*
*",’ SMITH COLLEGE Smith ScholarWorks

Mathematics and Statistics: Faculty

Publications Mathematics and Statistics

2-2019

Springer Fibers and Schubert Points

Martha Precup
Washington University in St. Louis

Julianna Tymoczko
Smith College, jtymoczko@smith.edu

Follow this and additional works at: https://scholarworks.smith.edu/mth_facpubs

b‘ Part of the Mathematics Commons

Recommended Citation

Precup, Martha and Tymoczko, Julianna, "Springer Fibers and Schubert Points" (2019). Mathematics and
Statistics: Faculty Publications, Smith College, Northampton, MA.
https://scholarworks.smith.edu/mth_facpubs/52

This Article has been accepted for inclusion in Mathematics and Statistics: Faculty Publications by an authorized
administrator of Smith ScholarWorks. For more information, please contact scholarworks@smith.edu


http://www.smith.edu/
http://www.smith.edu/
https://scholarworks.smith.edu/
https://scholarworks.smith.edu/mth_facpubs
https://scholarworks.smith.edu/mth_facpubs
https://scholarworks.smith.edu/mth
https://scholarworks.smith.edu/mth_facpubs?utm_source=scholarworks.smith.edu%2Fmth_facpubs%2F52&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/174?utm_source=scholarworks.smith.edu%2Fmth_facpubs%2F52&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholarworks.smith.edu/mth_facpubs/52?utm_source=scholarworks.smith.edu%2Fmth_facpubs%2F52&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:scholarworks@smith.edu

arXiv:1701.03502v2 [math.CO] 10 Oct 2018

SPRINGER FIBERS AND SCHUBERT POINTS

MARTHA PRECUP AND JULIANNA TYMOCZKO

ABSTRACT. Springer fibers are subvarieties of the flag variety parametrized by partitions; they
are central objects of study in geometric representation theory. Schubert varieties are subvarieties
of the flag variety that induce a well-known basis for the cohomology of the flag variety. This
paper relates these two varieties combinatorially. We prove that the Betti numbers of the Springer
fiber associated to a partition with at most three rows or two columns are equal to the Betti
numbers of a specific union of Schubert varieties.

1. INTRODUCTION

This paper proves an explicit combinatorial topological relationship between two families of
varieties: certain Springer fibers and certain Schubert varieties. Both are subvarieties of the flag
variety B, whose elements in Lie type A can be described as the collection of nested subspaces
Vo = ({0} C V4 C--- CV, =V) where each V; is an i-dimensional subspace of a fixed complex
n-dimensional vector space V. The flag variety can also be written as the quotient B = GL,,(C)/B
where B is the subgroup of upper-triangular matrices.

Springer fibers are the fibers of a particular desingularization of the nilpotent cone inside the
space of n x n matrices. Explicitly, if X is a nilpotent n x n matrix then the flag V, is in the
Springer fiber BX if and only if X(V;) C V; for all i = 1,...,n. In other words BX consists of all
flags that are stable under the operator X. The cohomology of each Springer fiber carries a natural
action of the symmetric group that is one of the seminal constructions of geometric representation
theory. Let A be the partition of n determined by the Jordan blocks of X. Springer showed that
the top-dimensional cohomology of BX is the irreducible representation of S,, corresponding to A
[Spl and in fact every irreducible representation of .S,, can be obtained this way.

Schubert varieties are subvarieties of the flag variety parametrized by permutations that induce
an important basis for the cohomology of the flag variety. Their geometry is intrinsically connected
to the combinatorics of the symmetric group BL]. To start, permutations index the double-
coset decomposition B = | | BwB/B. Each double coset is an affine cell C,, = BwB/B in the
flag variety that contains the permutation flag wB and is called a Schubert cell. The closure
relations between Schubert cells are determined by the Bruhat order on S;, and the dimension of
the Schubert variety C, is given by the number of inversions of w. Moreover the cohomology classes
of Schubert varieties are given by the Schubert polynomials [BGG], which are important objects in
algebraic combinatorics and representation theory. The study of Schubert varieties and polynomials
fundamentally relates results in geometry, combinatorics, Lie theory, and representation theory;
see [BP, [CK] [K] for just a few examples.

The geometry of Springer fibers is much more complicated than Schubert varieties and little is
known in general. Springer fibers are pure dimensional [S] and there are combinatorial formulas
for their Betti numbers [T]. Because of the challenges of studying B the rest of the literature
focuses on special cases, especially when the partition A has two rows, two columns, or is a hook
[DH, [Ful, [Fr2, [FM2]. Other work has analyzed the irreducible components of BX that are known

to be smooth [GZ]. However even in these special cases, Springer fibers are not fully understood.
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For example, there is no general characterization for the closures of the cells paving BX even when
A has two columns.

In this paper we show that if the partition A has at most three rows or two columns then the
Betti numbers of BX coincide with the Betti numbers of a particular union of Schubert varieties.
We make this correspondence explicit using row-strict tableaux. The second author showed that
the Betti numbers of Springer fibers are enumerated by row-strict Young tableaux of shape A and
gave a combinatorial rule to compute the Betti number corresponding to a given tableau T" in [T].
The number computed from 7' by this combinatorial rule is called the dimension of T'. Using work
of Garsia-Procesi and Mbirika [GPl [M], we identify a unique permutation wy € S, associated to
each row-strict tableau T' with the property that the length ¢(wr) is the dimension of T These
permutations are called Schubert points.

Our main result is that the Betti numbers of the Springer fibers are the same as the Betti
numbers of the union of Schubert varieties corresponding to Schubert points.

Theorem 1. Let X € gl,,(C) be a nilpotent matriz with Jordan form corresponding to a partition
A with at most three rows or two columns. There is an equality of Poincaré polynomials

P(B*,t) = P (UypesxCur,t)
where T' denotes the row-strict tableau associated to wB € BX and wp € S, is the corresponding
Schubert point. The union simplifies as

U 6wT = U 611}7"

wBeBX TeSt(N)
where St(A\) denotes the set of standard tableauz of shape \.

This theorem proves a conjecture that arises out of work by Harada and the second author
[HT]. That paper proved that the Betti numbers of the Peterson variety are the same as the Betti
numbers of the Schubert variety corresponding to a specific permutation, which suggests a similar
result for a larger family of varieties called nilpotent Hessenberg varieties. This was confirmed
for regular nilpotent Hessenberg varieties in Lie type A by Mbirika (who described their Betti
numbers [M]) and Reiner (who noted that these Betti numbers agree with the Betti numbers of a
kind of Schubert variety called a Ding variety [D, [DMR]). Springer fibers are another special case
of nilpotent Hessenberg varieties, so our theorem naturally extends these results.

The second part of Theorem [I] also recovers one of the key conclusions of Springer theory:
that the top-dimensional components of BX are indexed by standard tableaux, implied both by
Springer’s original work and geometrically by later work of Spaltenstein [S] and others.

In fact our main result is stronger: it is a bijection on all Betti numbers, not just the top-
dimensional ones. While this paper does not stress the geometric context, this is a dimension-
preserving bijection between the Schubert cells in the union UTe SN 6“,T and a set of affine cells
C, N BX that partition the Springer variety.

This bijection is particularly simple for the standard tableaux, or top-dimensional case. To each
standard tableau T of shape \ we associate the following Schubert point wr. If i occurs in the k"
row of T set

Si—k4+1°°"Si—2Si—1 ifk>1
wi“:{e if k=1
where s; denotes the simple transposition (¢,7 4+ 1). Then wp = wy,— 1wy 9 - - - wew; is the product
of these strings. (Definition describes Schubert points for general row-strict tableaux.)

