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FROBENIUS OBJECTS IN THE CATEGORY OF

RELATIONS

RAJAN AMIT MEHTA AND RUOQI ZHANG

Abstract. We give a characterization, in terms of simplicial sets, of
Frobenius objects in the category of relations. This result generalizes a
result of Heunen, Contreras, and Cattaneo showing that special dagger
Frobenius objects in the category of relations are in correspondence with
groupoids. As an additional example, we construct a Frobenius object in
the category of relations whose elements are certain cohomology classes
in a compact oriented Riemannian manifold.

1. Introduction

It is well-known that 2-dimensional topological quantum field theories
(TQFTs) are classified by commutative Frobenius algebras [1]. This re-
sult can be generalized to TQFTs taking values in an arbitrary symmetric
monoidal category C, and this leads one to consider the notion of a Frobenius
object in C (see e.g. [5]).

The purpose of this paper is to study Frobenius objects in the category of
relations Rel. The objects of Rel are sets, and morphisms from a set X to
a set Y are subsets of X ×Y . Given morphisms S ⊆ X×Y and T ⊆ Y ×Z,
the composition T ◦ S ⊆ X × Z is defined as

T ◦ S = {(x, z) | (x, y) ∈ S and (y, z) ∈ T for some y ∈ Y }.

Our motivation arises from the classical analogue of topological field the-
ory, where the target category is the “symplectic category”. In the symplectic
category, the objects are symplectic manifolds and, in principle, the mor-
phisms are Lagrangian relations. However, since Lagrangian relations don’t
always compose well, the rigorous definition of the symplectic category is
more complicated [8]. Rel provides a toy model for the symplectic category
where these difficulties do not appear.

Our main result is that, given a Frobenius object in Rel, one can con-
struct an associated simplicial set. The simplicial sets that arise in this way
have certain special properties; for example, for k ≥ 1, every k-simplex is
completely determined by its 1-skeleton. There are other properties that we
describe in Section 4. The simplicial sets are also equipped with an automor-
phism α̂ of the set of 1-simplices, satisfying certain compatibility conditions

2010 Mathematics Subject Classification. 18B10, 18B40, 18D35, 18G30, 20L05, 57R56.
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2 RAJAN AMIT MEHTA AND RUOQI ZHANG

with the simplicial structure. We show that simplicial sets, equipped with
a map α̂ as above and satisfying the specified properties, are in one-to-one
correspondence with Frobenius objects in Rel.

A closely related result is due to Heunen, Contreras, and Cattaneo [4],
who showed that special dagger Frobenius objects in Rel are in one-to-one
correspondence with groupoids. From the point of view of TQFT, the special
condition is too restrictive, since special Frobenius algebras do not distin-
guish between surfaces of different genus. In the context of Rel, the dagger
condition is also restrictive. Our result can be viewed as a generalization
of the result of [4] where these conditions are removed. We discuss this
relationship in Section 6.

In Section 7, we consider commutative Frobenius objects in Rel, and we
find some additional properties satisfied by the corresponding simplicial sets.

Finally, in Section 8, we give a construction of a Frobenius object in
Rel consisting of cohomology classes in a compact oriented Riemannian
manifold. These Frobenius objects never satisfy the dagger condition when
the manifold has positive dimension, so they do not correspond to groupoids.

Acknowledgements. We thank Ivan Contreras for many helpful discus-
sions. R.Z. was partially supported by the Ellen Borie Fund, via the Summer
Undergraduate Research Fellowship program at Smith College.

2. Frobenius objects in Rel

2.1. Definition. We use the notation S : X 99K Y to denote a subset
S ⊆ X × Y , viewed as a morphism from X to Y in Rel. We use {•} to
represent the set with one element.

Definition 2.1. A Frobenius object in Rel is a set X equipped with mor-
phisms

• ǫ : X 99K {•} (counit)
• η : {•} 99K X (unit)
• δ : X 99K X ×X (comultiplication)
• µ : X ×X 99K X (multiplication)

satisfying the following axioms:

• (U) Unit Axiom:

µ ◦ (η × 1) = 1 = µ ◦ (1× η)

• (C) Counit Axiom:

(ǫ× 1) ◦ δ = 1 = (1× ǫ) ◦ δ

• (F) Frobenius Axiom:

(1× µ) ◦ (δ × 1) = δ ◦ µ = (µ × 1) ◦ (1× δ)
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2.2. Graphical Calculus. The relationship between Frobenius objects and
2-dimensional TQFT motivates the use of graphical calculus for visualizing
the morphisms in Definition 2.1 and their compositions. The morphisms
ǫ, η, δ, µ are depicted as follows:

X

{•}

ǫ

{•}

X

η

X

X ×X

δ

X ×X

X

µ

We also use a cylinder to depict the identity morphism 1 : X 99K X, given
by the diagonal subset ∆(X) ⊆ X × X. However, we will frequently omit
cylinders when it is aesthetically preferable.

