN = H#¥4 + (KHHA + ~MOH)#{h#%3) + (KHHA#KHA + SHHA#YUCH = £5)
R (FR2) + (KrrARKHARMMCOH = Lu%KHI{A) %0 = X2 1ARKHHA )

YYOH = =VHA®NUX/DEN

IF (VHOH) 19292
2 CALL FPLOT (=29sVMOHIPH)
5 H = p1 = 41%H

Pt = =(ALOG(H) ) /26303 .

KUM= n¥%4 + KiiHA% (H%%3) 4+ (KHHARKHA = KREA®GAA = K)®(H%%2)
e (2K HHARKHA®HA + KWHKHIHA) #H = i HAXKHNA

DE: = me%4 + (KRHA + MVOA)#(H#%3) 4+ (airA%KHA + KHHARMNOH « Ki)
AR ) 4 (A AR AR anOr = SARKHOIA) #1: = A A i

JieJt = e80T

IFiHCe=yuil) 1029243
3 CALL FPLOT (CoVIDHIPH)

6O TC 5
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C PLOTTING DATA ECLLTS F<CV THE TITKATIL .
10 CunTlnul
28 READ (2425) Vb
25 FORMAT (F20e20F20e2)
IF (V) 30429929
29 CALL FPLCT (1lsvep)
CALL FPLOT (22sVeP)
CALL POINT (1)
G0 TO 28

C DRAWING AND LABELLING THE AXES-

50 CALL YAXIS {(Oes Qo9 les 159 5)
WRITE (7917)

17 FORMAT ('PH!')
CALL XAXIS (Oe90esle950910)
ARITE (Te16)

16 FORMAT ('MILLILITERS OF SODIUM HYUROXILE?')
CALL FINPL
CALL EXIT
END

// XEQ
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caleculations) to assess the effect of intenations between the
two equilfibrium constants on the shape of the titration cunve
Ain negions that ane cniiicaz gon the evaluation of those equi-
Librium constants. The effect would be expected to be different,
depehding on the nelotive values (and on the absolute values) of

Zthe equilibrium constants.

A GRAPHICAL CONFRONTATION  FORTRAN Program 15 allows you to

OF THE DATA AND THE MODEL
compare data that you have punched

on cards with predictions of the model in the form of data points
placed on a calculated curve. Most people find the visual impact
and effectiveness of this graphical presentation much greater
than with a listing of numbers.

All the data used in the calculations whose output appears
on page 167 were simulated, using the same algebraic equations
but slightly different equilibrium-constant values. The data
used in FORTRAN P;ogram 14 were also obtained from a similar
simulation, but with a third set of equilibrium-constant values.

The Tumbers used are as follows:

PR

O SIMULATED DATA PROGRAM 14 PROGRAM 15

4 1
p . -3 -6 - &
¢ , Ky, 1.0 x 10 0.9 x 10 1.1 x 10

s Kyia - 1.0 x 10~7 1.1 x 10~7 0.9 x 10~7

The difference between data and predictions is just barely de-
tectable on the graph, whereas the numerical output shows the
difference much nore clearly. The overall effect can be grasped

more readily by looking at the graph. Probably both methods can

be used to advantage.




ASSESSING THE PRECISION An experimental scientist must always
OF EQUILIBRIUM-CONSTANT
VALUES OBTAINED BY USING be concerned with the reliabiiity and
PROGRAMS 14 AND 15

potential repeatability of his or her
experiments and calculations. When a number is reported, he or she
should indicate (by the number of significant figures in that
number, or by a statement of the precision ~f that number) the
probability that a repeat of the work by an independent investi-
gator would yield the same number.

Thus it is important to see if two different equilibrium-
constant values give equally-good fit of the data, within the
limits of experimental uncertainties of the‘data. After you
have found your "best value', you should repeat the calculation
with = slightly altered value, checking to see if any significant
variation occurs. If there is no discernible difference in the
agreement obtained in using 1.0 x 107° and 1.1 x 10~%, then it
is misleading (and therefore not good science) to report a value
as 1.00 x 10”°%, since the two zeros imply a knowledge of the
digits that belong in those two decimal positions.

How can you estimate the "limits of experimental uncertainties
of the data"? This is not always easy, but it is always important.
For some guidance in assessing the limitations of burettes and
pH meters, read over the information in Appendix II. Also keep
asking yourself the question: "If I repeated the work, would I

get the same answer a second (or third, or fourth) time?" If you

don't know, then repeat some of the work and find out!

N
~
™
N
™~
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CAN A CLEARLY-INCORRECT MODEL
GIVE A GOOD DESCRIPTION
OF AN ACID-BASE TITRATIGN?

Throughout this case study, we have‘used a simple and straight-
forward crité}ion for testing a chemical or mathematical model:
"Do the predictions of the modefl agnee, within the Limits of
experimental uncentainty, with expenimental data?" When there
fails to be adequate agreement, this criterion signals the chemist
that problems with either the model or the data (or both) exist.
But what can be concludea when there is excellent agreement?

We shall investigate a clear case in which data are inter-
preted in terms of an incorrect model. In FORTRAN Program 16,
we simulate data from the titration of a diprotic acid, marking
these points with X marks on a piece of graph paper. Then, using
the same axes, we plot as a sméolh curve the predictions of a
monoprotic-acid model. The results are shown on page 173. The
data points lie precisely on the curve.

There is no way to tell, by analysis of titration data,
whether this acid is a monoprotic acid with K, = 0.5 x 10°*,
or a diprotic acid (present in half the molar concentration)
with K , = 1.0 x 10~* and Ky,- = 0.25 x 107", The data ave
interpreted equally well with either model.

This is a special case, in which the diprotic acid equilib-
rium constants were chosen to stand in the ratio 1:4. But if
we vere to introduce some experimental uncertainty (some random
scatter) into the data points, we might be able to apply an in-

appropriate model to a rather wide range of data. You can
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[ 16

// JOB’ S$71007+551

// FOR

# LIST SOURCE PROGRAM

#1OCS(CARDs 1132 PRINTERs TYPEWRITERs PLOTTER)
#ONE WORD INTEGERS

4 DIPROTIC ACID DATA INTERPRETED VIA A MONOPROTiC MODEL
REAL KHAs KHHAs KWs NUMs MHAy MMOH
VHA = 25,00

MHA = 00,0500
MMOH = 001000
KHHA = ]l,E=4
KHA = (25E=¢4
KW = 14008E~14
CALL PREP (o290 o559 les 14)
WRITE (7+15)
15 FORMAT ('DIPROTIC ACID DATA INTERPRETED VIA A MONOPROTIC ACID MODE
#L1) ’
CALL YAXIS (Oe90e91e91595)
WRITE (717)
17 FORMAT ('PH!)
CALL XAXIS (Oe¢o Qo9 Se9 79 T)
WRITE (7+16)
16 FORMAT ('MILLILITERS OF SODIUM HYDROXIDE!)