Example 2. Consider the partition A = (2,2,1) of 5. Below we list all standard tableaux of this
shape and the corresponding Schubert points.
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112 12 13 1|3 114
T e St(2,2,1) | |3]4 35 204 2[5 2[5

5] 4] 5] 4] 3]
wr € 55 ‘ 53848359 ‘ 5485285382 ‘ 535453851 ‘ 5485283851 ‘ 545152851

By Theorem if X has Jordan blocks of dimensions (2,2, 1) then the Betti numbers of the Springer
fiber BX are equal to those of the union Css,s550 U Csyspszsa U Csgsisssy U Csisasgsy U Csysysasy -

Our results also strengthen related work of Garsia-Procesi [GP]. Garsia and Procesi defined a
monomial basis for the cohomology ring of each Springer fiber BX that Mbirika later bijectively
associated to the row-strict tableaux of shape A. In Mbirika’s bijection, the degree of each monomial
corresponds to the dimension of the corresponding tableau [M]. (Mbirika’s work also provides a
readable summary of Garsia-Procesi’s algorithm that uses the notation of this paper.) Schubert
points are related to Garsia-Procesi’s monomials by the rule

n

Hl’fi71 < wr ﬁ(wi,l) = Eifl.

i=2
For instance, the monomials in the previous example are x2z473,T57303, T224T2, T5T5T2, and
r572wy. Garsia and Procesi proved that these monomials are closed under the partial order of
division: if 2# is a monomial corresponding to a row-strict tableau and x*|z® then z® corresponds
to a row-strict tableau, too. Similarly, we prove that if wr is the Schubert point corresponding to
a row-strict tableau and w’ < wy in Bruhat order then w’ is also the Schubert point corresponding
to a row-strict tableau. What makes our result more powerful is that Bruhat order is stronger
than the monomial order. For instance x3 /{15@21:02 but sy < s48983s7 in Bruhat order. Indeed,
the monomial order is equivalent to erasing some initial simple transpositions from the string w;
while Bruhat order permits erasing simple transpositions in arbitrary locations.

The methods and results in this paper are combinatorial. In a second paper we extend these
results to parabolic nilpotent Hessenberg varieties [PT]. Despite results in these cases and in the
regular nilpotent Hessenberg case, we see no straightforward way of extending these methods to
general nilpotent Hessenberg varieties or other Springer fibers. The fact that results of this nature
hold in so many cases may indicate some deeper geometric phenomenon, such as the degeneration
given by Knutson and Miller in [KM] from a Schubert variety to a collection of line bundles.
However, the geometry of Springer fibers is much less well understood than that of the Schubert
varieties, so new methods will be necessary to find such a degeneration.

The next section covers background information on the geometry of Springer fibers and the
dimensions of row-strict tableaux. Section [3| describes Schubert points and preliminary properties
relating them to the permutation flags in Springer fibers. We prove the main result, Theorem [£.4]
in Section [4 using a lemma that is proven for three-row tableaux in Section [f] and for two-column
tableaux in Section [6] Section [7] poses two open questions related to the constructions herein.

Acknowledgements. The first author was partially supported by an AWM-NSF mentoring
grant. The second author was partially supported by National Science Foundation grants DMS-
1248171 and DMS-1362855. The authors are grateful to an anonymous reviewer for insightful
questions, including the two open questions appearing in Section [7}

2. GEOMETRIC BACKGROUND ON SCHUBERT VARIETIES AND SPRINGER FIBERS

This section establishes notation and key definitions about Springer fibers.
Let B be the Borel subgroup of GL,,(C) consisting of upper-triangular matrices. The projective
variety B = GL,,(C)/B is the flag variety. As noted in the introduction, the flag variety can be
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identified with the set of full flags V3 C Vo C --- C V,,_1 C V in a complex n-dimensional vector
space V. The Weyl group W is the subgroup of permutation matrices in GL,,(C). We can identify
W with the symmetric group on n letters \S;, via the action on column vectors. The Weyl group
is generated by the simple transpositions s; = (4,7 + 1). The Bruhat order on W is defined by the
rule that v < w if v can be written as a subword of w when each is expressed in terms of the simple
transpositions. If w factors minimally into simple transpositions as w = s;, i, * * * si,(,,, then £(w)
is the length of w. The length of w is also equal to the number of inversions of w.

The Bruhat decomposition partitions the flag variety B = | |, s, Cw into a union of Schubert
cells, each of which is induced by a double coset. The Schubert cell indexed by w € S, is the
collection of flags C,, = BwB/B. This is in fact a CW-decomposition and it can be proven that
Chp = ||,y Co Where < denotes the Bruhat order and C, = C*®") for all v € S,,. (See [BI] for a
more thorough introduction.)

This description of the Schubert cells allows one to calculate the Poincaré polynomial of Schubert
varieties using the combinatorics of permutations, as shown in the following example.

Example 2.1. Let G = GL5(C) and consider the union of Schubert varieties from Ezample @
Ksgsusgsn U Xsysossss UXsgsisass UXsysassss U Xsysisas,- 1he set of all permutations less than or
equal to each of $3548382, $4828382, S35483S81, S48283S81, and S4818281 respectively in Bruhat order
18

53545352, 535453, 535452, 545352, S354, 5453, S452, S352, 54, 53, 52, €,

54825352, 545253, 525352, 545352, 5452, 5453, $352, 5253, 54, 53, 52, €,

53545351, 535453, 535451, 545351, 5354, 5453, 5351, 5451, 54, 83, 51, €,

54828351, 545283, 545251, 545351, 525351, 5452, 5453, 5283, 5451, 5351, $251, 54, 83, 52, 51, €, and
® 545158251,545152, 5452851, 815251, 452, $451, S251, 5152, S4, 52, 51, €.
Therefore

P(Y8384S332 U Y84828382 U Y33348381 U Y84323351 U Y848182817t) = 5t4 + 11t3 + 9t2 + 4t + 1
We now define the subvariety of B that is the main focus of this manuscript.

Definition 2.2 (Springer fiber). Let X be an n x n nilpotent matriz. The Springer fiber BX
consists of all flags gB € B such that g~ Xg is upper-triangular, or equivalently the flags Vo € B
with XV; CV; for alli € {1,2,...,n}.

Instead of a CW-decomposition, Springer fibers have a partition called an affine paving. The
closure conditions are weaker in an affine paving than a CW-decomposition but the cells and their
dimensions still compute Betti numbers. (Surveys like Fulton’s text have more details [F2].) If X
is chosen appropriately in its conjugacy class, an affine paving of the Springer fiber B¥ is obtained
by intersecting with the Schubert cells. If wB is a permutation flag in BX then we call w a Springer
permutation.

The Springer fibers corresponding to X and to any conjugate of X are homeomorphic (this has
a one-line proof; see, for example, [T}, Proposition 2.7]) so the Betti numbers of BX are an invariant
of the conjugacy class of X. When X is nilpotent its conjugacy class is given by the sizes of its
Jordan blocks, which we encode as a partition A of n. For this reason we refer to the Betti numbers
of B* in much of this paper.

We now give a combinatorial description of the Springer permutations and the Betti numbers
of B*. We start with some basic definitions.