The Unit (U), Counit (C), and Frobenius (F) Axioms are depicted, re-
spectively, as follows:

(U)

X

η × 1

X ×X

µ

X

=

X

1

X

=

X

1× η

X ×X

µ

X

(C)

X

δ

X ×X

ǫ× 1

X

=

X

1

X

=

X

δ

X ×X

1× ǫ

X

(F)

X ×X

δ × 1

X ×X ×X

1× µ

X ×X

=

X ×X

µ

X

δ

X ×X

=

X ×X

1× δ

X ×X ×X

µ× 1

X ×X

It should be emphasized that the morphisms in Rel are sets; for example,
µ is a subset of X3. An element of the set can be depicted by labeling the
boundary components. For example, (x, y, z) ∈ µ is depicted as follows:

x y

z

A diagram such as the one above can be used in two ways; it can represent
a known element (x, y, z) ∈ µ, or it can be an assertion that (x, y, z) ∈ X3

is actually an element of µ. In the latter case, we will say that the diagram
is valid.

The composition law in Rel has a natural graphical interpretation, which
is most easily described with an example. Consider the composition δ ◦ µ,
which is a subset of X4. Then (x1, x2, x3, x4) ∈ X4 is an element of δ ◦ µ if
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and only if there exists y ∈ X such that (x1, x2, y) ∈ µ and (y, x3, x4) ∈ δ.
Graphically,

x1 x0

x3 x4

is valid if and only if there exists y ∈ X such that
x1 x2

y

y

x3 x4

are both valid.

3. Basic Properties of Frobenius objects in Rel

There are several different equivalent ways to define a Frobenius object.
As a result, there are various properties and structures that are only implicit
in Definition 2.1 but that are important for understanding Frobenius objects.
In this section, we review some of these properties.

While many of the results here hold for Frobenius objects in any category
(see [5]), our exposition emphasizes the implications for Frobenius objects in
Rel.

3.1. Nondegeneracy. Let X be a set. Consider a binary relation α ⊆
X ×X, viewed as a morphism X ×X 99K {•} in Rel. We can depict α as
follows:

X ×X

α

{•}

Definition 3.1. A binary relation α is nondegenerate if there exists β :
{•} 99K X ×X such that (α × 1) ◦ (1 × β) = (1 × α) ◦ (β × 1) = 1. This
equation is known as the snake identity, since it can be depicted as follows:

= =

Lemma 3.2. A binary relation α is nondegenerate if and only if there exists
a bijective map α̂ : X → X such that α = {(x, α̂(x)) | x ∈ X}. In this case,
the associated relation β is unique and given by β = {(α̂(x), x) | x ∈ X}.

Proof. The ( ⇐= ) direction is immediate. We will prove the statement in
the ( =⇒ ) direction.
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Suppose that α is nondegenerate with associated relation β. Let A,B ⊆
X2 be defined as

A = {(x, y) | ∃z ∈ X such that (x, z) ∈ α, (z, y) ∈ β},

B = {(x, y) | ∃z ∈ X such that (z, x) ∈ α, (y, z) ∈ β}.

By the snake identity, A = B = ∆(X).
Since ∆(X) ⊆ A, we have that for each x ∈ X, there exists a z ∈ X such

that (x, z) ∈ α and (z, x) ∈ β. Temporarily fix such x and z. If z′ ∈ X is
such that (x, z′) ∈ α, then (z′, z) ∈ B ⊆ ∆(X), so z = z′. This shows that
for every x ∈ X, there is a unique z ∈ X such that (x, z) ∈ α. This gives us
a well-defined map α̂ : X → X such that α = {(x, α̂(x)) | x ∈ X}. We have
also seen that (α̂(x), x) ∈ β for all x ∈ X.

Assume that α̂(x) = α̂(x′) for x, x′ ∈ X. Then (x, x′) ∈ A ⊆ ∆(X), so
x = x′. This shows that α̂ is one-to-one.

Let z ∈ X. Then (z, z) ∈ ∆(X) ⊆ B, so there exists x ∈ X such that
(x, z) ∈ α and (z, x) ∈ β. This shows that α̂ is onto.

It remains to show that β ⊆ {(α̂(x), x) | x ∈ X}. Suppose that (z, x) ∈ β.
Then, since (x, α̂(x)) ∈ α, we have that (α̂(x), z) ∈ B ⊆ ∆(X), and therefore
z = α̂(x). �

Lemma 3.3. Suppose that (X, ǫ, η, δ, µ) is a Frobenius object in Rel, and
set α := ǫ ◦ µ. Then α is nondegenerate.

Proof. Set β := δ ◦ η. Then, using Axioms (F), (C), and (U), we have

= = = =

so the snake identity holds. �

As a consequence of Lemmas 3.2 and 3.3, we have the following result.