C CALCULATION AND PLOTTING OF THE DIPROTIC TITRATION DATA POINTS
H = le
lHsH® laH
PH = =(ALOG({H)) /24303 )
NUM = H##4 4+ KHHA® (H##3) + (KHHA#KHA = KHHA®MHA = KW)#(H##2)
#o ( 28KHHARKHASMHA + KW#KHHA) #H = KWe#KHA®KHHA
DEN = H##4 + {(KHHA+MMOH)#(H##3) + (KHHA#KHA + KHHA®MMOH = KW)
#E(HRR2) + (KHHA®KHA®MMOH = KW#KHHA)#H = KW#KHHA®KHA
VMOH = =VHA#NUM/DEN
IF (VMOH) 19242
2 CALL FPLOT (=29VMOH:PH)
S H s H = g2%H
PH = =(ALOGIH})/2¢303
NUM = H##4 + KHHA% (H#%#3) + (KHHA%*KHA = KHHA®MHA = KW)#* (H##2)
#o (QRKHHARKHA®MHA + KW#KHHA)%H = KW#KHA®KHHA
DEN = H##4 + (KHHA+MMOH)#(H##3) + (KHHA#KHA + KHHA®MMOH = KW)
#R(H%R2) + (KHHA®KHA®MMOH = KW#KHHA)#H = Kw#KHHA®#KHA
VMOH = =VHA®NUM/DEN
IF (24 ¢5=VMOH) 109343
3 CALL FPLOT (1svMOHPH)
CALL FPLOT (=29+VMOHePH)
CALL POINT(1)
GO TO 5

C CALCULATION AND PLOTTING OF A MONOPROTIC TITRATION CURVE ON SAME AXES
10 MHA = 2,#MHA
KHA =C,5E=4

H= 1, 171
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PAGE

51

52
55

53
50

2

H = o1%H

PH = =(ALOG(H)) /2303

NUM s H##3 + KHA® (H##2) = (KW + (KHA®MHA) )%H = KW#KHA

DEN = H##3 + (KHA + MMOH)#(H#%2) + (KHA#MMOH = KW)#H = Kw*KHA
VMOH s =~VHA#NUM/DEN

IF (VMOH) 851952952

CALL FPLOT (1lsVMOMPH)

CALL FPLOT (=29sVMOHsPH)

Hes H = glith

PH = =»(ALOG(M))/2¢303

DEN = H##3 + (KHA + MMOH)#(H##2) + (KHA#MMOH = KW)#H = KWaKHA
NUM = H##3 + KHA#(H##2) = (KW + (KHA#MHA})I#H = KW*KHA

VMOH = =yHASNUM/DEN

IF(35e=VMOH) 50953953

CALL FPLOT (0sVMOHPH)

GO TO 35

CALL FINPL

CALL EXIT

END

// XEQ
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check on this possibility by incorporating some random scatter

in the simulated data, and running FORTRAN Program 16 for various
values of equilibrium constants. Check the IBM instruction
manual for ways to generate a random variable to use in adding
or subtracting random "errors" from the simulated data. How.
would you decide what value to use for the monoprotic-acid
equilibrium constant?

This is a special case, as presented, but the problem is a
general one throughout experimental science, and perhaps in all
areas of knowledge. A careful investigator can often design a
confrontation that shows a model for reality to be invalid, or
inadequate. Such a model probably cannot be asserted to be
“true." But the fact that a model is faithful (in all investigated
respects)to reality does not provide proof or assurance of its

truth.

N
™*
g
°
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WHAT IF K,,. WERE LARGER THAN K, ,?

The removal of a proton from a molecute results in an over-
all increase by one unit charge in the negative charge on that
molecule This increase in negative charge (which is equivalent
to a decrease in positive charge) results in a greater attraction
(which is equivalent to a reduced repulsion) for remaining protons
still bound to the molecule. These electrostatic considerations
would be expected to make the successive microscopic equilibrium
constants for removal of protons decrease in numerical value.

The “imiting situation would be the case of non-inter .cting,
dentical binding sites in which the sites are so far apart in
space that electrostatic interactions are neglible; then the two

successive microscopic dissociation constants are equal, the
successive macroscopic dissociation constants differ by a factor
of four, and KH:A > KHA"

Removal of a proton does more than just increase negative
charge. Changes in electronic configuration of the molecule are
expected, and hanges in the three-dimensional shape of the
molecule are possible. And it may be reasonable to ask the
question: "What would happen if some changes altered the mofecule
80 much that the successive microscopic equilibrium constants
incnease in numenical walue?” A search through fabulated values
of macroscopic e, uilibrium constants has not revealed reports of
any such instances. Maybe there are no such acids. Or maybe

there is an alternative explanation.

CHEMISTS MAY HAVE BEEN We shall present some results of a

MISLED BY THEIR OWN DATA . ] o
computer simulation that indicate
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PAGE 1 pARTIAL LISTING OF PROGRAM USED TO PREPARE GRAPH ON PAGE 177
/7 JOB T ST1007+551

SMITH COLLEGE I8M 1130 MONITOR VERSION 2 LEVEL 11 CORE SIZE 8K 06

// FOR
#® LIST SOURCE PROGRAM

#JO0CS(CARDs 1132 PRINTERs TYPEWRITERS PLOTTER)
#ONE WORD INTEGERS

c HOW WOULD WE KNOW IF THE SECOND K WERE LARGER THAN THE FIRST K
REAL KHAs KHHAs KWs NUMs MHA, MMOH
VHA s 25400

MHA = 040500

MMOH = 041000

KHHA = 1.5-5"1- . . s
KHA = 14E=3 —<—} Diprotic K’s
KW = 14008E=-14

CALL PREP (025 559 la9 1o)

WRITE (7+15)
15 FORMAT ('DIPRCTIC ACID DATA INTERPRETED VIA A MONOPROTIC ACID MODE
#t)

CALL YAXIS (0e90091e91545)
WRITE (7.17)
17 FORMAT ('PH?)
CALL XAXIS (Oes Oer Be9 79 7)
WRITE (7s16)
16 FORMAT (*MILLILITERS OF SODIUM HYDROXIDE!)

C CALCULATION AND PLOTTING OF THE DIPROTIC TITRATION DATA POINTS
H = 1,
l1Hs He 18y
PH = «(ALOG(H))/24303
NUM = H#%4 4 KHHAR(H#%3) 4 (KHHA®KHA = KHHA#MHA = Kw)#(H##2)
e (28KHHA*KHA®MHA + KWHKHHA)®H = KWH#KHA®KHHA
DEN = H##4 + (KHHA+MMOH)® (H*%#3) + (KHHA®KHA + KHHA#MMOM = KW)
RR(HR%#2) + (KHHA®KHA®MMOH = KW#KHHA)%*H = KWRKHHA®#KHA
VMOH = =yHA#NUM/DEN
IF (VMOH) 19242
2 CALL FPLOT (=2,VMOHsPH)
SH=He 284
PH = =(ALOG(H))/24303
NUM = H#%4 + KHHA%(H##3) 4+ (KHHA®KHA = KHHA#MHA = Ki)# (H#%2)
e (2RKHHA®KHA®MHA + KWHKHHA ) #H = KW#KHA#KHHA
DEN = H##4 + (KHHA+MMOH)* (H*#3) + (KHHA#KHA 4+ KHHA®MMOH = Kw)
RR(HRR2) + (KHHASKHA®MMOH = KW#KHHA)%*H = KW#KHHA#KHA
VMOH = =VHA#NUM/DEN
IF (24¢5=VMOH) 104343
3 CALL FPLOT (1sVMOHPHI

CALL FPLOT (=24VMOHsPH)
CALL POINT(1)
GO TO 5

C CALCULATION AND PLOTTING OF A MONOPROTIC TITRATION CURVE ON SAME AXES
10 MHA = 2,#MHA
KHA = 1oE=4 —at~

Hm 1o Monoprotic K

176

D
e
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the possibility that a chemist could be led astray in inter-

preting experimental data from titration experiments if the acid
were indeed diprotic with the second dissociation constant larger
than the first. The computer-drawn graph on page 177 shows data
calculated for an extreme case in which the equilibrium constants
are in the atypical order, and differ by a factor of 100. The
simulated data are indicated with X marks, and are compared with
with a continuous curve, drawa on the same axes, calculated for

a monoprotic acid, with twice the molar concentration, and with
an equilibrium constant with pK the average of pKs of the diprotic
equilibrium constants. (Some other value for the monoprotic K
might have been more appropriate.)

I1f, as has been common in many research laboratories, only
the half-equivalence point pH value(s) is used in evaluating the
equilibrium constant(s), then this acid might be incorrectly
interpreted as being a monoprotic acid with pK = 4, or as a
diprotic acid with pK values in the normal order, equal to about
3.7 and 4.2. So maybe some such anomolous acids do exist, but

have been missed by earlier investigators.