Definition 2.3 (Partitions and base fillings). Let A = (A1, A2, ..., Ax) be a partition of n drawn
as a Young diagram, namely with k rows of boxes so that the it" row from the top has \; bozes.
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The base filling of X is obtained as follows. Fill the bozes of A\ with integers 1 to n starting at
the bottom of the leftmost column and moving up the column by increments of one. Then mowve to
the lowest box of the next column and so on.

Example 2.4. Let n =5 and A = (3,2). The base filling of A is:

2[4[5]
13

In fact the row-strict tableaux of shape A\ parameterize Springer permutations, and a quantity
like the inversions of a permutation describe the dimensions of the corresponding affine cell [T},
Theorem 7.1].

Lemma 2.5 (Tymoczko). Fiz a partition A of n and consider its base filling. Suppose that X is
the matriz such that X; =1 if j fills a box directly to the right of k and Xy; = 0 otherwise. The
Springer fiber BX is paved by affines C, N BX. The intersection Cy, N BX is nonempty if and only
if wB € BX or equivalently if and only if the filling of X given by labeling the it" box in the base
filling of X by w=1(i) is row-strict. If T denotes that row-strict tableau of shape \, the dimension
of Cyp N BX is equal to the number of pairs (p,q) such that 1 <p < g <n and

(1) q occurs in a box below p and in the same column or in any column strictly to the left of
pinT, and
(2) if the box directly to the right of p in T is filled by rp, then g < ).

The dimension formula for the intersection Cy, NBX generalizes the formula for £(w) = dim(C,,)
as the inversions of w. To see this, read the numbers in the Young diagram of shape A in the order
given by the base filling: the pairs (p, ¢) described by Condition (1) are precisely the inversions of
w. These pairs (p, q) are used enough to warrant their own terminology.

Definition 2.6. If (p,q) is a pair with 1 < p < q¢ < n that satisfies Conditions (1) and (2) of
Lemma for a row-strict tableau T then we call (p,q) a Springer dimension pair of T

If T is a row-strict tableau of shape A, let T[i] be obtained from T by deleting the boxes labeled
by i+1,...,n. Since T is row-strict there are no gaps in the rows of T'[i], meaning if a box is deleted
then all boxes in the same row and to the right must also be deleted. Therefore the diagram of
T[i] forms a composition of 7. This gives another way to count Springer dimension pairs.

Lemma 2.7. Let {,_1 denote the number of Springer dimension pairs of the form (p,q) where
2<qg<n. Then £y is the sum of

o the number of rows in T[q] above the row containing q and of the same length, plus
o the total number of rows in T[q] of strictly greater length than the row containing q.

Proof. The tableau T[¢] has no boxes filled with numbers greater than ¢ so Condition (2) above
is satisfied only when p fills a box at the end of a row in T'[g]. The rest of the claim follows from
imposing Condition (1). O

Remark 2.8. When T is a standard tableau, the formula above reduces even further. The entries
in both rows and columns are increasing so there are no rows below the row containing q in T[q]
of length greater than or equal to the row containing q. (In other words the diagram of T[q] is a
partition.) Therefore {,_q1 simply counts the number of rows above the row containing q.
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3. SCHUBERT POINTS AND COMBINATORIAL RESULTS ABOUT SPRINGER PERMUTATIONS

We begin by describing a canonical factorization of permutations and some of its properties.
Using this factorization, we define Schubert points, which are permutations corresponding to row-
strict fillings of Young diagrams in a different way than Springer permutations. We then give some
properties of Schubert points, including many that were observed by Garsia and Procesi and by
Mbirika in their earlier studies of essentially the same objects [GP] [M].

Each element of the symmetric group can be factored canonically into monotone-increasing
strings of simple reflections, as detailed below [BB], Corollary 2.4.6].

Lemma 3.1. Fach w € W can be written uniquely as w = w,_1Wyp_o - - wawy where
W; = S, Sk;+1 - Si—18; foreach i =1,...n—1
and either w; = e or k; is a fived integer with 1 < k; < 1i. Moreover
o l(w) =l wp—1) + Lwp_2) + -+ l(wa) + £(wy1) and
o if w; # e then l(w;) =i —k; + 1.
The monomial in Z]x1, T2, ..., %] associated to this factorization is xfl(w"’l)xfl(iufﬂ) - ~m§(w1).

We call w; the it" string of w. For example, the longest word in S, can be written as 51525351 5251.
In this case the strings are:

® W3 = 515283

W2 = 8152

w1 = 81
so k; =1 for each i = 1,2, 3.

Given a row-strict tableau T we construct the associated Schubert point wp by using Springer
dimension pairs to determine k; for each i. This produces a permutation wr whose length is the
dimension of the affine cell associated to T in the Springer fiber.

Definition 3.2 (Schubert points). Let wB € BX and let T denote the corresponding row-strict
tableau as in Lemma , For each 2 < q <n let £;,_1 be the number of Springer dimension pairs
of the form (p,q) of T. Define a string wy—1 by

_ | Sa—tyiSq—ty_i1 7 Sq—28q-1 if Lg—1 # 0
wq—l - .
e ifbg—1 =0
50 Wq—1 @5 a string of length £,y by construction. Then
Wr = Wp—-1Wp—2 - WaW1
is the Schubert point associated to wB € BX. We also refer to wr as one of the Schubert points

associated to the partition .

Our definition together with the properties of the canonical factorization and Lemma [2.5] imply
that

Uwr) =Lyt + o+ -+ £, = dim(C,, N BY).
Example[2] gave one set of Schubert points. The next example lists Schubert points corresponding
to row-strict fillings other than the standard tableaux.

Example 3.3. As in Example @ let X\ = (2,2,1). Below are a few of the row-strict diagrams
of this shape and the corresponding Schubert points. Note that each of the following examples is
smaller in Bruhat order than one of the permutations in Ezample[3
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2|3 113 314 115 204111215][13]|5]|[3]5
T row-strict | |14 415 1)2 2|4 113/(13/4](]1/4/]|2]4

5] 2] 5] EI I R A E SR AR
wr € S5 ‘ 535453 ‘ 548381 ‘ 535482 ‘ §185281 ‘ 5354 ‘ S9 ‘ S1 ‘ (&

The association between row-strict tableaux and Schubert points is unique, as Mbirika proved
M| Section 2] using results of Garsia-Procesi [GP].

Lemma 3.4 (Mbirika). Given either wB € BX or a row-strict tableau T the corresponding Schu-
bert point wr is unique.

Proof. For each 1 < ¢ < nlet £;,_1 be the number of dimension pairs (p, ¢) of T as in Deﬁnition
Mbirika showed the map 7' — [}, xfi’l from row-strict tableaux to monomials is an injection that
surjects onto a set of monomials defined by Garsia and Procesi [M| Theorem 2.2.9]. Each Schubert
point wr is uniquely determined by the numbers ¢,_; for 2 < g < n so the claim follows. O

The main theorem in Section [] proves that the set of Schubert points for various X is closed
under the Bruhat order. We end this section with three results that prove special cases of this
main theorem.

The first of these results proves that Schubert points corresponding to standard tableaux are
maximal with respect to Bruhat order in the set of all Schubert points for a partition A. (This is
independent of the partition \.)

Theorem 3.5. Let St(A\) denote the set of standard tableaux of shape X. Then the Schubert points
{wr : T € St(\)} are maximal with respect to Bruhat order in the set of all Schubert points for X.

