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Observation of Quantum Oscillations in The Low Temperature Specific Heat of SmB6

P. G. LaBarre,1, ∗ A. Rydh,2 J. Palmer-Fortune,3 J. A.

Frothingham,3 S. T. Hannahs,4 A. P. Ramirez,1, † and N. Fortune3, ‡

1Department of Physics, University of California at Santa Cruz, Santa Cruz, CA, USA
2Department of Physics, Stockholm University, Stockholm, Sweden
3Department of Physics, Smith College, Northampton MA 01063

4National High Magnetic Field Laboratory, Florida State University, Tallahassee, FL 32310-3706, USA
(Dated: February 22, 2022)

We report measurements of the low-temperature specific heat of Al-flux-grown samples of SmB6 in
magnetic fields up to 32 T. Quantum oscillations periodic in 1/H are observed between 8 and 32 T at
selected angles between [001] and [111]. The observed frequencies and their angular dependence are
consistent with previous magnetic torque measurements of SmB6 but the effective masses inferred
from Lifshitz-Kosevich theory are significantly larger and closer to those inferred from zero-field
specific heat. Our results are thus consistent with a bulk density of states origin for the oscillations.

Despite five decades of study, the Kondo insulator
SmB6 continues to yield new physics, the most recent dis-
covery being the observation of magneto-quantum oscil-
lations (MQOs) characteristic of metals. Curiously, such
oscillations are observed in measurements of the magnetic
torque [1] but not in charge transport [2].

The physical origin of these oscillations continues to be
debated [3–11]. This is in part because magnetic torque
measures the magnetization anisotropy, rather than the
bulk susceptibility. Since SmB6 is a known topologi-
cal Kondo insulator, it should possess surface or inter-
face states leading to large demagnetization effects in the
anisotropy, greatly overestimating the inferred magneti-
zation [8]. Thus, in addition to a possible bulk origin,
one must also consider the possibility that torque-QOs
are due to such surface states. Since the geometric prop-
erties of these states are not known, torque alone can-
not distinguish between bulk or surface, but specific heat
QOs are only susceptible to a bulk origin, thus motivat-
ing the present study [12–14].

For a normal metal, Lifshitz-Kosevich (L-K) theory
predicts the magnitude of the quantum oscillations in the
heat capacity to be on the order of 0.1% of the ordinary
electronic specific heat for good metals [13]. Such oscilla-
tions are in principle resolvable using high-resolution ac-
calorimetry and Fourier analysis, and have in fact been
observed previously in lower carrier density semimetals
[12, 13] and molecular conductors [15, 16]. Our work-
ing assumption is that the observed oscillatory behavior
in SmB6 arises from regions of the sample that can sup-
port large mean free paths of Fermi liquid-like excitations
(even if they are charge neutral in origin) and will there-
fore still be governed by L-K theory regarding oscillation
amplitudes and frequencies even if the material itself is
an insulator.

In order to investigate this possibility of bulk oscilla-
tions [14], we have measured the specific heat of SmB6

in applied magnetic fields for three flux grown crystals of
0.43 µg, 1.511 µg, and 0.126 µg, each grown in a separate
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FIG. 1. Temperature dependence of the specific heat at 0 T
and 12 T for a 0.430 µg flux-grown SmB6 sample, along with
a representative fit to the temperature dependence at 12 T.
The results are consistent with the presence of spin fluctu-
ations with a characteristic temperature T ∗ = 15 K. Inset:
field dependence of C/T at T = 0.99 K. Above a Schottky
peak near 1 T arising from magnetic impurities, C/T varies
as γ(H) = γ(0)(1 − α(H/H∗)2, where H∗ = kBT

∗/µB .

batch at Los Alamos National Laboratory [17]. Our mea-
surements of C(T,H) at T < 1K and H up to 32 tesla
were carried out using custom-built rotatable micro- and
nano-calorimeters [18, 19] and also as a function of tem-
perature between 0.1 K and 100 K in various fixed mag-
netic fields. The heat capacities of the bare calorimeters
were measured in separate runs and subtracted from the
data; Corrections were also made for the magnetoresis-
tance of the thermometers [19, 20].
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In Fig. 1 we compare zero field and 12 T data for H ‖ a
axis, along with a representative fit to the 12 T data for
a 0.430 µg sample. We note a large variation in the re-
ported low temperature zero-field electronic specific heat
γ values for different samples. Such a large sample-to-
sample variation is unusual for most materials, but is
characteristic of SmB6 and may be due to the variation
in number and type of rare-earth impurities or in the
density of mid-gap states [21].