PREDICTIONS OF CHEMICAL One of the most important features of

PROPERTIES OF AN ACID ) . . .
WITH ATYPICAL ORDERING simulation methods is the ability to

OF DISSOCIATION CONSTANTS make quantitative predictions about
systems that have never been studied experimentally and which may
in fact not exist. But 4§ there wene an acid with pl(H2A = 5 and
pKHA‘ = 3, then we can make some predictions on the basis of the

information contained in the graphs on pages 177 and 179. The

following features are worthy of note: . -




CHANGE (F THE DISTRIBUTION FRACTIONG THRING: A TTIRATIIN

VHA 25.00
MHA 0.0500
MMOH = 0.1000
KHHA = 1.E-5
b KHA = 1.E-3
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¥ A solution of this acid and its scd4ium salt would be an
excellent buffer near pH 4. The slope of the titration curve
}n the interval 5 mg < VNaOH < 20 m& is closer t5 zero than for
any other of the titration :urves in this case study.

1 Since HA" accounts for at most only five percent of the
A-containing speciss in solution, the titration can be represented
by the reaction

HoA 2 AT 4+ 24"
without serious error in the concentrations of H,A and A~. For
discussion of the equilibrium properties of these solutions,
considering only the reac:ants and products, there would seem %o
be no need tu even mertion the intermediate species. Can you
write down the appropriate chemical model? What equilibrium
constant would you use? 1Is there reallyrany difference in the
predicted shape of the titration curve?

¥ A Guess: Probably the shape of the titration curve would
not be very much different if PKy,- were 2, or 1, or any smaller
number. For larger values of this equilibrium constant, the
distribution fraction (HA")/[A] becomes even smaller. A numer-
ical evaluation of this equilibrium constant from titration data
becomes increasingly more difficult and less reliable as its

value become larger. Can you check these guesses? How?

N
N
N
N
N
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Chapter 3

Poly[)rotz'c Acid
Equilibria
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THE TITRATION OF CITRIC ACID IN AQUEOUS SOLUTION .

Citric acid is the triprotic acid with the structure

We shall investigate the chemistry of citric acid from the pcint
of view of the competition in water for protons. The competition
for the limited number of available protons is among OH and each
of the three carboxylate groups on citrate. This detailed exam-
ination involves a quantitative description of the distribution
of chemical species throughout the course of a titration of a
citric acid solution with a solution of sodium hydroxide. Our
strategy in formulating a plausible, reasonable and verifiable
description of the chemical system takes the form of the now-
familiar sequence in which we

1. Propose a chemical model. This chemical model consists
of a statement of the chemical species assumed to be
present, and a collection of balanced chemical ecuations
sufficient to permit interconversion of the species.

2, Formulate a mathematical model which embodies the relevant
features of the chemical model. This mathematical model
consists of a set of simultaneous algebraic equations.

3. Combine the algebraic equations to get an equation which
relates experimentally-observable quantities, thus
permitting a comparison of prediction with experiment.

4. Perform quantitative experiments to obtain numerical data
for comparison with predictions.

If the predictions are consistent with experimental data, then

182
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We shall consider that the model is an acceptable description

of the chemical system. With citric acid, we shall find that
the chemical model that we propose is not unique, and that many
unreasonable models will give rise to the same prediction of the
experimentally-observed titration curve. Some chemical judgment
is required, and some data from non-titration experiments, as
well as comparative titration data from certain related com-
pounds, becomes very helpful in making the test of reasonable-
ness.

The proton disséciation eqﬁilibria for citric acid can be
schematically diagrammed as in Figure 1. It is possible to
define even more microscopic equilibria, but the collection of
explicitly-written reactions and associated equilibrium constants
given in Figure 2 includes more than enough K's to describe
completely the distribution of species in a solution of citric
acid at any pH value. It includes many more K's than are re-
quired to calculate a titration curve, and in fact we shall soon
find that only three equilibrium constants are required in order
to descnibe the macroscopic titration phenomena. The many ad-
ditional equilibrium constants are introduced in order to
intenpret the phenomena.

PREDICTION OF THE SHA?E For the prediction of the titration

OF THE TITRATION CURVE )
curve, we need a chemical model written

in terms of only the macroscopic equilibria. The following

chemical equations suffice. Written with each chemical equation

is the associated equilibrium-constant equation that forms a

part of the mathematical model for the titration.




. (H2C") (H)
HaC @ HoCO + H' K, = ——— — (74)

A (H3C)
i UES YU
HoC™ @2 HC™2 + W' Ky = —————— (75)
(H2C )
€ ) nh
HC™2 2C™* + H' Ko = —— (76)
(HC™ %)
H,0 2 H' + OH™ K, = (H") (0H7) (77)

The two conservation equations are
[c1 = (4:0) + (HoCT) + (HCT2) + (C7?) (78)
(M] = (M) (79)

The electroneutrality equation is

M) + M) = (OH™) + (H,C') + 2(HC™2) + 3(C™?) (80)

An equation for the titration curve can be obtained by using
Equations 74 — 79 to eliminate the individual species concentra-
tions from Equation 80, producing an equation in which only the
concentrations [C], [M], and (H+) appear; and then introducing
volume variables. A great deal of algebra is simplified if we
make use of the results of the next section on distribution

fractions. So we interrupt this derivation for a digression.

DiSTRIBUTION FRACTIONS IN TERMS Proceeding exactly as we have

OF THE MACROSCOPIC EQUILIBRIA
before in the cases of monc-

protic and diprotic acids, we find the distribution fractions by
starting with Equation 78, and then using the equilibrium-con-

stant equations to eliminate all but one of the species concen-

trations. Thus we can write Equation 78 as




Figure 1

A SCHEMATIC PROTON DISSOCIATION SCHEME FOR CITRIC ACID

H,C-COOH K H2C-COOH

HO-C-COOH == HO-C-C00"

| |
H2C-C00~ H2C-C00~
Y/

H,C-COOH ‘ Hz(l:-coou Hz?*COO- -H2C-C00"~
2 - ll
H0-C-COOH &= HO-C-C00 HO- c COOH == HO-C-C00~

H,C-COOH - H2C-COOH HzC coo~ H2C-CO0~

\ X /

Ky H2C-C007K7 Ko Hoccoo™ 7
EO-C-CCOH = Ho-(l:-coo'
K
HaC-COOH ~  H,C-COOH

HC™?2




Figure 2

MICROSCOPIC EQUILIBRIA IN THE CHEMICAL MODEL FOR CITRIC
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[C] = (HaC) + (H3C)Ky/ (H') + (HsC)K,Kp/(HI2 + (H3C)K KuK/ (HD)
= (HaC){1 + K,/ (H") + KKp/(H')? + K KpK./(H")?}
+
(H7)°[C] = (H:O) {(H)® + K, ()2 + KK (") + KKK} (g

In like manner, we get Equation 78 in terms of the concentration
(H2C') to give

Ko (H)2[C] = (H2CT){(H")? + Ko (H')? + K\Kp(H') + K,KpK.} (82)
It is significant that the quantity in { } is the same in both
Equations 81 and 82. 1In fact, this same factor appears—again

when we write Equation 78 in terms of (HC™2) or in terms of

(C°3). Let us therefore define this factor as Fien®

+ + +
Fien = (H)? + K,(H')2 + K, Kg(H') + K KpKe (83)
and then write each of the distribution fractions as a fraction

with the denominator Pden. The four resulting equations are

(HsC)  (H")? (H.CT)  (H')2K, .