Proof. Let T be a row-strict tableau with corresponding Schubert point wp. We will construct a
standard tableau T" € St(A) such that wr < wy. In fact let 7" be the tableau we obtain from T°
by reordering the entries in each column so that they increase from top to bottom.

We first show that the tableau 7" is row-strict. Suppose r; is the entry in row ¢ and column
k > 1of T'. Then r; is greater than i — 1 other entries of the k" column in 7'. Since T is row-strict
r; is greater than at least ¢ distinct entries in the k — 1% column of 7. Thus 7; is greater than the
box to its immediate left in 7”. So T is row-strict and by construction also standard.

We claim that wy < wys. Consider T[q] and T'[q] for 2 < ¢ < n. The number of rows of
each length is the same in T'[q] as in T"[g] because we obtained 7" from T by reordering entries
within columns. In particular the rows in T'[¢] and T”[g] containing ¢ have equal length. Thus both
T|q] and T"[g] have the same number of rows of strictly greater length than the row containing g.
Additionally any row in T'[q] above the row containing ¢ and of equal length will end in a box in
the same column of T as q and be labeled by a value p < g. Since T’ reorders the entries of each
column of T to increase from top to bottom, this row will also occur above the row containing ¢
in T"[g]— and there may be more rows of this type in 7"[¢]. Lemma implies that the number
of Springer dimension pairs (p,¢) in T is at most the number of Springer dimension pairs (p, ¢) in
T'. In other words £(wy—1) < £(w;,_;) for all 2 < ¢ < n. By construction wr < wr as desired. [

The second claim is a special case of our main theorem, and a slight modification of results of
Garsia-Procesi and Mbirika [GPL [M].

Lemma 3.6. Let T be a row-strict tableau of shape A\ and denote the corresponding Schubert point
by W = Wp—_1Wp—2 - - - wWawy . Suppose that w' is a permutation of the form w' = wl,_jwl, _ - - whw)
where w;, < w; in Bruhat order for alli=1,..,n— 1. Then w' is a Schubert point associated to X.



8 MARTHA PRECUP AND JULIANNA TYMOCZKO

Proof. We have only to show that there exists a row-strict diagram T’ of shape A\ such that
wr = w’. The monomials associated to w’ and wr according to Lemma, [3.1| are

(w!, _ o(w!, _ L(wh)  L(w)
xn( 1)£K ( 2) L CL’S(wZ)l'Q(wl)

n—1

and xﬁ(wnfl)xi(ﬁ){l*Q) . xg(wQ):Eg(wl)

The assumption that w], < w; implies £(w}) < ¢(w;) for all i = 1,..,m — 1 so the first monomial
divides the second. Garsia and Procesi proved that it follows that xﬁ(w”’l)xi(iul"*?) - xg(%)xg(“’l)
is an element in their monomial basis for the cohomology of BX where X is a nilpotent matrix
with Jordan blocks of size A [GP], Proposition 4.2]. Let T” denote the row-strict tableau of shape A

associated to this monomial by Mbirika [M], Theorem 2.2.9]. Lemma thus gives wr = w’. O

The final result of this section uses dominance order on partitions, which we define below.

Definition 3.7 (Dominance order). Suppose that A and p are two partitions of n. We say A > p
if for each row i we have

MoA Xt N > e

Garsia and Procesi showed that divisibility of their monomials respects the dominance order
[GP, Proposition 4.1], which we restate in our notation below.

Lemma 3.8. Suppose A, i are partitions of n with X\ > . If T is a row-strict tableau of shape A
associated to Schubert point wr then there exists a row-strict tableau T’ of shape i whose Schubert
point satisfies wpr = wr.

Proof. Let ® denote the monomial corresponding to wp. Garsia and Procesi proved that if A > u
then x® is also a monomial in the basis for the cohomology of BX where X is a nilpotent matrix
with Jordan blocks of size p [GPl Proposition 4.1]. Mbirika showed how to construct a row-strict
tableau T" of shape p with monomial z® M| Proof of Theorem 2.2.9]. Let wys be the unique
Schubert point associated to the tableau T of shape u by Lemmam Then wr = wr since both
have the same monotone-increasing factorization. O

4. OUTLINING THE MAIN THEOREM

In this section we outline and prove the essential lemmas of the main theorem. The key step
in the proof of the main theorem is to carefully follow what happens after one simple reflection
is erased from the monotone-increasing factorization of a Schubert point. In general erasing one
simple reflection produces an extra monotone-increasing string and a factorization that no longer
has the form w,_jw,_s---w; as in Lemma [3.1] This is the basic situation the following lemma
addresses; we keep track of what happens when a monotone-increasing string is conjugated past
another.

Lemma 4.1. Let i be a positive integer such that 1 < i < n and suppose 1 < p}, <p; <i—1. Then

(51)25172'*‘1 e Spi) (Si—éi—lsi—ei—l-ﬂ T Si_l) - (Si_ér’i—lsi—eéq‘*‘l o Si_l) (Sp;715p271+1 o Spf”l)
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where £, _1,pi_1,pi—1 are given by the following table:

Case Condition L= iy =|Di-1=
1 pi <i—4{i_1—1 liq v} Di
2 pi=i—Lli1—1 |liy+pi—p;+1)| N/A | N/A
3 Py <i—4Li_1 <p; i —1 j24 p; — 1
4 i— 41 <Pl b pi—1 ] pi—1

Proof. 1f p; <i—4{;_1 —1 then each simple reflection in s,/ s, 41 sp, commutes with each simple
reflection in s;_p, ,Si—¢;, ,+1---8i—1 which proves the first line of the table. If p; = ¢ —¢;_; — 1
then the strings glue together to form s, ---s;—1 proving the second line of the table. If s; is a
simple reflection with i — ¢;_1 < j < i — 1 then

Sj (3i76i715i76i71+1 ce Sifl) = (Siféi,lsifli,ﬁ»l T Sifl) Sj—1

using the braid relations. Repeating this proves the fourth line of the table. Combining this with
the fact that

Si—l; 1 (Sifzi_l Si—l; 141" 32'71) = (Siffi_ﬁ»l tee 81'71)
proves the third line of the table. O

We will prove the main theorem by deleting a simple reflection and then rewriting the resulting
permutation in monotone-increasing form, one step at a time. Indeed suppose T is a row-strict
tableau of shape A with Schubert point wy = wy,_1wp_o - - - wy;. When we delete a simple reflection
Sp,+1 from the initial monotone-increasing string in wy we obtain

~ !
(4.2) Sty 1" SpySpu+1Sp, 42T Sp—1Wn—2**  WaW1 = Wy, _1Kp—1 Wp—2 * * * Wal]

where w),_; = Sp, 42 - Sp—25n—1 and Kp_1 = Sn—r, _Sn—t,_1+1 - Sp,. On the one hand, if there
is a row-strict tableau T” of shape A corresponding to this permutation, it must have n in the box
at the end of row

Z(w;fl) +1= E(spn+2 cSpaspo1) tl=Mn—-1)=(pn+2)+2=n—p, — L.

Lemma then allows us to write %,_1wWp—2 = W, _o%kn—_2 for (possibly empty) monotone-
increasing strings w),_, and %,—2. The length of w],_, determines the box in 77 where n — 1 must
go, if possible. Continuing this process, the i*" step produces the permutation

!/

!/ !/
Wy, Wy o+ W K Wi—1* W

where

*i = SpiSpi+1"" " Sp;—15p;
for some p;, p; determined by this process. In the proofs in the next two sections we show that this
process terminates and that it results in a row-strict tableau T” of the same shape as T, namely
that T is large enough to accommodate each ¢ according to the specifications of w}_;.