Proposition 3.4. Suppose that (X, ǫ, η, δ, µ) is a Frobenius object in Rel,
and let α = ǫ ◦ µ and β = δ ◦ η. Then there is a bijection α̂ : X → X such
that α and β are of the form specified in Lemma 3.2.

3.2. Relations involving α̂. Let (X, ǫ, η, δ, µ) be a Frobenius object in
Rel. The bijection α̂ provides a close relationship between the unit η and
the counit ǫ, as well as between the multiplication µ and comultiplication δ.

Proposition 3.5. For x ∈ X,

(1) x ∈ η if and only if α̂(x) ∈ ǫ.
(2) x ∈ ǫ if and only if α̂(x) ∈ η.

Proof. Suppose x ∈ η. By Proposition 3.4, we have that
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y

x α̂(x)

is valid for some y ∈ ǫ. But by Axiom (U), it must be that α̂(x) = y ∈ ǫ.
The other parts of the proof are similar. �

Lemma 3.6. The following identities hold:

(1× α) ◦ (δ × 1) = µ(3.1)

(α× 1) ◦ (1× δ) = µ(3.2)

Proof. Using Axioms (F) and (C), we have

= =

which proves (3.1). The proof of (3.2) is similar. �

Lemma 3.7. For (x, y, z) ∈ X3, the following are equivalent:

(1) (x, y, z) ∈ µ,
(2) (y, α̂(x), z) ∈ δ,
(3) (x, z, α̂−1(y)) ∈ δ

Proof. (1 ⇐⇒ 3) By (3.1), we have that (x, y, z) ∈ µ if and only if (x, y, z) ∈
(1× α) ◦ (δ × 1). Graphically,

x y

z

is valid if and only if

x

z y

is valid. By Proposition 3.4, this is the case if and only if

x

z α̂−1(y)

is valid. (1 ⇐⇒ 2) can be similarly proved using (3.2). �
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Proposition 3.8. Let (x, y, z) ∈ X3. Then (x, y, z) ∈ µ if and only if
(y, α̂(z), α̂(x)) ∈ µ.

Proof. By Lemma 3.7, (x, y, z) ∈ µ if and only if (y, α̂(x), z) ∈ δ. Using
(1 ⇐⇒ 3) from Lemma 3.7, we see that (y, α̂(x), z) ∈ δ if and only if
(y, α̂(z), α̂(x) ∈ µ. �

Remark 3.9. Graphically, the identity in Proposition 3.8 asserts that
x y

z

is valid if and only if
y α̂(z)

α̂(x)

is valid. Informally, the bijection α̂ provides a way to rotate the boundaries
of µ in the counterclockwise direction.

3.3. Associativity and coassociativity. Let X be a set.

Definition 3.10. A relation µ : X ×X 99K X is associative if

µ ◦ (1× µ) = µ ◦ (µ× 1).

Definition 3.11. A relation δ : X 99K X ×X is coassociative if

(δ × 1) ◦ δ = (1× δ) ◦ δ.

Lemma 3.12. Suppose that (X, ǫ, η, δ, µ) is a Frobenius object in Rel. Then
µ is associative and δ is coassociative.

Proof. Using Lemma 3.6 and Axiom (F), we have

= = =

This proves associativity of µ. The proof of coassociativity of δ is similar. �

3.4. Source and target maps. Let (X, ǫ, η, δ, µ) be a Frobenius object in
Rel. Then the unit relation η : {•} 99K X is a subset η ⊆ X, the elements
of which can be viewed as the “units” of X.

Lemma 3.13. (1) For every x ∈ X, there is a unique s(x) ∈ η such
that (x, s(x), x) ∈ µ.

(2) For every x ∈ X, there is a unique t(x) ∈ η such that (t(x), x, x) ∈ µ.
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Proof. Existence immediately follows from the Unit Axiom (U), so it remains
to prove uniqueness.

Fix some x ∈ X, and assume that u, u′ ∈ η are such that (x, u, x) and
(x, u′, x) are in µ. Then

x u

x

x

u′

is valid. By associativity, there exists some z ∈ X such that

u u′

z

x

x

is valid. But, by (U), it must be that z = u = u′. This proves uniqueness
for the first statement; the proof for the second statement is similar. �

As a result of Lemma 3.13, we obtain maps s, t : X → η that we will call
the source and target maps. The following Propositions describe how the
source and target maps are compatible with α̂ and µ.

Proposition 3.14. s = t ◦ α̂.

Proof. This is an immediate consequence of Proposition 3.8. �

Proposition 3.15. Let (x, y, z) ∈ µ. Then

(1) s(x) = t(y),
(2) s(y) = s(z), and
(3) t(x) = t(z).

Proof. Suppose that (x, y, z) ∈ µ. Then, by Lemma 3.13, we have that

t(y) y

y

z

x

is valid. By associativity, there then exists some w ∈ X such that
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x t(y)

w

z

y

is valid. By (U), it must be that w = x. It then follows from Lemma 3.13
that s(x) = t(y). This proves (1).