€ Faen € Foom (84)
(HC™?)  (H)K,Kg (€*)  K,KpKc *
(€] ] I:den (C] ] I:den

RETURN TO THE We now use Equations 77, 78, 79, and 84 to tranms-

TITRATION CURVE
form Equation 80 into

+ 0l . + . +.2 +
(H) + [M) - K/(H) ={(H )2k, + 2(H)K,Kp + 3K, KgK-}/Fgon
Multiplication of both sides of the equation by Fden’ followed by

rearrangement of terms, yields
+ + +
@+ @M + K} + B M) - K (C) ¢ KK - K]

+ () {KKp[M) - 2K,Kp[C] + KoKpKe - KK ] (85)

+ (M) {KKgKo[M] - 3K KK [C] - KyKgK} - K KgKcK, = 0
187
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Recognizing that the two concentrations [M] and [C] are not
independent during a titration, we decide to change variables
so as to have a single independent variable. The natural
choice for this independent variable is the volume of titrant
which has been dispensed from the burette. The change of vari-

ables is accomplished by utilizing the relationships

'/ TR
M) MoHMmoH (] = —HA"HA (86)
Vmon * Via Vmor * VHa

Introduction of Equations 86 into Equation 85 results in
r ,

)+ (1)K, + (W) {KyKp - K, - KMy}
¢ (H'P{KKyKe = KoK - 2K,KMy o}
|- KKK, + 3KAKpK My} - KaKpKoK,
Vogrsi=-V
MOd T"HA * s + +

ST () {Mygy + Kp} ¢ (H){KMyoy *+ Kakp = K]

’ .

¢ M3 {K\KgMyon *+ KpKpKe - KaKy)
+ (HYY K,k . -
|+ () {K\KyKeMyoy = KpKgK,} - KKpkeKy J

Equation 87 is in the usual form which we have been using for

(87)

computer-assisted calculation of titration curves.

Without any consideration of the microscopic equilibria, we
have been able to make a quantitative prediction of the data
which would be obtained in an experimental titration. The
description of the observable phenomena has been made in terms
of Equation 87 which is a phenomenological equation written in
terms of four phenomenological equifibrnium constants. We consider
as synonyms the terms

phenomenological equilibrium constant
macrodcopic equilibrium constant
experimentally-obsenvable equilibrium consdtant
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Each macroscopic equilibrium constaht may describe a
process that is a superposition of several of the microscopic
chemical reactions of the original model. The microscopic reac-
tions, and the individual chemical species used in formulating
the model for the reaction of protons with the variously-proton-
ated citrate ions, are not directly, explicitly or unambiguously
observed by casual inspection of the titration curve of citric
acid. To analyze a titration curve, we first decide to treat
citric acid as a triprotic acid, and obtain Equation 87. We
then extract numerical values of three macroscopic equilibrium
constants from an experimental titration curve. Then, supplying
additional information not contained in the titration data, we
try to interpret these three macroscopic equilibrium constants
in terms of the many reactions in Figure 2.

RELATIONSHIPS BETWEEN THE Equations 74, 75, and 76 are not
MACROSCOPIC AND THE .
MIZROSCOPIC EQUILIBRIUM written with the same symbols as the

CONSTANTS FOR CITRIC ACID .
dozen equations in Figure 2. We

need to make a translation between the macroscopic language and

the microscopic language, and we now do so via the definitions:

(H3C) = sum of the concentrations
of all triply-protonated

H
citrate species = [H (88)

(HoC™) = sum of the concentrations
of all doubly-protonated H
citrate species = |H

(HC™2) = sum of the concentrations
of all singly-protonated H

|
] + ’!-ﬂ + F‘ (89)
|
|

citrate species = |- + |H| + |- (90)
- - ) LHJ
(C°%) = sum of the concentrations r
of all unprotonated -
citrate species = |- (91)
Q ’ -
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Direct substitution of definitions 88 — 91 into Equations 74,

75 and 76 results in

H H - .
- H H

K, = .
A [H (92)
H
H
H (- - .
- H - £
(HC™2) (H")? NI I L
K, K, = =
ANB (1.0 . (93)
H
H
-’ +
(C-a)(H+)3 [:J(H )3
K KoK = = ‘ 94
A"B"C (HsC) ,H 94)
H
H

Inspection of Figure Z reveals various ways in which the micro-
scopic equilibrium constant equations can be combined with Equa-

tions 92, 93, and 94, For instance, we find that

KA=K1+K2+K;

K,K KiKy + K2Kg + KiK,

A"B

KiKy + K1Ks + K2Ks

Kng + Ka2Kg + K3K1
= other combinations of microscopic equilibrium constants

KoKgKe = KiKuKyo

= K2KeKio

many other combinations of microscopic constants
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There are more independent microscopic equilibrium constants
than there are macroscopic equilibrium constants, and therefore
experimental titration data alone contain insufficient informa-
tion for numerical evaluation of the microscopic constants. There
are many sets of values of the microscopic constants that are
fully consistent with the experimental values for the three macro-

scopic equilibrium constants.

DISTRIBUTION FRACTIONS The fraction of all citrate-containing

IN TERMS OF THE . . .
MICROSCOPIC EQUILIBRIA species present as the microscopic

species

i

is given by the first .of Equations 84, since by definition 88

H
[H] = (HsC)
H
We thus have
)
H
F = H (H+)3 (95)
HaC [C] Fden

Combination of Equation 95 with the defining equations for K,

K2, and Ks from Figure 2 gives ) '
H
H
= - - +
Fiacl 2 = = Fy,cKi/(H) (96)
[C]
H
H +
Fioc2 2 o Fy,cKe/ () (97)
191
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F

Fy cKs/ () (98)

H$C3 [

@]

]

¢ Find equations for computing the distrnibution fractions
fon the nemaining microscopic species. Compare your nesufts
with the equations used in FORTRAN Program 17 fon caleculating

these distribution fractions.

A FORTRAN PROGRAM FOR CALCULATING FORTRAN Program 17 gives a
THE MICROSCOPIC DISTRIBUTION L
FRACTIONS DURING THE TITRATION prediction of each ot the

OF CITRIC ACID WITH SODIUM HYDROXIDE . . . )
microscopic distribution

fractions during a simulated titration of citric acid with a
solution of sodium hydroxide. Numerical values of seven of the
microscopic equilibrium constants are introduced. The molecular
symmetry of citric acid is invoked, allowing us to equate each
of the remaining five micro constants with one of the initial
seven. Equations such as those developed on pag 190 are used to
calculate values for the three macroscopic equilibrium constants,
and these constants are used with Equation 87 for the calculation
of the titration curve. At each pH value on the titration curve,
Equations such as 96, 97, or 98 are used to calculate each of the
microscopic equilibrium constants.

Format statement 11 has two programming features that make
the output a 1ittle neater and more legible. In our previous
format statements for the printer beginning with information
within ' ' marks, the first character with the ' ' has been a
blank. This time the numeral 1 appears, and this 1 is an instruc-

tion for the printer to advance to a new page of paper. Appearing
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/7 JOB ’ $710079551

/7 FOk

* LIST SUURCL PrOGKAM

*#TOCS(CARDY 1132 PrINTER)

REAL NUMy KA9 KB KCo KW MMOHs MYHA» Kl K29 K39 Koy K59 KOs K79
*K8y K99 K109 K11y K12

CALCULATION OF FRACTIONS OF TOTAL CITKRATE=COMTAINING SPECIES
PRESENT AS EACH OF THE MICROUSCOPIC SPECIES DURINKG THE TITRATICN
OF CITRIC ACID

[aNa¥a]

Kl = 10#%(=3,85)
K2 = 1C##*(=3,35)
K4 3 10%%(=4,60)
K5 = 10#%#(=4440)
K6 = 10##(=5,10)

K10 = 10##(=5,85)
Kll = 10%#(=6405)

K3 = K1
X7 = K5
K8 = Ké
K9 = K4
K12 = K10

KW = 1eQ08E~14

KA = 2¢%K]1 + K2

Kis = (K1#K5 4+ 2,%#K2#K6)/KA

KC = (K1#X4#K10)/(KA#KB)