Our results at both 0 T and 12 T are well described at
low T by the following model:

C = Cel + CKI + βDT
3 +DT−2

Cel = γ0T
[
(m?/m) +AT 2 ln (T/T ?)

] (1)

Here γ0 in Cel is the “bare” electronic coefficient of the
specific heat expected from band structure, m∗/m =
γ (H) /γ0 is the many-body effective mass enhancement
above the band mass m, A is a coupling constant depen-
dent on the strength of the exchange interaction between
Fermi-liquid quasiparticles and mass-enhancing excita-
tions, D/T 2 is an empirically determined fitting term for
the lowest temperature behavior, and T ∗ is the charac-
teristic temperature for the excitations [22].

The three non-electronic terms in Eq. 1 include, first, a
highly sample-dependent Schottky-like term CKI arising
from the temperature dependent screening of magnetic
impurities in a Kondo insulator [23]. Numerically, the
low and high temperature limits of this model closely
match the standard Schottky expression for a two-level
system with an energy gap ∆ and ground state/excited
state degeneracy ratio g0/g1 = 2 [24]. We have therefore
used the Schottky expression as a proxy for this model
(which lacks a numerical prediction for intermediate tem-
peratures). Second, we include a term βDT

3 to represent
the low temperature limit of the lattice specific heat in
the Debye approximation. Third, we add an empirically
fit DT−2 term to represent an anomalous upturn in C
with decreasing T [25–27] analogous to but steeper than
previously seen in heavy fermion systems [25–28]. Nu-
clear Schottky contributions observed at still lower tem-
peratures in applied magnetic fields [27] have the same
T−2 dependence but are considered to be too small to be
observed here in our data [6].

Turning now to the electronic contributions to the spe-
cific heat, we note the growing evidence for intrinsic low
temperature magnetism in SmB6 [29]. Thus, it is reason-
able to expect an additional T 3 ln (T/T ?) contribution
due to spin fluctuations, as previously observed in other
Kondo systems [22], heavy fermions [30] and other elec-
tron mass-enhanced metals [31]. In SmB6, the T 3 ln(T )
term has been used to model the dependence of the low
temperature specific heat of SmB6 on carbon doping [32]
and (La, Yb) rare earth substitution [33]. Specific heat
measurements in a field can therefore provide a criti-
cal test: if spin fluctuations are the source of the zero

field T 3 ln (T/T ?) contribution and mass enhancement
m?/m, that enhancement should be significantly reduced
for fields greater than or on the order of H∗ = kBT

∗

µB

where kBT
∗ is a characteristic energy for spin fluctua-

tions. This reduction results in a decrease in the quasi-
particle enhanced effective mass ratio m?/m and thus
γ(H), which should be proportional to (H/H?)2 at low
fields [34, 35]. For T ∗ = 15 K, we expect H∗ = 23T.

Our observations at both low and high temperatures
are consistent with the previously observed behavior dis-
cussed above. Consistent with this expectation, we find
that C/T for all measured temperatures (T ≤ 1K) begins
to significantly decrease above 18 T, leveling off above 22
T; the initial field dependence is proportional to (H/H∗)2

(Fig. 1 inset). A low field Schottky peak around 1-2 T
arises from the magnetic impurities present in the sample,
as expected; we attribute a second peak seen in higher
fields around 12 - 15 T to the experimentally observed
suppression of the gap between the in-gap states and the
conduction band [36] by a magnetic field on the order of
14 T (see supplemental for details).

We turn now to the oscillatory component of the
specific heat. Magnetoquantum oscillations in thermo-
dynamic quantities such as magnetization and specific
heat arise from oscillations in the thermodynamic po-
tential, the free energy minus the chemical potential of
the system, Ω̃ = fT (z)Ω̃0 where in the L-K model [13],
fT (z) = z/ sinh z represents the reduction in oscillation
amplitude at finite temperature due to thermal smear-
ing of the Fermi surface and Ω̃0 is the zero temperature
thermodynamic potential. Here

z ≡ π2p

(
m?

m

)(
m

me

)(
kB
µB

)
T

H
, (2)

where m?is the quasi-particle interaction enhanced mass,
m is the band mass, me is the bare electron mass, and p
is an integer denoting the harmonic.

Unlike typical specific heat measurements, the contri-
bution due to cyclotron motion in a magnetic or gauge
field will be subject to a damping term related to quasi-
particle scattering. Introducing quasiparticle scatter-
ing results in an additional damping term in the ther-
modynamic potential so that Ω̃ = fT (z)fD Ω̃0 where
fD = e−pHD/H and

HD = π2

(
kB
µB

)
T ?D (3)

where T ?D is the effective mass Dingle temperature, re-
lated to the original band mass Dingle temperature TD
by T ?D = m?

me
TD [13, 37, 38].