We now prove our main result given the following lemma, which will be proven in the next two
sections.

Lemma 4.3. Fiz a Schubert point w associated to a partition X\ with at most three rows or two
columns. Suppose that w' is a permutation obtained from w by erasing one simple reflection s;.
Then w' is also a Schubert point associated to the partition .
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The main theorem shows that this lemma implies our claim.

Theorem 4.4. Suppose that w is a Schubert point associated to a partition A with at most three
rows or two columns and v < w. Then v is also a Schubert point associated to the partition .

Proof. Since v < w we can find a string of simple reflections s;,, s;,,...,s; so that
e for each 1 < ¢ < k the permutation v; is obtained from v;_1 by erasing one simple reflection
s, and
e the initial and terminal permutations are vy = w and vy = v respectively.
Lemma@says that if v;_1 is a Schubert point associated to the partition A then so is v;. Inducting
on ¢ we conclude that vy = v is a Schubert point associated to A as well. 0

Corollary 4.5. Let X € gl,,(C) be a nilpotent matriz whose Jordan type is given by the partition
X\ with at most three rows or two columns. Then the Poincaré polynomial of the Springer fiber BX
equals the Poincaré polynomial of the union of Schubert varieties for Schubert points corresponding
to standard tableauz of shape \:

P(B*,t) = P(Uypepx Cur,t) = P(Uresin)Cur t)-

Proof. Theorem [£.4)shows that the set of Schubert points corresponding to A is a lower order ideal
with respect to Bruhat order, so the set of these permutations corresponds to a union of Schubert
varieties in the flag variety G/B. The second equality follows from Theorem [3.5 g

Example 4.6. When A = (2,2,1) we have
P(BX,t) =5t + 1163 + 9t +- 4t + 1

by Corollary [£.5 together with Example [2.1. The reader can independently verify this fact using
the inductive formula for the Poincaré polynomial given in [S] or [Ex].

The following example shows that Lemma does not hold if X is a partition containing the
shape p = (3,1,1,1) as a subdiagram.

Example 4.7. Let T be following standard tableau of shape p.
1[3]5]

T has associated Schubert point wr = $35485528351. Let w' = 538455525351 = 8552538251 50 by
construction w' < wp. However there exists no row-strict filling of u corresponding to w'! While
Lemma [{.3 fails, it is still possible that the Springer fibers have the same Poincaré polynomials
as a union of other Schubert varieties. We have attempted computer calculations to confirm or
refute this in the case of A = (3,1,1,1) but so far have not found an algorithm that terminates
in reasonable time. This is the next step in testing whether Theorem |1 generalizes to arbitrary
Springer fibers. All components of B are smooth in this case, so one might also consider each of
the irreducible components of B* separately (see the discussion in Section @

Finally the following example demonstrates that these results do not always hold in arbitrary
Lie type, not even for partitions with at most two rows.

Example 4.8. Let spg(C) denote the symplectic Lie algebra of Lie type Cs. The corresponding root
system has three simple roots so its Weyl group is generated by three simple reflections. This means
there are precisely three Schubert cells of dimension 1 in B. However a well-known result states
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that if X € g is a subregular nilpotent element, then BX is a Dynkin curve [H, Theorem 6.11].
For Lie type Cs the Dynkin curve consists of 4 projective lines (because the associated Dynkin
diagram is a path with four edges). In particular the Poincaré polynomial of BX is 1+ 4t. There
is no Schubert variety or union of Schubert varieties in this flag variety with the same Poincaré
polynomial. Therefore our results in this paper do not extend exactly as stated to all Springer fibers
in arbitrary Lie type.

5. THE THREE ROW CASE

The following theorem proves Lemma for the three row case. Recall that if T" denotes a
row-strict filling of A then T'[i] denotes the diagram obtained from T" by deleting the boxes labeled
by i+ 1,...,n. We let A[i] denote the partition of ¢ obtained from the composition corresponding
to T'[i] by reordering the rows in decreasing order. In this section, we consider the case in which T
has at most three rows. A key feature of this case is that £;_; < 2 by Lemma [2.7] since T7i] has at
most three rows for all 2 < i < n, and therefore £(w;_1) < 2. We use this fact in the proof below.

Theorem 5.1. Let A be a partition of n with at most three rows and T be a row-strict tableau
of shape \. Suppose w' is obtained from wr by deleting a simple reflection. Then there exists a
row-strict tableau T’ of shape A such that w' = wy.

Proof. Our proof is by induction on n. We start with the base cases n < 2. The cases when A is a
single row are trivial, since the Springer fibers in those cases consist of the single flag eB and the
only Schubert point is e. The cases when X is a single column are also trivial, since every filling
of the diagram is row-strict and hence every permutation flag is in the Springer fiber. Indeed, the
Springer fiber in that case is the full flag variety. Therefore the Schubert points are also the set of
all permutations, namely {e, s;} in the case n = 2.

Fix a diagram A = (A1, A2, A\3) with n boxes and a row-strict tableau T' of shape A with corre-
sponding Schubert point wyp. Consider the following cases:

e Suppose we do not delete a simple reflection from w, ;. We have wr = wy,_1wrp_1].
Deleting a simple reflection from wyp results in a Schubert point for A if and only if deleting
a simple reflection from wpp,_1) results in a Schubert point for A[n — 1]. The latter holds
by induction.

e Suppose we delete the first simple reflection in the string w,,_; reading from the left. Then
the permutation obtained after deleting is w], _wy,—2 - --w; where w!,_; < w,_1 has either
length zero or one. In all cases w/,_qwy_o---w; is the Schubert point for a row-strict
tableau of shape A by Lemma [3.6]

The only case left is when w,_1 = $,_25,—1 and we delete s,_1;. We now prove that this
produces a Schubert point corresponding to a row-strict tableau of shape A.

e Suppose that w,_o = e so that w!,_, = s,_2. This means we put n— 1 into the second row
of M'[n—1] and into the first row of A[n —1]. The diagram for A[n — 2] thus has (unordered)
row-lengths {A; — 1, Ag, A3 — 1} while the diagram for A’ [n— 2] has (unordered) row-lengths

° {)\1 — 1,/\2 — 1,/\3} if A =Xy =A3o0rif \; > )\2, and

° {)\1 — 2,)\2,)\3} if Ay = Ao > As.