PKA = =(ALOG(KA))/26¢303

PKB = =({ALOG(KB))/24303

PKC = =(ALOG(KC))/2¢303

WRITE (3911) PKA» PKBs PKC

11 FORMAT ('1PKA =Yy F6e2y ! PKB =1y F6e2y ! PKC ='y F6e2//)

VHA = 10600

MHA = 6100

“MOH = 0100

H = 1le

1l H = H « J1%H

WU = 1D & (R4 )HEA + (H®#3 )% GARKE = Kiv = KA®MHA) +
H(HRE2)H (KARKEBHKC = RWHKA = 24 ¥KA#KR¥/1qA) = H* (KA®KB*KW +
R4 RKARKBHKCHMMA) = KA#XBHKC#*KYW

DCiv = (H®%5) + (HX#4)# (MMOH + KA) + (HEX3)2(KAR:MUH = KW 4+ KA%NS)
b (HER2) R (KARKBH#MMOH = KWH*KA 4+ KARKS#AC) + H* (KARKB*KCHMMCH =
RILARKUBHEKN) @ RAXKCHBRKCH#Kw

VUH = =VHA#*KNUNM/DEN

IF (VMOH) 19292

2 FUBN = (H##3) 4 KAMH#H 4+ KA®KHB#*H + KA#KE#KC
FH3C = (H*#3)/FDEN
FH2C = KA®(H##2 ) /FDEn
FH2C = KA®({H#*#?)/FDEN

FHC = SA#KB*#H/FDEN
FC = KA®KB*KC/FDEN

FH2C1l = K1#FH3C/H
FH2CZ2 = K2#FH3C/H
FH2C3 = K3#FH3C/H
FHC1l = FC#H/KI10 3, 193
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PAGL 2

T OFHC? = FC#H/K1]
FHC3 FC*H/K12
P = ={ALOG(1)) /2303
WRITE(3912) tH3Cy FH2Cly FH2C(Zy FH2( 3 Fiicle (29 FRC3y e VN0t
®pH
12 FORNMAT (FO9e503X93F9e503X93F 9993 X et 9,593 X9FEe20F542)
H = t1 =e¢bH#H
wUPM. = HRERS & (HR#L)XKA + (H*#3)# (KARKE = KW = KA#MHA) +
BOH®H2 )% (KARKBHKC = KAEKA = 20 ¥KARKB#YHA) = H# (KA®KB#KW +
%3 HKARKUBHKCHGHA) = KAXKL#KCHKW ’
DEN = (H#%5) 4 (H##4)#(MYOH ~ KA) + (H*%3)#(KARVLOH = KWW + KA#KE)
e (HERD)R(KARKBRMMOH = KWHKA + KARKB#RC) + H#* (AAXLORKC*ie Ot =
RKARKBAK W) = KA#Y.i+KC#XY
VMOHM = =VHA®NUM/DEN
IF (VMCH) 3Ce292
30 CALL EXIT
END

// XEQ
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= 4475 PKC = 6440
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at the end of the statement is //, telling the printer to advance
two lines.

The computing capacity of the IBM 1130 system is exceeded
during the calculation of NUM and DEN for very small values of
(). As an example, at pH 11, (H') = 10=!'! and (H')S = 10755,
This computer cannot handle such a small number, but happily the
failure is faii-safe failure for us, since the computer treats
the very small number as zero. This would pose serious problems
for some calculations, but not for us at this time. Each of these
very small numbers enters as an insignificantly-small term in an
indicated sum, the sum con*aining other terms that are properly
calculated, and no significant error results in the sum.

The output would be easier to read if a caption had been
printed over the columns of numbers. Such .a caption could have
been printed by using a WRITE statement just after format statement

11.

ABOUT COMMONALITY OF The mathematical model for this system is
CHEMICAL SPECIES formulated by describing the equilibrium
system as involving many independent chemical reactions, each
reaction characterized by a microscopic equilibrium constant.
Coupling of these independent chemical reactions is accomplished
through the requirements of

fConservation of mass

fElectroneutrality

fCommonality of chemiczl species

The phrase commonality of species means that a chemical symbol

has the same meaning in each of its appearances in chemical equa-
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tions, and that the corresponding <cncentration has the same
numerical value in each of the algebraic equations in which it
appears. This means, aﬁong other things, that the pool of that
species is available at the same concentration to all reactants.
When that species is produced by a reaction, it becomes distributed
throughout the solution. The requirement of cosmonality of

species might fail to be satisfied in an irtra-molecular reaction
during which a group was transferred between two regions of a
molecule without ever being released into the main bulk of the
solution as a free and independent species.

A valuable research paper that should be read in conjunction
with this section is R. B. Martin, "A Complete Ionization Scheme
for Citric Acid," The Journal of Physical Chemistry, vol. 65,
pPp. 2053 - 2055 (1961). Details are given of the experiments and

the assumptions required for estimating values of the microscopic
equilibrium constants for citric acid.

Equilibria involved in the titration of the amino acid
tyrosine involves twelve microscopic equilibrium constants, and
all twelve have been evaluated from experimental data and a set
of plauzible assumptions. Details are given in R. B. Martin,

J. T. Edsall, D. B. Wetlaufer, and B. R. Hollingworth, Journal
of Biological Chemistry, vol. 233, pp. 1429ff (1958)

N
N
N
N
N

197

i
ke k.




DESIGNING YOUR OWN RESEARCH PROJECT INVOLVING
CARBOXYLIC ACIDS AND MULTIPLE EQUILIBRIA

One way to plan a research project is to begin by reading |
some relevant research papers relating to the system that you
intend to study. Some excellent sources of references to such
papers are given on page 61. Many common diprotic and polyprotic
acids have been studied only in passing, as parts of research
projects that other orientations and goals. Only a small number
of polyprotic acids have been studied in sufficient detail so
that all microscopic equilibrium constants can reliably be
assigned numbers. Even fewer Lave been studied with a view to
obtaining enough independent data so that assumptions made can
be checked for consistency.

Another way to plan a research project is to pick a system
that h;s never been studied carefully, and perform enough pre-
liminary experiments to get some crude data. Then, with these
data before you, you can design appropriate experiments that can
be interpreted by some chemical model.

It is important that you subject your data and your inter-
pretative model to §tringent critical examination. Many of the
experimental studies reported in chemical research joarnals are
flawed in this respect. Uses to which computers have been put
on preceding pages of this case study are typical of the sorts
of quantitative confrontations of model and experiment that can
provide convincing objective tests. And you have the tools

needed to make such tests.

It is often helpful to think about the data you would expect,
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if the tentative model you propose were indeed operative. Com-
puter simulations can be helpful in this regard, allowing you to
determine if certain experiments could be helpful, even in prin-
ciple.

Many sorts of chemical systems can be informative, challenging,
or just a little bit different, and can be fun to investigate.
You may want to find out what is known about the carbon dioxide—
bicarbonate~carbonate equilibria, both in distilled water, and
in systems such as blood, or soda pop. You may wish to unravel
the multiple equilibria in a polyprotic acid such as EDTA, EGTA,
or‘another of the common complexing agents. Mixtures »f acids
are important in many ways: can you design a mixture of acids
that would make an especially-good buffer over a wide range of
pH, or devise a way of titrating two different carboxyiic acids
in the same solution, obtaining values for the concentration of
each? What is the effect on the observed titration behavior of
various caids when various metal ions are added to the solutions?
How can these effects be explained? 1Is there ever any difference
in the observed equilibrium constants between various optical
isomers (the left-hand and right-hand varieties of isomers), or
mixtures of both? Or of other kinds of isomers?

Use your imagination, be creative, and show yourself {(and
maybe your instructor, and perhaps the wider world of other
scientists) that you can make some critical, informed, and sub-
stantiated judgments about the nature of carboxylic acids in

solution.