Using Proposition 3.8, we have that (y, α̂(z), α̂(x)) and (α̂−1(z), x, α̂−1(y))
are in µ. By (1), it follows that s(y) = t(α̂(z)) and s(α̂−1(z)) = t(x). Using
Proposition 3.14, we deduce (2) and (3). �

3.5. Dual structures. The symmetry of axioms (U), (C), and (F) imply
that, given any Frobenius object X = (X, ǫ, η, δ, µ) in Rel, we can obtain
various “dual” Frobenius structures on the same underlying set X.

The rotation of X, denoted Xx = (X, ǫx, ηx, δx, µx), has structure
morphisms that are rotated by an angle of π with respect to those of X.
Specifically, using the identification {•} ×X ∼= X × {•} ∼= X, we have

• ǫx = η,
• ηx = ǫ,
• (x, y, z) ∈ δx if and only if (z, y, x) ∈ µ,
• (x, y, z) ∈ µx if and only if (z, y, x) ∈ δ.

The dagger of X, denoted X† = (X, ǫ†, η†, δ†, µ†), has structure mor-
phisms that are vertically reflected with respect to those of X. Specifically,

• ǫ† = η,
• η† = ǫ,
• (x, y, z) ∈ δ† if and only if (y, z, x) ∈ µ,
• (x, y, z) ∈ µ† if and only if (z, x, y) ∈ δ.

The opposite of X, denoted Xop = (X, ǫ, η, δop , µop), has structure mor-
phisms that are horizontally reflected with respect to those of X. Specifically,
Xop has the same counit and unit morphisms as X, and

• (x, y, z) ∈ δop if and only if (x, z, y) ∈ δ,
• (x, y, z) ∈ µop if and only if (y, x, z) ∈ µ.

Remark 3.16. From Proposition 3.5 and Lemma 3.7, one can see that α̂

is an isomorphism from X to Xx. Since α̂x = α̂, it follows that α̂2 is an
automorphism of X. This is the analogue of the Nakayama automorphism
of a Frobenius algebra [6]1. An example of a Frobenius object in Rel with
nontrivial Nakayama automorphism is given in Example 8.4.

1See [3] for a definition of Nakayama automorphism of a Frobenius object in any sov-
ereign monoidal category.
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4. Simplicial Sets

The identities proven in Section 3.4 are actually part of a much richer
structure, that of a simplicial set. We briefly review the definitions here.

Definition 4.1. A simplicial set X is a sequence X0,X1, . . . of sets equipped
with maps d

q
i : Xq → Xq−1 (called face maps), 0 ≤ i ≤ q, and s

q
i : Xq →

Xq+1 (called degeneracy maps), 0 ≤ i ≤ q, such that

d
q−1
i d

q
j = d

q−1
j−1d

q
i , i < j,(4.1)

s
q+1
i s

q
j = s

q+1
j+1s

q
i , i ≤ j,(4.2)

d
q+1
i s

q
j =











s
q−1
j−1d

q
i , i < j,

id, i = j or j + 1,

s
q−1
j d

q
i−1, i > j + 1.

(4.3)

We will also need to consider n-truncated versions of simplicial sets, which
only include data going up to Xn:

Definition 4.2. An n-truncated simplicial set X is a sequence X0,X1, . . . Xn

of sets equipped with face maps d
q
i : Xq → Xq−1, 0 ≤ i ≤ q ≤ n, and

degeneracy map s
q
i : Xq → Xq+1, 0 ≤ i ≤ q < n, satisfying (4.1)–(4.3)

whenever the maps on both sides of the equation exist.

Suppose that X is a (possibly n-truncated) simplicial set. For 1 ≤ q ≤
n+1, we let ∆qX denote the set of (q+1)-tuples (ζ0, . . . ζq), ζi ∈ Xq−1, such
that

(4.4) d
q−1
i ζj = d

q−1
j−1ζi

for i < j. Intuitively, an element of ∆qX can be viewed a (q−1)-dimensional
outline of a q-simplex. Given such an outline, there may or may not be a
q-simplex whose boundary is the given outline. Furthermore, even if such a
q-simplex exists, it may not be unique. To address these issues, we consider
the boundary map δq : Xq → ∆qX ,

δq(w) = (dq0w, . . . , d
q
qw).

Definition 4.3. A simplicial set X is called n-coskeletal if δq is a bijection
for q > n.

It is well-known (see, for example, [2]) that any n-truncated simplicial set
has a unique extension to an n-coskeletal simplicial set. The extension can
be recursively constructed by taking Xn+1 = ∆n+1X .