Figure (1| gives schematics of A\ in these situations; erasing the boxes with dots gives
Aln — 2] while erasing the boxes with stars gives X' [n —2]. In all cases the diagrams satisfy

N[n—2] < An-2]



12

MARTHA PRECUP AND JULIANNA TYMOCZKO

*® *® * | x®
*
*o ° °
A=Ay = A3 AL > A > A3 A=A > A3

FIGURE 1. Schematics for X [n — 2] and A[n — 2]. Stars mark boxes erased from
N [n — 2] and dots mark boxes erased from A[n — 2].

and by Lemma the product w,,_3 - --w; corresponds to a row-strict filling of the shape
N [n—2]. Inserting n—1 and n at the end of the rows described above produces a row-strict
filling T” of shape A such that w’ = wp.
Suppose that w,_s = s,,_2 so that w/,_, =e. Then w' = w,_zw,_4---w; and by Lemma
we know w’ is the Schubert point corresponding to some row-strict tableau of shape .
Suppose that w,—o = $,-35,—2 so that w!),_5 = wy_o. Thus the claim holds if the
permutation w’ = wy_28,_3Wy_3W,_4 -+ - wy corresponds to a row-strict filling of .
Suppose that A; # Asz. The row-strict filling T'[n — 1] of shape A[n — 1] = (A1, A2, A3 — 1)
corresponds to the Schubert point w,_ow,_3---w;. By the inductive hypothesis, there
exists a row-strict diagram 7" [n — 1] of shape A[n — 1] corresponding to the permutation

Wrnpn—1] = Sn—35n—2Wn—-3Wn—4 * " W] = Sp—3Wn-3Wn—4 W1

Moreover n — 1 occurs at the end of the first row of T"[n — 1] since wgw(,—1) does not
contain a monotone-increasing string ending in s,,_s. Let T” be the row-strict diagram of
shape A obtained from 7"[n — 1] by adding the box corresponding to n back to the third
row, filling it with n — 1, and replacing the label at the end of the first row with n. Then
Wpr = Wy—28n—3Wn—_3Wy_4 ++ w1y as desired.

Finally if Ay = Ay = A3 then let 7 be the largest number so that w; = s;_1s; and
Wi;—1 75 S;—28;—1.- Note that

w/ = Sp_2 (wn_an_g e wl) = (wn_an_S . wl) Si—1 (wi—lwi—Q e wl)
so in particular w; = wj; for each j with i < j <n —2. Also note that
N[i] = N[i] = (A1, A2, A3 — (n — 1))
since A\; = As. If w;_1 = s;,_1 then w,_, = e while if w;_; = e then w)_; = s;_1. In both
cases
Ni—=1]= Al —1] = (M, A2 = 1, A3 — (n — 1))
since \; = Ag. The permutation w;_s---w; corresponds to a row-strict filling of A[i — 1]
by hypothesis. Since w}_, -+ w] = w;—g2---wy and N [i — 1] = A[i — 1] we conclude that w’
corresponds to a row-strict filling of A.
O

6. THE TWO COLUMN CASE

In this final section we prove Lemma [£.3]in the case of partitions with two columns. Let T" be

a row-strict tableau corresponding to such a partition. Throughout this section we consider each
row of A[i] to be labeled with a simple reflection in decreasing order. Our labeling of the rows of
Al#] is inspired and informed by Mbirika’s arguments in [M} Section 2.2]. We label the second row
of A[i] by s;—1, the third row by s;_2, the fourth row by s;_3, and so on, with the top row labeled
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e. The string ¥, is associated to a subset of boxes, namely those at the end of the rows in A[i
corresponding to the simple reflections in % ;. We refer to the boxes in these rows as shaded boxes,
omitting specific references to %;. If a row contains a shaded box, we refer to it as a shaded row.

With this labeling, our algebraic results can be transformed into a claim about boxes in the
diagram A. We say that the rightmost box of A[{] in the row labeled by the simple reflection
with the lowest index in w;_; is the box corresponding to the string w;_;. Note that there is a
bijection between the rows of Ali] and T[i] given as follows. The row in A[¢] labeled by s;_j for
some 1 < k <i—1 corresponds to the row in T'[i] having the property that there are k rows above
it of greater or equal length, namely the row containing ¢. The row labeled by e in A[i] corresponds
to the top row of length 2 in T[¢]. This also defines a bijection between between the boxes of A[i]
and TT[i]. We will use this bijection, and the analogous bijection between the boxes of \'[i] and
T'[i], throughout this section.

The simple reflections labeling the rows shift every time A[¢] loses a box to become A[i — 1]. In
particular, the row labeled s; in A[4] is labeled s;_; in A[i —1]. The next table uses this observation
to interpret the conditions of Lemma graphically. We say a box touches the shaded boxes if its
row is immediately above or below a shaded row. The table below makes use of the identification
between the boxes of T[i] and A[i] established in the paragraph above.

Case 1 | box containing i is above and delete that box from A[i] and
does not touch shaded boxes slide shaded boxes up one row
Case 2 | box containing ¢ is above and gluing step:
touches shaded boxes un-shade all boxes

Case 3 | box containing ¢ is a shaded box | delete that box from A[i] and
un-shade the lowest shaded box
Case 4 | box containing 7 is below delete box from A[i

shaded boxes

We note in particular that in Cases 3 and 4 the shaded boxes do not slide up when passing from
Ali] to Al — 1]. The process described in the chart above terminates after all the shaded boxes
have been un-shaded. This occurs after an application of Case 2 (in which the ¥%;-string glues to
w;—1) or after several applications of Case 3 (in which case the ¥ ;-string dissolves).

Since a two-column tableau with n boxes is determined by the length of its second column, we
write ¢; for the length of the second column of A[i]. Note that either ¢;_1 = ¢; or ¢;_1 = ¢; — 1 for
each i = 2,3,...,n. With this notation ¢(w;_1) = ¢; — 1 is equivalent to saying that ¢ fills the box
at the end of the second column of T7i].

We prove below that we can fill the boxes corresponding to w’,

Ly Wh_oy...in Awithn,n—1,...,
respectively, up until the gluing step. We create diagrams X' [n — 1], \'[n — 2], ... at each step by
erasing the labeled boxes. The next lemma shows that the partition A'[i] cannot differ much from

Ald].

Lemma 6.1. Let T be a row-strict tableau of shape \ with two columns. It is always possible to fill
a row-strict diagram T' according to the length of w}_, for each i before the gluing step. Moreover
¢ =c; orec; =ci+ 1 for each i up until the gluing step, according to the following table:
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Ci=c ci=c+1
Case 1 Cic1 =04 Cio1=¢_y+1
unless {(w;—1) =c¢; — 1

in which case ¢;—1 =¢}_;

Case 3 Ci_1 = C;fl Ci—1 = CIZ-71 +1
unless £(w)_;) =¢; — 1
in which case ¢;_1 =¢,_; +1
Case 4 Cic1 =Ch_y Cio1=d_y+1
unless {(w;—1) =¢; — 1
in which case ¢;—1 =¢}_,

Proof. We start with the case when ¢ = n. After deleting a simple reflection from w,,_1 the box
containing n in 7' must move to a row above the row containing n in 7. Either both boxes are in
the same column so ¢,—1 = ¢},_; or the boxes are in different columns so ¢,—1 =¢},_; + 1.

Next we show that this process can be repeated, namely that we can put 4 in the box of T"[i]
that is in bijection with the box corresponding to the string w]_, in A'[i]. The diagram M\'[i] has
at least as many rows as Afi] since ¢; < ¢;. In Cases 1 and 4 we know ¢(w]_,) = ¢(w;—1) while in
Case 3 we know £(w]_;) = f(w;—1) — 1. In both cases ¢(w_;) < €(w;—1) so the diagram X [i] has
a box corresponding to w}_;.

Finally we show that if ¢; = ¢, or ¢; = ¢} + 1 then either ¢;_; = ¢}_; or ¢;_1 = ¢;_; + 1 in
Cases 1, 3, and 4. Lemma shows that either ¢ goes in the same row in X[i] as in Afi] or in
the row of X[i] immediately above where ¢ went in Afi]. Consider the diagrams for ¢; = ¢; and
¢; = ¢; + 1, with an example of the latter sketched below.