*
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APPENDIX 1

PROGRAMING FOR THE PLOTTER

STANDARD FORTRAN STATEMENTS
DRAWING A STRAIGHT LINE: FPLOT(CI,X,Y)

The sm.oth solid curves drawn by the plotter are in fact
constructed by instructing the plotter to draw a series of very
shoit straight-line segments. The procedure is to bring the pen
to one end of the desired line, with the pen up so that the pen
is not writing. The pen is then lowered, and moved while in the
down position to the other end of the straight line; a straight
line is thereby drawn. An instruction to move to still another
position yields a continuation of the line if the pen is dopwn..
The necessary information is given to the computer in the form
of FPLOT statements of the form ‘

CALL FPLOT (I,X,Y)

I is an integer controlling the up-down pen
position as follows"

I1=20 = no change

I

positive = control pen before movement

I = negative = control pen after movement
I = odd ®» raise pen
I = even > lower pen

X and Y are the coordinates of the graph position
to which the pen is moved.

PRINTING LABELS ON THE GRAPH

If you want to place labels on the graph, use the FPLOT

statement to bring the pen to the position where you wish the

This appendix is reprinted from TEACHING CUIDE TO ACCOMPANY

CHEMICAL REACTION MECHANISMS by George M. Fleck. Copy?ig@t © 1971
by Holt, Rinehart and Winston, Inc. reprinted by permission of

Holt, Rinehart and Winston, Ine. 201
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lower left corner of the first character to be. The pen should
be in the up position. Then use the statement
WRITE(7,J)
where J is the number of a format statement of the form
J FORMAT(! '
The desired label goes between the ' ' marks.

PLOTTING A POINT ON THE GRAPH

If you wish to plé@ a point on the graph, you may use the

statement

CALL POINT(1)
This statement cause the plutter to draw an X mark at the
current pen position. It expects to find the pen down and it

leaves the pen down when finished.

SPECIAL PLOTTING SUBROUTINE

[These subroutines were written by Professor Bruce

Hawkins, Department of Physics, Smith College.]

PREPARATION SUBROUTINE: PREP(XS,YS,X0,Y0)

This subroutine determines the scale of your graph, sets
the position of the origin, and leaves the pen in a convenient
position to write a title.

XS is the scale you have chosen for the x-axis,
in inches per unit;

YS is the scale you have chosen for the y-axis,
in inches per unit;

X0 is the distance in inches from the left-hand
edge of the graph to the origin;

YO is the distance in inches from the bottom of
the graph to the origin.

PREP types a reminder to set the pen position and waits for you

to do so. PREP should be called before any other plotting
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subroutine. After calling it, a title may be written using
an ordinary FORTRAN WRITE statement and its associated FORMAT
statement. Since this subroutine uses fhe typewriter, your 10CS
card must mention the typewriter.

A listing of this and each of the other special plotting

subroutines appears as the conclusion of this appendix.

SUBROUTINE YAXIS(X,Y,U,N,NLAB)

This subroutine draws the y-axis the length you have chosen,
draws evenly-spaced tick marks, places a numerical scale beside
the line, and leaves the pen in an appropriate position to
write a label for the axis.

X and Y are the coordinates in your own units of the
point where the y-axis begins;

U is the distance in your own units between tick marks
on the axis;

N is an integer such that NxU is the length of the axis;
NLAB' is the number of tick marks which are to be
lsbelled with the value of the scale at the
point. NLAB should be equal either to N or
to N divided by an integer.
This subroutine should normally be called before the XAXIS
subroutine. It leaves the character writing process set to

write characters on their side. If you follow this statement

with a FORTRAN WRITE statement, you can label the axis.

SUBROUTINE XAXIS(CX,Y,U,N,NLAB)

This subroutine behaves exactly like the YAXIS subroutine and

like that one can be followed by a WRITE statement to place a

label on the axis.




FINISHING THE GRAPH: FINPL

At the end of a graph, or after plotting several graphs

on the same axes, it is convenient to use the statement
CALL FINPL

This subroutine plots a cross at the lower left hand cofner of
the graph pn top of a plus sign put there by PREP. This is a
check on machine errors during the plotting. If the two symbols
do not land exactly on top of each other, the graph should not
be trusted. FINPL then raises the pen and moves it to an
appropriate position for beginning a new graph.

NORMS, SAVES, GETS

These three subroutines are listed because they were used
within the plotting subroutines.

ON GETTING THE DESIRED GRAPH SIZE

These programs were used with an IBM 1627 x-y strip chart
plotter. The system used produced a half-size graph, and so we
introduced some factors of 2. into the PREP program. For the
standard system one replaces the statement

CALL SCALF (2.%*XS,2.%YS,-X0/XS,-YO/YS)
with the statement

CALL SCALF (XS, YS, -XO/XS, -YO/YS)

in the PREP program listed on page 86. The student user is never

aware of these considerations.
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// FCR

#0ONE wCRD INTEGORS

#LIST SOURCE PROGRAWV

SUBROUTINE PREP (XSsYS»X0sYO0)

SETS SCALEs ORIGINy AND LCCATES PEMN TO WRITL A TIILE

IT PLOTS A REGISTLR POINT AT THE Ia&ITIAL POSITION CF THE PLin Anb

IT ADJUSTS THE SCALE TO THE HALF SIZE STEPS OF TmIS rPLOTTEK

XSs YS ARE X AND Y SCALES IiN INCHES PER USER'S UNIT AnD «UST Ut
VARIABLES SINCE PREP CHANGES THE™

PREP ASSUYES THAT THE PEN IS AT THE LOWER LEFT HAND CORKER OF
THE GRAPH ‘

XGC IS THE DISTANCE IN INCHES FROM THE LEFT HANU SIDE OF THE
GRAPH TO THE ORIGIN

YO IS THE DISTANCE IN INCHES FROM THE BOTTOM OF THE GRAPH TO THE
ORIGIN

2N aNaNaRaNaRaNaXaNaNaKal

IF (NSW=15324) 691096

6 WRITE (1y91)

1 FORNMAT('PLACE PEN AT RIGHT EDGE OF PLOTTER AND PUSH START!)
PAUSE
CALL SAVES (X39YSeX0»r»YO)

10 CALL SCALF {(le9les0e904)

CALL FPLOT (=29=6¢159405)

00 5 I=1,20
CALL FPLOT(O9=el59415)
CALL FPLOT (09s=eC59415)
CALL FPLOT (09s=e0359405)

5 CALL FPLOT (QO9s=el59405)

CALL FPLOT (1906904)
CALL FPLOT (=290e942)
CaALL POINT (0)
CALL SCALF (2e%#XS92e#*YS9e=X0Q/XS9=YQ/YS)
CALL FCHAR ( (1e=X0)/XSs{10e=YO)/YS942964904)
NS o= 16324
RETURN
END
// CUP
*STORE WS_ UA PREP

Written by Prof. Bruce Hawkins, Department of Physics,

Smith College. Used by permission.
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// FOR
#ONE v
*LIST

[a¥aXaRARKANA KA

U

// DUP
#STORE

Q0D INTEGERS

SOURCE PROGRANX

SUBROUTIMNE YAXIS (XsYsUsinsNLAB)

PUTS A STANCARD YAXIS OiN PLOT STAXTING AT XsYs wlTh o SEGMENTS
OF LENGTH U SEPARATED BY TICK MARKS AND LABELS NLAB +1 JUF TrdE
TICKS WITH THE SCALE VALUE AT THAT POINTs X AND Y ARE I USERS
UNITS AS DEFINED BY X5 AAD YS #HICH ARE INCHES/ USER'S UnIT
MUST BE PRECEEDED 8Y A CALL TO PREP OR SCALF