5. Frobenius objects in Rel and simplicial sets

In this section, we present the main results of the paper. Given a Frobenius
object in Rel, we associate a simplicial set. We then find a characterization
of the simplicial sets that arise in this way, thus obtaining a one-to-one
correspondence.
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5.1. From Frobenius objects in Rel to simplicial sets. Let (X, µ, δ, ǫ,
η) be a Frobenius object in Rel. We can construct a 2-truncated simplicial
set as follows. Set

X0 := η ⊆ X,

X1 := X,

X2 := µ ⊆ X3.

The degeneracy map s00 : X0 → X1 is the inclusion map. The face maps
d1i : X1 → X0 are the source and target maps:

d10 = s, d11 = t.

The degeneracy maps s1i : X1 → X2 are given by

s10(x) = (t(x), x, x), s11(x) = (x, s(x), x).

The face maps d2i : X2 → X1 are the projection maps:

d20(x, y, z) = y, d21(x, y, z) = z, d22(x, y, z) = x.

Theorem 5.1. The sets X0,X1,X2, with face and degeneracy maps defined
as above, form a 2-truncated simplicial set. Consequently, there exists a
unique 2-coskeletal extension X .

We leave the verification of Theorem 5.1 as a straightforward exercise for
the reader. But we remark that the nontrivial cases of (4.1) follow from
Proposition 3.15.

Our next goal will be to identify the special properties possessed by the
simplicial set X that arises via Theorem 5.1. In what follows, we will use a
modified version of the 2-boundary map δ2, given by δ2(ζ) = (d22ζ, d

2
0ζ, d

2
1ζ)

for ζ ∈ X2; this choice of convention allows us to identify X2 with its image
under δ2 without permuting the components.

The following statements follow by construction and from Axiom (U).

Proposition 5.2. (1) The 2-boundary map δ2 : X2 → ∆2X is injective.
(2) For any ζ ∈ X2, if d20ζ = s00u for some u ∈ X0, then d22ζ = d21ζ.

Similarly, if d22ζ = s00u for some u ∈ X0, then d20ζ = d21ζ.

The simplicial set X satisfies the following lifting property involving 3-
simplices. By construction, X3 consists of 4-tuples (ζ0, ζ1, ζ2, ζ3), where ζi ∈
X2, satisfying (4.4). If, identifying X2 with its image under δ2, we write
ζi = (xi,2, xi,0, xi,1), then (4.4) requires that xj,i = xi,j−1 for i ≤ j. These
equations can be represented by a fully-labeled associativity diagram:

(5.1)

x3,2 x3,0

x3,1 = x1,2 x1,0

x1,1

=

x0,2 x0,0

x2,2 x0,1 = x2,0

x2,1
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The equal sign in (5.1) means that the corresponding boundary labels are
equal; so x3,2 = x2,2, x3,0 = x0,2, etc. Thus, such fully-labeled associativity
diagrams provide a way to visualize elements of X3.

The following statement is a direct consequence of the associativity prop-
erty (Lemma 3.12). For our purposes, the important fact is that it provides
a way of characterizing associativity in terms of the simplicial structure.

Proposition 5.3. (1) Let ζ0, ζ2 ∈ X2 be such that d20ζ2 = d21ζ0. Then
there exists some γ ∈ X3 such that d30γ = ζ0 and d32γ = ζ2.

(2) Let ζ1, ζ3 ∈ X2 be such that d21ζ3 = d22ζ1. Then there exists some
γ ∈ X3 such that d31γ = ζ1 and d33γ = ζ3.

Recall from Proposition 3.4 that, if X is a Frobenius object in Rel, then
there is an associated automorphism α̂ of X = X1. We now consider the
compatibility of X with α̂.

As a result of Proposition 5.2, we can identify X2 with a subset of ∆2X ,
giving us a filtration of sets X2 ⊆ ∆2X ⊆ (X1)

3. Recall from Remark 3.9
the “rotation” action of α̂ on (X1)

3, given by (x, y, z) 7→ (y, α̂(z), α̂(x)). The
following is immediate from Proposition 3.8.

Proposition 5.4. X2 is invariant under the Z-action generated by the ro-
tation action of α̂.

Remark 5.5. It can also be shown, using Propositions 3.5 and 3.14, that the
rotation action of α̂ preserves ∆2X . Thus the filtration X2 ⊆ ∆2X ⊆ (X1)

3

is invariant.

5.2. From simplicial sets to Frobenius objects in Rel. Let X be a 2-
coskeletal simplicial set, equipped with an automorphism α̂ of X1, satisfying
the properties in Propositions 5.2, 5.3, and 5.4. From this, we can construct a
Frobenius object in Rel, defined as follows. Set X = X1, with the structure
relations given by

• µ = X2 ⊆ X3,
• η = s00(X0) ⊆ X,
• ǫ = (α̂ ◦ s00)(X0) ⊆ X,
• δ = {(y, α̂(x), z) ∈ X3 | (x, y, z) ∈ µ} ⊆ X3.

Theorem 5.6. (X, ǫ, η, δ, µ) is a Frobenius object in Rel.

Proof. Axiom (U) follows directly from (4.3) and property (2) of Proposition
5.2.