\i| = Vil =

The equation relating ¢; and ¢ changes only when ¢ fills a box in a different column of Af] than
in A'[i]. There are only two ways this can happen:

e if ¢; = ¢/ + 1 and the box containing ¢ is at the end of the second column of A[i] and just
below the second column in X'[i] or
o if ¢; = ¢} and we remove a higher box from \'[i] than from A[é].

The first situation happens in Cases 1 and 4 when ¢(w;_1) = ¢; — 1 and the second happens in
Case 3 when ¢(w)_;) = ¢; — 1 as claimed. This resolves all the cases in the table. O

Example 6.2. Let T be the following row-strict tableau of shape A = (24,1%)

2
)
10
8

-
DEEEEEE



SPRINGER FIBERS AND SCHUBERT POINTS 15

i 10 9 8 7 6 5 T’
ol HENEEE 1 1 1 12
sislll3]s]l3]5]13]5]]3 3 3 (11
4110]|] 4 4 4 4 5 (10
618 68\68\6 6 68
7 7 7 7 7
9
Bl 4]
Ali]
5
10 8
| — L L7

FIGURE 2. Diagrams for T'[7] and A[i].

with associated Schubert point
W = S6575859510 5859 5455565758 5657 53545556 535455 54 5253 52

and let w' be the permutation obtained by deleting sg from the initial string wig = S¢575859510-
The table below shows the steps we take to simplify w'. Notice that the process ends with the strings
gluing at step i = 5. At each step the Y ;-string is bold.

/

i w Wi—1 ¢ wh_4q c
11 SSS7S8§9810 88859 $455565758 S6S7 S3545556 S354S55 S4 5253 S2 | SS75859510 4 S10 4
10 810 S6S7S8 S859 S4555657S8 S6S7 S3545556 S354S55 S4 S253 S2 88859 4 S9 3
9 510 S9 SeS7 S455565758 S6S7 S3545556 535455 S4 S283 S 5455565758 | 3 | S4555657Ss | 2
8 510 S9 455565758 S5S6 S6S7 S35455S8¢ S354S5 S4 S283 So S6S7 3 S7 2
7 810 S9 S4S5586S5758 S7 S5 53545556 35455 S4 S253 S2 83548586 2 8$354558¢ 1
6 510 S9 S45556575S8 S7 S3545556 84535455 S4 S253 S2 835485 2 535485 1
5 510 S9 S45556S7S8 S7 83545556 S354S55 83 S4 5253 S2 S4 1 5354 1
4 810 S9 S455565758 S7 53545556 S35455 5354 5253 S2 5283 1 $283 1

Case 3 is applied in steps 10 and 8 , Case 4 is applied in step 9, 7, and 6, and Case 2 is applied
in step 5 after which the monotone-increasing strings of w' match those of w. Figure @ lists the
diagrams T[i] and \[i] when i is 10, 9, 8, 7, 6, and 5. The shaded bozes correspond to the bold
strings above. The box of w; is bolded for each i.

In the previous example, notice that the first row of length one is shaded in A[n — 1] = A[10]
and remains shaded in the rest of the steps. The next lemma proves this holds more generally.

Lemma 6.3. Assume that the step from A[i] to A[i — 1] is not the gluing step. The first row of
length one is shaded in i — 1] only if the first row of length one is shaded in \[i].
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Proof. Assume that the first row of length one is not shaded in A[i]. There are two ways for the
top row of length one to become shaded in A[i — 1]: either

e the shaded boxes slide up or
e the last row of length 2 was shaded, the shaded boxes stay in the same place, and i is
placed at the end of the second column of A[é], so ¢;—1 =¢; — 1.

Shaded boxes only slide in Case 1. In this case, the box containing i is above and separated
by at least one row from the shaded boxes. If the box containing ¢ is in the first column then the
shaded boxes are at least two rows below the second column. Since the first row of length one is
not shaded in A[i] either the bottommost shaded box is in a row of length 2 or the topmost shaded
box must be at least one row below the top row of length one. The latter case is the only one
where the top row of length one could become shaded, and it can only happen if ¢ is in a box in
the second column in Al7]. Thus deleting the box containing ¢ from A[i] increases the number of
rows of length one in A[i — 1]. The shaded boxes slide up, but the additional row of length one
above the shaded boxes means the top row of length one is not shaded.

Shaded boxes stay in the same place in Cases 3 and 4. In Case 4 the box containing i is strictly
below the shaded boxes, which cannot occur if this box is in the second column and the last row of
length 2 is shaded. So we are reduced to Case 3. In this case, the box containing ¢ is in the second
column, so we delete this box leaving an additional shaded row of length one. The assumption
that the top row of length one is not shaded in A[{] implies that the box we just shaded in fact
becomes the lowest shaded box. We un-shade this box, which is precisely the top row of length
one in Afi — 1]. O

The previous lemmas bring us directly to the main theorem. The crux of the argument is that
the only way that gluing could pose a problem is if both A'[i]] = A[{] and the shaded boxes contain
the top row of length one. We will show that that cannot happen under our hypotheses.

Theorem 6.4. Assume that X\ is a Young diagram with two columns, that T is a row-strict filling
of \, and that w' is obtained from wy by deleting a simple reflection. There exists a row-strict
tableau T' of shape A such that w' = wy.

Proof. As in the proof of Theorem we may assume w’ is obtained from wr by deleting a
simple reflection from w,,_1 as in Equation , else the claim follows by induction on n. If Case
2 (gluing) never applies then w}_; < w;_; for all i by Lemma and the claim holds by Lemma
So suppose that Case 2 is used at the i*" step, namely that the %;-string glues with w;_;.

By Lemma we can fill a row-strict diagram T according to the length of wj,_, for each
k < i. At the i-th step, note that the lowest shaded row in A[i] is labeled by the simple reflection
Sp, and this is the simple reflection of lowest index in w}_; = Y ;w;—1. Such a box exists because
N [i] has at least as many rows as A[4] since ¢} < ¢; by Lemma We then place ¢ in the box of
1" that corresponds to the rightmost box in the row labeled by s,/ in A’[i]. This is exactly the box
corresponding to the string w]_; in A'[4].

The rest of this proof shows that after gluing we have A[i — 1] > N[i — 1]. The remaining
monotone-increasing strings of w’ are w}_, = w;_g, w;_3 = w;_3,...,w]; = w1. Lemma shows
that there is a row-strict filling of shape X'[i — 1] corresponding to w;_,w}_5---w}. This allows us
to complete the row-strict filling of 7”[i — 1] using the bijection between the boxes of X'[i — 1] and
T'[i — 1]. We thus conclude that there is a row-strict tableau T of shape A corresponding to w’.

We now prove that A[i — 1] > N[i — 1] after gluing. First suppose that the first row of length
one in A[7] is not shaded. In this case the shaded boxes are either all above or all below the top
row of length one so gluing means that either
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e the boxes containing ¢ in A[¢] and A’[i] are both in the first column, or
e the boxes containing ¢ in A[i] and A'[i] are both in the second column.

We know ¢, < ¢; or equivalently N'[¢] < A[i] so deleting a box from the same column in each
diagram gives X'[i — 1] < A[i — 1].

Now suppose that the top row of length one in A[¢] is shaded, implying that the box containing
i in A[4] is in the second column and the box containing ¢ in A’[¢] is in the first column since we
are in the gluing case. If ¢; = ¢, + 1 then after deleting a box from the second column of A[¢] and
a box from the first column of A'[i] we obtain ¢;_1 = ¢;_; so A[i — 1] = X [i — 1].