LEAVES PEN POSITIONEZ FOR LEGEAND

CALL GETS (XSsYSsXCsYC()
CALL FGRID {lsxsYsUs\)
CALL FCHAR (X9 Ys «29¢32514570795)
1E = NLAG + 1
TENLG = o4342945%ALOG(Y+UXFLCAT(N))
DO 5 I=1y1-7
YP = Y+URFLOAT((I=1)%(iN/MNLAB))
CALL FPLOT (OsX=el/XSsYP=e5/YS)
IF {ABRS(YP*#YS)=e05) 4946
“RITE (74+10)
FORVAT (5Xs10!)
GO T0 5
CALL NORMS (TENLGyYP)
CONTINUE
CALL FPLOT (QsX=e3/XSsY+(URFLOAT(N))/be)
RETURN
END

WS UA  YAXIS

Written by Prof. Bruce Hawkins, Department of Physics,

Smith College. Used by permission.
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// FOR

#ONE wORD INTEGEKS

# 15T SOURCE PROGRA.

SUBROUTINE XAXIS {XoYsUsNsNLAY)

PUTS A STANDARD XAXIS ON PLOT STARTING AT NoYs alTh N SEOMLATS
OF LENGTH U SEPARATED BY TICK MARKS AND LADBLLS NLAY +]1 OF nt
TICKS WITH THE SCALE VALUE AT THAT POINTs X AND Y ARE [N ULLRS
UNITS AS DEFINED BY XS AND YS WHICH ARE INCHES/ USER'S UNIT
MUST BE PRECEEDED BY A CALL TO PREP 0OR SCALF

LEAVES PEN POSITIGNED FOR LEGEAND

a¥aNaXaXeXaXal

CALL GETS(XSsYSeXTsYDI
CALL FGRID(OsXoYsUsiv)
Call FCHAR (X9 Y9 0293906

IE = MLAB+1

TENLG = ¢4342945%ALOGIX+UXFLCATI(N) )
DO 5 I= 1,lE
XP = X+U*FLOAT((I~=1)%({N/NLAE))

CALL FPLOT (QoXP=e5/XS9Y=e25/YS)
IF (ABS(XP%XS)=e05) 49446
4 YIRITE (7910)
10 FORMAT (SXs10')
G0 TO 5
CALL NORMS (TENLGXP)

CONTINUE
CALL FPLOT (O X4+(U*FLOATIN))/besY=e5/YS)
FRETURN
EMND
// CUP
#STORE WS, UA  XAXIS

wn O

Written by Prof. Bruce Hawkins, Department of Physics,

Smith College. Used by permission.
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// FCR

¥ONE wCRD INTEGERS

#LIST SOURCE PROGRAM
SUBROUTINE FInPL

C FINPL PLOTS A REGISTER POINT IN TOP OF THE UNE MADE BY PREFP ANU
C MOVES THE PEN TO BLANK PAPER (ASSUMING AN Be5 oY 11 GRAPR)
C
CALL GETS (XSeYSeXOsYO)
Xa=XC/XS
==YQ/YS

CALL FPLOT (lsXsY)
CALL FPLOT (=29XsY)
CALL POINT (1)
CALL FPLOT (199¢/XS+X9Y=e2/YS)
RETURN
END
#*#STORE . .WS UA FInPL

Written by Prof. Bruce Hawkins, Department of Physics,

Smith College. Used by permission.
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// FOR
#ONE WORD INTEGERS
SUBROUTINE NORMS (TENLGP)
C WRITES SCALES ON AXES ADJUSTING THE FORMAT TO THE SIZE OF Tht
SCALE

aX 2

NPOW = IFIX (TENLG+.01)
P = P+SIGN (¢00005%(10e%%¥NPOW) sP)
IF (TENLG=3e4) 595430

5 IF (TENLG+2e ) 3046196

6 NPOW = NPOW + 3

NP=P
GO TO (11912913914915916) ¢NPOW
11 WRITE (7+21) P
21 FORMAT (F7e4)
GO TO 50
12 WRITE (7+21) P
GO TO 50
13 VRITE (7923) P
23 FORMAT (F6e3)
GO TO 50

14 WRITE (7+24) P
24 FORMAT(F6e2)

GO 70 50
15 WRITE (7+25) P
25 FORMAT (F6el)
GO TO 50

1¢ WRITE (7+26) NP
26 FORMAT (15)
GO TO 50
30 WRITE (7+35) P
35 FORMAT (E10e3)
50 RETURN
END
// DUP
_¥STORE WS UA  NORMS

Written by Prof. Bruce Hawkins, Department of Physics,

Smith College. Used by permission.
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/7 ASY
*LIST

XS
YS
X0
YO
SAVES

SVLP

Svxl

SVOUT
GETS

GTLP
GTPR

GTx1

GTOUT

einT
ENT
DEC
LEC
DEC
DEC
0C

STX
STX
LDX
MDX
STX
STX
LOX
LDX
LOD
STD
vOX
MDX
MDX
LOX
LDX
B8S5C
DC

STX
STX
LDX
MO X
STX
STX
LDX
LDX
LOD
STD
MDX
MD X
VDX
LDX
LDX
BSC
EnD

>—

>
= NN =N === N

— rre
N -

-
=0 = NN = = N

rer
N -

SAVES AND GETS ROUTINE TO STCRE

S5AVES
GETS
1.

1.

O

O

o
SVX1+1
SVX1+3
SAVES
4
SVLP+1
SVOUT+1
-4

0

-

XS

2

1

SvLp

L L. X

L L.X 4

L L. X 4
-
GTX1+1
GTX1+3
GETS

4
GTPR+1
GTCUT+1
-4

0

XS

L LT 4

2

1

GTLP

L 2T 4
-

L L.X 4

SCALE AnD CEXU FOR PLOT awuTInks

DEFAULT VALUES
DEFAULT VALUES

GET PARAM ADDR
FOR InDEXED PICK=UP

IS ALSO EXIT ADORESS
FCR PICK UP LOQOP

FILLED BY END OF PARAM AVUK

EXIT ADDRESS SUPPLIED

LIKE SAVE PROCEEDURE

DESTINATIO:w ADDR FILLED In

EXIT ADDRESS SUPPLICED

Written by Prof. Bruce Hawkins, Department cf Physics,

' 29

)

Smith vollege. Used by permission.
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APPENDIX II

NATIONAL BUREAU OF STANDARDS BUFFERS
FOR CALIBRATING A pH METER

Before using a pH meter for measurement of pH, the meter
must be calibrated using a solution of accurately-known pH.
The information in this appendix, giving instructions for pre-
paring such standard solutions and the pH values of those solu-
tions, is taken from the following publications of the United
States National Bureau of Standards:

fPotassium Tetroxalate (pH = 1.679 at 25°C), N.B.S. Certif-
icate for Standard Sample 189, January 10, 1964.

fPotassium Hydrogen Tartrate (pH = 3.557 [saturated solution],
pPH = 3,639 £0.01 molal solutionl at 25°C), N.B.S. Cestificate for
Standard Sample 188, January 10, 1964.

fPotassium Hydrogen Tartrate (pH = 4.008 at 25°C), N.B.S.
Certificate for Standard Reference Material 185d, July 21, 1966.
' fPotassium Dihydrogen Phosphate and Disodium Hydrogen Phos-
phate, equi-molal mixture (pH = 6.862 at 25°C), N.B.S. Certifi-
cate for Standard Reference Materials 186-I-c and 186-I1-b, May
1, 1969.

fBorax (pH = 9.180 at 25°C), N.B.S. Certificate for Standard
Sample 187a, January 10, 1964,

For highest accuracy, N.B.S. Standard Reference Materials should
be used and the directions followed exactly. Comparable reagents
and comparable procedures will give satisfactory results for pH

equipment which can be read to #0.01 pH units, since the greater

precision of the N.B.S. values is not needed.