From the definitions of ǫ and δ, we have

(ǫ× 1) ◦ δ = {(x, z) | (x,w, z) ∈ δ for some w ∈ ǫ}

= {(x, z) | (α̂−1(w), x, z) ∈ µ for some w ∈ ǫ}

= {(x, z) | (u, x, z) ∈ µ for some u ∈ η},
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which by Axiom (U) equals {(x, z) | x = z} = 1. This proves part of Axiom
(C). Similarly, also using the property of Proposition 5.4, we have

(1× ǫ) ◦ δ = {(x, z) | (x, z, w) ∈ δ for some w ∈ ǫ}

= {(x, z) | (α̂−1(z), x, w) ∈ µ for some w ∈ ǫ}

= {(x, z) | (α̂−1(w), α̂−1(z), α̂−1(x)) ∈ µ for some w ∈ ǫ}

= {(x, z) | (u, α̂−1(z), α̂−1(x)) ∈ µ for some u ∈ η}

= {(x, z) | α̂−1(z) = α̂−1(x)}

= 1.

This proves the other part of Axiom (C).
The relation (1×µ)◦(δ×1) consists of (x1, x2, x3, x4) such that (x1, x3, w) ∈

δ and (w, x2, x4) ∈ µ for some w ∈ X. By definition of δ, the condition
(x1, x3, w) ∈ δ is equivalent to (α̂−1(x3), x1, w) ∈ µ. Thus we have one side
of an associativity diagram:

w x2

x4

α̂−1(x3) x1

By property (2) of Proposition 5.3, there exists some w′ ∈ X such that
(x1, x2, w

′) ∈ µ and (α̂−1(x3), w
′, x4) ∈ µ. The latter is equivalent to

(w′, x3, x4) ∈ δ. Together, (x1, x2, w
′) ∈ µ and (w′, x3, x4) ∈ δ for some

w′ ∈ X are equivalent to (x1, x2, x3, x4) ∈ δ ◦ µ. This proves one part of
Axiom (F). The proof of the other part is similar. �

6. Groupoids and Frobenius objects in Rel

In [4], it was shown that special dagger Frobenius objects in Rel corre-
spond to groupoids. In this section, we describe how their result fits as a
special case of the correspondence given by Theorems 5.1 and 5.6.

Recall that a groupoid is a small category where all arrows are invert-
ible. In more concrete terms, a groupoid G1 ⇒ G0 consists of sets G0, G1,
equipped with source and target maps s, t : G1 → G0 and a multiplication
operation (g, h) 7→ g · h, defined when s(g) = t(h) for g, h ∈ G1, such that

(1) s(g ·h) = s(h) and t(g ·h) = t(g) for g, h ∈ G1 such that s(g) = t(h),
(2) (g · h) · k = g · (h · k) for all g, h, k ∈ G1 such that s(g) = t(h) and

s(h) = t(k),
(3) there exists an identity map e : G0 → G1 such that s ◦ e = t ◦ e = id

and g · e(s(g)) = e(t(g)) · g = g for all g ∈ G1,
(4) there exists an inverse map G1 → G1, g 7→ g−1, such that s(g−1) =

t(g), t(g−1) = s(g), g · g−1 = e(t(g)), and g−1 · g = e(s(g)) for all
g ∈ G1.
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As with groups, the identity and inverse maps are unique.
Given a groupoid G1 ⇒ G0, there is a standard procedure for constructing

a simplicial set, called the nerve (see, e.g. [7]). The nerve of G1 ⇒ G0 is the
2-coskeletal simplicial set X , where X0 = G0, X1 = G1,

X2 = {(g, h) ∈ G1 ×G1 | s(g) = t(h)},

and where the face and degeneracy maps are as follows:

s00 = e, d10 = s, d11 = t,

d20(g, h) = h, d21(g, h) = g · h, d22(g, h) = g,

s10(g) = (e(t(g)), g), s11(g) = (g, e(s(g))).

From (5.1), it follows that the elements of X3 can be identified with triplets
(g, h, k) such that s(g) = t(h) and s(h) = t(k), with

d30(g, h, k) = (h, k), d31(g, h, k) = (g · h, k),

d32(g, h, k) = (g, h · k), d33(g, h, k) = (g, h).

Note that this simplicial set comes naturally equipped with an automor-
phism of X1 = G1, given by the inverse map.

The following result shows that the nerve of a groupoid satisfies the con-
ditions of Theorem 5.6 and therefore corresponds to a Frobenius object in
Rel.

Proposition 6.1. Let X be the nerve of a groupoid G1 ⇒ G0. Then X ,
with α̂(g) = g−1, satisfies the properties in Propositions 5.2, 5.3, and 5.4.