Normally such MQOs arise from the motion of charge
carriers and here we are asking, irrespective of the nature
of coupling to a gauge field, is there evidence for MQOs
in the specific heat and thus the density of states? The
oscillatory component of the specific heat depends on the
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second derivative of the thermodynamic potential,

C̃ = −T ∂

∂T

(
∂Ω̃

∂T

)
= − 1

T
z2f ′′T (z)fD Ω̃0 (4)

which, unlike the oscillatory component of the magneti-
zation, goes to zero at a nonzero finite field corresponding
to z ≈ 1.61. We can use the appearance of this node not
only to validate the measurement but also to determine
the effective mass enhancement directly from the L-K
model, without need for a study of T dependence [16].

Magneto-quantum oscillations in C(T ) are predicted
to be, intrinsically, a much smaller fraction of the to-
tal signal than the electronic component of C(T ) in zero
field [13]. This small signal creates a novel challenge
for low signal-to-noise measurements such as ours. To
avoid introducing false peaks in the Fourier spectrum,
as well as systematic errors in oscillation peak frequency
identifications, we use a more general non-uniform dis-
crete Fourier transform (NDFT), the Lomb-Scargel (LS)
method [39]. This method, widely used in astronomy,
avoids the aliasing errors that would otherwise be intro-
duced by the usual interpolation techniques for gener-
ating the uniform-in-1/H data sets needed for accurate
MQO frequency determination using Fourier transforms.
An important starting point for implementing the LS
method is the subtraction of a uniform C(H) background
and, to avoid introducing low-frequency terms. We there-
fore avoided using a multi term polynomial, and instead
subtracted a sigmoid function least squares fit before car-
rying out the frequency analysis. A discussion of our use
of the Lomb-Scargle method and the applied peak selec-
tion criteria is presented in the supplemental material.

As a test of our method, we first measured the oscilla-
tory specific heat of a 0.085 µg sample of LaB6 at tem-
peratures ranging from 0.1 K-1.0 K in fields up to 12 T.
Applying the Lomb-Scargle frequency analysis described
above, we resolved frequency peaks at F = 847(±8),
1697(±18), 3228(±15), 7866(±16), and 15732(±21) T,
in good agreement with previously reported values of
845, 1690, 3220, 7800, and 15600 T based on dHvA mea-
surements [40] (as shown in the supplemental material).
The effective masses were also the same as determined by
dHvA, ranging from 0.066 to 0.65 me for the respective
bands.

For SmB6, we applied the same analysis method as
used for LaB6. We find magnetic field orientation-
dependent frequencies in general agreement with previ-
ous results [6]. In Fig. 2 we show a comparison of mea-
sured frequencies determined from the data after back-
ground subtraction, Cres(H) collected at 0.58 K between
18 and 31 T with DFT predictions (green, black, red and
pink lines [4]). We are unable to clearly resolve the lowest
expected oscillation frequencies but find approximately a
90% fidelity agreement of the oscillation frequencies we
do observe with those reported from de Haas-van Alphen
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FIG. 2. Angular dependence of the oscillation frequency for a
1.511 mg flux grown sample of SmB6 (solid points). Solid lines
correspond to predicted angle-dependent oscillation frequen-
cies for SmB6 [6]. Band labels ρ, ρ′, ε, and γ are as presented
in [6]. Inset: Sample weighted periodogram for φ = 0o. The
main peak corresponds to an oscillation frequency of 695 T.

(dHvA) measurements on float zone growth samples [6].
One cause for caution is that flux grown samples of-

ten possess Al inclusions, and torque measurements have
shown inclusions can produce MQOs at frequencies simi-
lar to those expected for SmB6 [7]. In Fig. 3(c) we there-
fore show a comparison of the the corresponding oscilla-
tion amplitude and magnetic field dependence expected
for an aluminum sample, using the known oscillation fre-
quencies and effective masses of Al [42]. We see here
that even at the 100% level (pure Al), we are unable to
account for the amplitude of the MQOs we see in the
specific heat. In our flux grown samples, the absence
of a discernible jump in the zero-field electronic specific
heat of 1% or greater at the Al superconducting transi-
tion temperature of 1.163 K places an upper limit on the
actual Al percentage of less than 5%. We believe that
this is a critical test since, if Al inclusions are producing
MQOs, then they must arise from high quality crystalline
material.