POTASSIUM A 0.05-molal solution of potassium tetroxalate di-
TETROXALATE

hydrate is recommended by use as a pH standard. To
prepare the solution, weigh 1.261 grams of the salt intc a 100-mg
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volumetric flask. Dissolve the salt and fill to the mark with
distilled water. The salt should not be dried before weighing.
Values of the pH of this solution at various temperatures are

given in the following table:

°C pH °C pH °C pH
0 1.666 30 1,683 55 1.715
5 1.668 35 1.688 60 1.723
10 1.670 38 1.691 70 1.743
15 1.672 40 1.694 80 1.766
20 1.675 45 1.700 90 1.792
25 1.679 50 1.707 95 1.806

The uncertainty of these values is estimated not to exceed
+0.005 pH units for temperatures from 0 to 60°C and +0.01 units
from 60 to 95°C. The 1liquid-junction potential of the common

H cell displays a considerably greater cariability in solutions
of less than 2.5 than in solutions of pH between 2.5 and 11.5.
For this reason, experimental pH values may differ by as much

as 0.02 to 0.05 pH units from the values given above.

POTASSIUM A solution saturated with potassium tartrate near 25°C
HYDROGEN . . .
TARTRATE is recommended as a standard for the calibration of
pH equipment at temperatures between 25 and 95°C. A 0.01-molal
solution is also recommended as a pH standard for the temperature
range from 0 to 60°C.

The saturated solution is prepared by adding an excess of
the salt to distilled water contained in a glass-stoppered bottle

or flask. Then shake vigorously. With a 100 percent excess of

the salt, a few minutes of shaking is sufficient for saturation.
212
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One hundred mf of water will dissolve about 0.7 g of the salp

at 25°C. Allow the solid to settle and decant the clear solution,
or filter if necessary. Store the solution in a glass-stoppered
Pyrex or Kimax bottle. For an accuracy of +0.001 pH units, the
temperature of saturation must lie between 24 and 26°C.

To prepare the £.01-molal solution, weigh 0.1878 grams of the
salt to a 100-m% volumetric flask. Fill to the mark with dis-
tilled water having a conductivity not exceeding 2 x 10~ °% ohm™!cm™!
at 25°C. The salt need not be dried before use. Shake well.

These tartrate solutions are very susceptible to mold growth
which is usually accompanied by an increase of a few hundredths
in the pH value. For the most accurate results, tartrate stand-
ards should be prepared fresh each day. If they must be kept
longer, they should be stored in a refrigerator.

Values of the pH of the saturated solution are given in the
following table. It is assumed that the temperature of saturation
is in each case 25°C, and that the temperature of measurement of

pH is the temperature listed in the table.

°C pH °C pH °C pH
25  3.557 45  3.547 70 3.580
30 3.552 50 3.549 80 3.609
35  3.549 55 3.554 90  3.650
38  3.548 60 3.560 95 3.674
40  3.547

The uncertainty of these pH values is estimated not to exceed
+0.005 pH units from 25 to 60°C, and #0.01 units from 70 to 95°C.

Values of the pH of the 0.01-molal solution at various
213
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temperatures are given in the following table:

°C pH . °C pH °C pH
20 3.647 40 3.632
0 3.711 25 3.639 45 3.635
5 3.689 30 3.635 50 3.639
10 3.671 35 3.632 55 3.644
15 3.657 38 3.631 60 3.651

The uncertainty in these pH values is estimated not to exceed

+0.005 pH units.

POTASSIUM A 0.05-molal solution of potassium hydrogen phthalate
HYDROGEN .

PHTHALATE is recommended for the standardization of pH
equipment. The salt should meet the specifications of the
American Chemical Society for reagent grade chemical, and should
be dried for 2 hours at 110°C before use. To prepare the solu-
tion, weigh 1.012 grams of the dried salt into a 100-mf volu-
metric flask. Add sufficient distilled water to dissolve the
salt, and then fill to the mark with distilled water. Mix the
solution thoroughly by shaking. The distilled water shouid have
a conductivity not exceeding 2 x 10~° ohm !cm™!. The solution
should be protected against evaporation and contamination by

molds. It should be discarded if mold growth occurs. Values of

the pH of this standard solution at various temperatures are:

°C pH °C pH * °C pH

0 4,012 30 4,014 60 4,089
5 4,005 35 4,023 70 4.12
10 4,002 40 4,033 80 4.16
15 4,001 45 4,045 90 4.20
20 4,003 50 4,058 95 4,22
25  4.008 55  4.073
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The uncertainty of these pH values is estimated not to exceed
¥0.005 pH units for temperatures from 0 to 60°C, and #0.01 unit
from 70 to 95°C.

PHOSPHATE A 0.05-molal phosphate solution (0.025 molal with
MIXTURE

respect to both KH,PO, and Na:HPO,) is recommended for
the calibration of pH equipment. Both salts should meet the spec-
ifications of the American Chemical Society for reagent grade
chemicals, and should be dried for 2 hours at 110 to 130°C before
use. To prepare the solution, weigh 0.3388 grams of the dried
potassium dihydrogen phosphate and 0.3533 grams of the dried
disodium hydrogen phosphate info a 100-mf volumetric flask. Dis-
solve the salt and then fill to the mark with carbon-dioxide-free
distilled water. The water can be freed from carbon dioxide by
boiling distilled water for 10 minutes and guarding it with a
soda-lime tube while cooling. The distilled water should have a
conductivity no greater than 2 x 10°° ohm™'cm™!. Although elab-
orate precautions to prevent contamination of the buffer solution
with atmospheric carbon dioxide are usually unnecessary, the con-
tainer should be kept tightly stoppered at all times when a sample
is not actually being removed. The solution should be replaced
after a few weeks, or sooner if molds or sediment appear, or if

it has been exposed repeatedly to air containing carbon dioxide.

°C pH -°C pH °C pH
6.981 30 6.850 55  6.832

5 6.948 35  6.841 60 6.836
10  6.920 38 6.837 70  6.845
15 6.897 40  6.835 80 6.859
20 6.878 45 6,831 90 6.877
25 6.862 50 6.830 95  6.886




The uncertainties in the pH values listed in the preceding table
are estimated not to exceed *0.005 pH units from 0 to 60°C and
+0.01 units from 70 to 95°C. Minor variations of the order of
a few thousandths of a pH unit may be expected to occur between

different lots of phosphate salts.

BORAY A 0.01-molal solution prepared from Na;B,07-10H,0 is
recommended for the calibration of pH equipment. The salt should
meet the specifications of the American Chemical Society for
reagent-grade chemical. The water content of this salt, stored
under ordinary conditions, is less than indicated by the formula.
This does not affect the use of the salt as a pH standard. How-
ever, the salt must not be dried in an oven before use. To pre-
pare the solution, crush gently any large lumps of the salt, and
weigh 0.380 grams into a 100-mf volumetric flask. Dissolve and
then dilute to the mark with carbon-dioxide-free distilled water.
fhe water can be freed from carbon dioxide by boiling distilled
water for 10 minutes and guarding it with a soda-lime tube while
cooling. The distilled water should have a conductivity no
greater than 2 x 10°° ohm™'cm™!. To avoid contamination of the
buffer solution with atmospheric carbon dioxide, keep the stopper
in place except when removing a portion of the solution. If

desired, the solution may be protected with a soda-lime tube.

°C pH °C pH °C pH
0 9.464 30 9.139 55 8.985
5 9.395 35 9.102 60 8.962
10 9.332 38 9.081 70 8.921
15 9.276 40 9.068 80 8.885
20 9.225 45 9.038 90 8.850
25 9.180 50 9.011 95 8.833
216
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The uncertainties in the pH values listed in the preceding table
for standard borax buffer solutions have uncertainties estimated
not to exceed *0.005 pH units from 0 to 60°C, and %0.01 units

from 70 to 95°C.

N
N
N
N
N
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