Proof. Part (1) of Proposition 5.2 is immediate. For part (2), we observe
that, for ζ = (g, h) ∈ X2, the condition d20ζ = s00u implies that h = e(s(g)),
and therefore d22ζ = d21ζ = g. Similarly, d22ζ = s00u implies that g = e(t(h)),
and therefore d20ζ = d21ζ = h.

The property in Proposition 5.3 is a straightforward consequence of the
associativity property of the groupoid.

To understand the rotation action of α̂ on X2, we observe that the image
of (g, h) ∈ X2 in (X1)

3 is (g, h, g · h). Since α̂ is the inverse map, the
rotation action gives (h, (g ·h)−1, g−1). This is also in the image of X2, since
h · (g · h)−1 = g−1. �

In [4], Heunen, Contreras, and Cattaneo constructed a Frobenius object
in Rel associated to a groupoid G1 ⇒ G0 by setting X = G1, with structure
relations given by

• µ = {(g, h, g · h) | s(g) = t(h)},
• δ = {(g · h, g, h) | s(g) = t(h)},
• η = ǫ = e(G0).

We observe that their construction coincides with that of Theorem 5.6 in
the case where X is the nerve of G1 ⇒ G0. In particular, the definitions
of µ and η are identical, the agreement in ǫ is due to the fact that e(G0) is
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invariant under the inverse map, and the agreement in δ holds because the
sets {(g · h, g, h) | s(g) = t(h)} and {(h, g−1, g · h) | s(g) = t(h)} are equal.

It is immediate from the construction that the Frobenius objects that arise
from groupoids satisfy the dagger property X† = X and the special property
µ ◦ δ = 1. The converse is proven in [4].

7. Commutative Frobenius objects in Rel

Two-dimensional TQFTs (with values in a symmetric monoidal category
C) are classified by commutative Frobenius objects in C. In this section, we
consider commutative Frobenius objects in Rel and find additional proper-
ties implied by commutativity on the corresponding simplicial set.

Let (X, ǫ, η, δ, µ) be a Frobenius object in Rel. Let τ : X ×X 99K X ×X

denote the twist relation τ = {(x, y, y, x) | x, y ∈ X}.

Definition 7.1. X is commutative if µ ◦ τ = µ.

Proposition 7.2. X is commutative if and only if X = Xop.

Proof. The result is a consequence of the fact that commutativity implies
the cocommutativity property τ ◦ δ = δ. To prove this, we use Lemma 3.7
and commutativity to check that

(x, y, z) ∈ τ ◦ δ ⇐⇒ (x, z, y) ∈ δ

⇐⇒ (α̂(y), α̂(z), α̂(x)) ∈ µ

⇐⇒ (α̂(z), α̂(y), α̂(x)) ∈ µ

⇐⇒ (x, y, z) ∈ δ. �

There is also a notion of opposite for simplicial sets; if X is a simplicial
set, then the opposite X op has the same underlying sets X•, with the indices
for face and degeneracy maps reversed:

(dop)qi = d
q
q−i, (sop)qi = s

q
q−i.

It is straightforward to see from the construction in Section 5.1 that, if X
is a Frobenius object with corresponding simplicial set X , then X op is the
simplicial set that corresponds to Xop. Thus, we have the following:

Proposition 7.3. Let X be a commutative Frobenius object in Rel, with
corresponding simplicial set X . Then X = X op.

A consequence of Proposition 7.3 is that, if X is the simplicial set corre-
sponding to a commutative Frobenius object, then d11 = d10, and therefore
X decomposes as a disjoint union of simplicial sets with only one 0-simplex.
Proposition 3.14 implies that this decomposition is preserved by α̂, so com-
mutative Frobenius objects always decompose as a disjoint union of those
with one-element unit sets. In particular, the only groupoids that correspond
to commutative Frobenius objects are disjoint unions of abelian groups.

The following result gives a property that commutative Frobenius objects
and groupoids have in common.
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Proposition 7.4. Let X be a commutative Frobenius object in Rel. Then
α̂ is an involution.

Proof. By Proposition 3.4, α = {(x, α̂(x)) | x ∈ X}. By commutativity, it
follows that (α̂(x), x) ∈ α for all x ∈ X, and therefore that x = α̂2(x). �

8. Exterior algebras and cohomology rings

Recall that a standard example of a Frobenius algebra is the de Rham
cohomology of a compact oriented manifold. There doesn’t seem to be
any direct way to convert this construction into a Frobenius object in Rel.
Nonetheless, as we see in this section, there is an analogous construction,
provided the manifold is equipped with a Riemannian metric.

8.1. Exterior algebras. Let V be an n-dimensional vector space over R,
equipped with an inner product and a choice of orientation. From this data,
we obtain an associated volume form ν ∈

∧n V , an extension of the inner

product to
∧

V , and the Hodge star operator ⋆ :
∧k V →

∧n−k V , related
by the equation

λ ∧ ⋆θ = 〈λ, θ〉ν

for λ, θ ∈
∧k V .