By Lemma the only other option is that the top row of length one in A[7] is shaded and
that ¢; = ¢, or equivalently A[i] = X'[i]. We show that this is in fact impossible. Indeed, Lemma
says that the top row of length one in A[¢] is shaded only if the top row in A[n — 1] is shaded.
This means that the box containing n is in the first column of 7" and the box containing n is in
the second column of T" so ¢,—1 = ¢,,_; + 1. Thus there exists a j with ¢ < j < n — 1 such that
cj = c;» +1 while ¢;_1 = c;_l. Inspecting the table in Lemma we see that this can only happen
under very special circumstances.

By Lemmal6.3] the top row of length one in A[j] must be shaded. The first possibility is that we
are in Case 1 and the box containing j is at the bottom of the second column of A[j]. But in Case
1 the box containing 7 must be above the shaded boxes with at least one row between them, so the
first row of length one cannot be shaded. This contradicts our hypotheses. The second possibility
is that we are in Case 4 and the box containing j is at the bottom of the second column of A[j].
But in Case 4, the shaded rows are above the box containing j, and the top row of length one is
below this box so the first row of length one cannot be shaded which is again a contradiction.

This proves the case impossible, so after gluing A[i — 1] > A'[i — 1] as desired. O

7. OPEN QUESTIONS

We conclude with two open questions and thank an anonymous referee for bringing these to our
attention.

Question 7.1. Springer fibers are known to have a unimodal distribution of Betti numbers in both
the two row and two column cases [EM]. Can techniques involving Schubert points be used to give
an alternative proof of this fact and extend unimodality to the three row case?

The arguments in this manuscript define a correspondence between irreducible components of
the Springer fiber and particular Schubert varieties via the bijection between standard tableaux
and Schubert points. In general, the Betti numbers of a given irreducible component of BX need
not match those of the corresponding Schubert variety. However, these numbers do agree in the
two-row case, in which every irreducible component of the Springer fiber is smooth [FM2]. This
motivates the following question.

Question 7.2. Do the Betti numbers of a smooth irreducible component of a given Springer fiber
agree with those of the corresponding Schubert variety in the two-column and three row cases?

REFERENCES

[BGG] I. N. Bernstein, I.M. Gel'fand, and S.I. Gel'fand, Schubert cells and cohomology of the spaces G /P, Uspehi
Mat. Nauk 28 (1973), no. 3(171), 3-26.

[BP] S. Billey and A. Postnikov, Smoothness of Schubert varieties via patterns in root subsystems, Adv. in Appl.
Math. 34 (2005), no. 3, 447-466.
[BL] S. Billey and V. Lakshmibai, Singular loci of Schubert varieties, Progress in Mathematics, 182. Birkh&user

Boston, Inc., Boston, MA, 2000.



18
[BE]
[CK]
[DH]

(D]
[DMR]

(Fy]
[Fr2]

[FM]
[FM2]
[F]
[F2)
[Fu]
[GP]
6z
[HT]
[H]
[KM]
K]
)

(PT]
(]

(Sp
[Sp2]

[T]

MARTHA PRECUP AND JULIANNA TYMOCZKO

A. Bjorner and F. Brenti, Combinatorics of Cozeter groups, Graduate Texts in Mathematics, 231. Springer,
New York, 2005.

J. Carrell and J. Kuttler, Smooth points of T-stable varieties in G/B and the Peterson map, Invent. Math.
151 (2003), no. 2, 353-379.

B. Dewitt and M. Harada, Poset pinball, highest forms, and (n — 2,2) Springer varieties, Electron. J.
Combin. 19 (2012), no. 1, Paper 56, 35 pp.

K. Ding, Rook placements and generalized partition varieties, Discrete Math. 176 (1997), no. 1-3, 63-95.

M. Develin, J. L. Martin, and V. Reiner, Classification of Ding’s Schubert varieties: finer rook equivalence,
Canad. J. Math. 59 (2007), no. 1, 36-62.

L. Fresse, Betti numbers of Springer fibers in type A, Journal of Algebra, 322 (2009), 2566-2579.

L. Fresse, A unified approach on Springer fibers in the hook, two-row and two-column cases, Transform.
Groups 15 (2010), no. 2, 285-331.

L. Fresse and A. Melnikov, Unimodality of the distribution of Betti numbers for some Springer fibers,
Journal of Algebra, 391 (2013), 283-304.

L. Fresse and A. Melnikov, On the singularity of the irreducible components of a Springer fiber in sly,
Selecta Math. (N.S) 16 (2010), no. 3, 393-418.

W. Fulton, Young Tableauz, Cambridge University Press, Cambridge, 1997.

W. Fulton, Intersection Theory, Springer-Verlag, Berlin, 1984.

F. Fung, On the topology of components of some Springer fibers and their relation to Kazhdan-Lusztig
theory, Adv. Math. 178 (2003), no. 2, 244-276.

A. M. Garsia and C. Procesi, On certain graded Sy-modules and the q-Kostka polynomials, Adv. Math.
(1), 94 (1992), 82-138.

W. Graham and R. Zierau, Smooth components of Springer fibers, Ann. Inst. Fourier (Grenoble) 61 (2011),
no. 5, 2139-2182.

M. Harada and J. Tymoczko, Poset pinball, GKM-compatible subspaces, and Hessenberg varieties, J. Math.
Soc. Japan 69 (3) (2017), 945-994.

J. Humphreys, Conjugacy classes in semisimple algebraic groups, Math. Surveys Monogr., 43, Amer.
Math. Society (1995).

A. Knutson and E. Miller, Grébner geometry of Schubert polynomials, Annals of Mathematics, 161 (2005),
1245-1318.

S. Kumar, The nil Hecke ring and singularity of Schubert varieties, Invent. Math. 123 (1996), no. 3,
471-506.

A. Mbirika, A Hessenberg generalization of the Garsia-Procesi basis for the cohomology ring of Springer
varieties, Electron. J. Combin. 17 (2010), no. 1, Research Paper 153, 29 pp.

M. Precup and J. Tymoczko, Hessenberg varieties of Parabolic type, preprint, arXiv:1701.04140.

N. Spaltenstein, The fized point set of a unipotent transformation on the flag manifold, Nederl. Akad.
Wetensch. Proc. Ser. A 79 (1976), 452456.

T. Springer, A construction of representations of Weyl groups, Inventiones Mathematicae 44 (1978), no.
3, 279-293.

T. Springer, Trigonometric sums, Green functions of finite groups and representations of Weyl groups,
Inventiones Mathematicae 36 (1976), no. 1, 173-207.

J. Tymoczko, Linear conditions imposed on flag varieties, Amer. J. Math. 128 (2006), 1587-1604

DEPT. OF MATHEMATICS AND STATISTICS, WASHINGTON UNIVERSITY IN ST. Lous, St. Louis, MO 63130
E-mail address: martha.precup@wustl.edu

DEPT. OF MATHEMATICS, SMITH COLLEGE, NORTHAMPTON, MA 01063
E-mail address: jtymoczko@smith.edu



	Springer Fibers and Schubert Points
	Recommended Citation

	1. Introduction
	2. Geometric background on Schubert varieties and Springer fibers
	3. Schubert Points and combinatorial results about Springer permutations
	4. Outlining the main theorem
	5. The three row case
	6. The two column case
	7. Open Questions
	References