We define a 2-truncated simplicial set as follows. Set X0 = {1},

X1 = {λ ∈
∧

V | ‖λ‖ = 1},

X2 = {(λ, θ, φ) ∈ (X1)
3 | λ ∧ θ ∧ ⋆φ = ν.}

We always implicitly assume that forms are of the appropriate degree for
equations to make sense; for example, in order for (λ, θ, φ) to be in X2 with

λ ∈
∧k V , θ ∈

∧ℓ V , and φ ∈
∧m V , it is necessary that m = k + ℓ.

The face and degeneracy maps between X0 and X1 are obvious. The maps
between X1 and X2 are

d20(λ, θ, φ) = θ, d21(λ, θ, φ) = φ, d22(λ, θ, φ) = λ,

s10(λ) = (1, λ, λ), s11(λ) = (λ, 1, λ).

The identities (4.1)–(4.3) are immediate. Let X denote the 2-coskeletal ex-
tension.

Proposition 8.1. The simplicial set X , with α̂ = ⋆, satisfies the properties
in Propositions 5.2, 5.3, and 5.4, and therefore corresponds to a Frobenius
object in Rel.

The proof of the proposition will make use of the following lemma.

Lemma 8.2. Let (λ, θ, φ) ∈ X2. Then ‖λ ∧ θ‖ = 1 and φ = λ ∧ θ.
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Proof. From the definition of X2, we have 〈λ ∧ θ, φ〉 = 1. The Cauchy-
Schwarz inequality implies that 1 ≤ ‖λ∧θ‖‖φ‖ = ‖λ∧θ‖. On the other hand,
since the norm on

∧

V is submultiplicative, we have ‖λ ∧ θ‖ ≤ ‖λ‖‖θ‖ = 1.
Thus, ‖λ ∧ θ‖ = 1. Furthermore, since

‖λ ∧ θ − φ‖2 = ‖λ ∧ θ‖2 + ‖φ‖2 − 2〈λ ∧ θ, φ〉

= 1 + 1− 2 = 0,

we conclude that λ ∧ θ = φ. �

Proof of Proposition 8.1. The injectivity of δ2 is clear. For the second prop-
erty in Proposition 5.2, we observe that, if (λ, 1, φ) ∈ X2 or (1, λ, φ) ∈ X2,
then λ = φ by Lemma 8.2.

In light of Lemma 8.2, verification of the associativity property (Proposi-
tion 5.3) amounts to checking that, if λ, θ, φ, and λ ∧ θ ∧ φ are all unit
vectors, then λ ∧ θ is a unit vector if and only if θ ∧ φ is a unit vec-
tor. This is true, since, by submultiplicativity, ‖λ ∧ θ‖ ≤ ‖λ‖‖θ‖ = 1 and
1 = ‖λ ∧ θ ∧ φ‖ ≤ ‖λ ∧ θ‖‖φ‖ = ‖λ ∧ θ‖, so ‖λ ∧ θ‖ = 1, and, similarly,
‖θ ∧ φ‖ = 1.

The rotation action of α̂ = ⋆ takes (λ, θ, φ) to (θ, ⋆φ, ⋆λ). The invariance
of X2 follows from the fact that λ ∧ θ ∧ ⋆φ = θ ∧ ⋆φ ∧ ⋆(⋆λ), assuming that
the degree of φ is the sum of the degrees of λ and θ. �

8.2. Cohomology rings. Let M be a compact oriented Riemannian man-
ifold of dimension M . Then the construction of Section 8.1 can be applied
fiberwise to the cotangent bundle T ∗M . Furthermore, the construction com-
pletely passes to cohomology; in particular, the Hodge star passes to coho-
mology via its action on harmonic forms. Thus we obtain a Frobenius object
in Rel where X is the unit sphere in H∗(M).

In many cases, one can find smaller subsets Y ⊂ H∗(M) that form sub-
Frobenius objects. The requirements are as follows:

(1) 1 ∈ Y ,
(2) Y is closed under ⋆,
(3) if λ, θ ∈ Y and ‖λ ∧ θ‖ = 1, then λ ∧ θ ∈ Y .

We conclude with two simple examples.

Example 8.3. For any M , one can take Y = {1, ν}. The Frobenius struc-
ture is given by

η = {1},

ǫ = {ν},

µ = {(1, 1, 1), (1, ν, ν), (ν, 1, ν)},

δ = {(1, ν, 1), (1, 1, ν), (ν, ν, ν)}.

This is an example of a commutative Frobenius object.

Example 8.4. In the case where M is the torus, one can take

Y = {±1,±a,±b,±ν},
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where {a, b} is an orthonormal basis for H1(M).
We note that, because the wedge product is only commutative up to sign,

this is not a commutative Frobenius object. In fact, since α̂2(a) = ⋆2a = −a,
we see that, in this example, α̂ is not an involution. Thus we have an example
of a Frobenius object with a nontrivial Nakayama automorphism.
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