Further confidence in our analysis comes from our ob-
servation of a node in the magnetic-field-dependence of
the MQOs [13, 16] at 0.58 K. First, in Fig. 3(a), we show
the expected magnetic field dependence of the oscillatory
specific heat profile on effective mass for an oscillation
frequency of 341 tesla at 0.58 K. Second, in Fig. 3(b),
we show the corresponding best fits of the L-K model to
a representative data trace at 0.58 K for the 1.511 mg
sample of SmB6 between 14 - 31 T measured using the
larger microcalorimeter [19]. The MQOs observed in the
specific heat have a node at approximately 26 T, indi-
cating an average enhanced effective mass ratio of 4.7.
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FIG. 3. (a) Predicted oscillatory specific heat for effective
mass enhancement ratios of 0.13, 3.0, 4.0, and 5.0 respec-
tively, assuming a sample temperature T = 0.58K and an
impurity scattering Dingle temperature TD = 1 K. Traces
have been offset vertically for clarity. (b) Residual specific
heat vs H−1 at T = 0.58K and Φ = 45o. The red curve is our
best fit of the L-K model to the data, assuming an effective
mass of 4.7me, HD = 10.9 T, and no attenuation due to spin-
scattering (RS = 1.) A π phase shift was introduced at 26 T
to best fit the data, a factor needed for high field QO mea-
surements especially in the presence of magnetic breakdown
[41] (c) Comparison of the data with the predictions of the
L-K model for a 100% Al sample (effective mass of 0.13me,
TD = 1 K , which gives HD = 19.5 T, and RS = 1).

As mentioned above, we expect this value to remain con-
stant for fields ≥ 23 T. Finally, in Fig. 3(c), we compare
the same data trace with that expected for a 100% alu-
minum sample of the same mass. The location of this
node at 26 T is incompatible with that which would be
observed for aluminum, given the known effective masses
for Al. A discussion of the fitting procedure is outlined
in the supplemental material.

For confirmation of the observed heavy MQOs in C(H)
of SmB6, a second set of measurements were made on a
0.126 µg Al-flux grown sample using a high-resolution

membrane nanocalorimeter [18], as shown in Fig. 4 for a
field sweep at 0.52 K for H ‖ [111]. We find observable
MQOs between 10-12 T with a mass enhancement of 6.6
me, slightly enhanced from the 4.7 me value observed at
similar temperature at high field.
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FIG. 4. Residual specific heat vs H−1 at T = 0.518 K for
Φ = 45o. The black curve is the raw data post background
subtraction. The red curve is a sample L-K fit using the
sample parameters as meff = 6.6 me TD = 2K, and RS = 1

We note that while the MQO frequencies in C are
in good agreement with those obtained from magnetic
torque measurements, the mass enhancements are not.
We find effective mass enhancements m∗

m ranging from
4.5 to 6.6 from fits of the L-K model to the data for both
data sets, in contrast with values ranging from m∗

m = 0.1 -
1.0 found from torque magnetometry [3–6]. Nevertheless,
our larger mass enhancements are consistent with those
determined from the node in oscillation amplitude ob-
served at 0.58 K and the large mass enhancements found
in our fit to the zero-field data. Finally, the larger effec-
tive masses are consistent with a recent first-principles,
parameter-free all-electron electronic-structure model for
SmB6 (m

∗

m = 2.0 - 22.0 depending on the band) [43].
One possible theoretical explanation for the discrep-

ancy in effective mass values observed by specific heat
and magnetic torque would be the simultaneous existence
of light and heavy quasiparticle masses, as has been pro-
posed for SmB6 [44]. In this theoretical model, the MQOs
arise when a highly asymmetric nodal semimetal forms at
low temperature with carriers populated from disorder-
induced in-gap states in small-gap Kondo insulators [45].
Whether this theory allows the formation of charge neu-
tral excitations is not clear to us but in any case, it would
be interesting if the theory were to be extended to in-
clude a calculation of the oscillatory specific heat, so as
to enable a more direct comparison with our results. Ad-
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ditionally, recent experimental studies on the Kondo in-
sulator YbB12 suggest a two-fluid picture for the origin
of the observed MQO profile in which neutral quasipar-
ticles coexist with charged fermions [46]. Finally it has
also been shown in recent theoretical work that neutral
quasiparticles arise naturally in mixed valence systems
as Majorana excitations [14]. Such excitations would ex-
hibit no charge transport in linear response, but would
indeed show MQOs in magnetization, as well as specific
heat, consistent with our observations. Further studies
to accurately determine spin-splitting attenuation factors
are required to support or oppose these claims.

In conclusion we have resolved MQOs in the high field
residual specific heat of SmB6 that show good agree-
ment with theoretical expectations for the dependence of
oscillation frequency on crystallographic orientation for
SmB6, even though the parameters needed to describe
the observed specific heat oscillations within L-K theory
indicate much larger masses than those previously de-
termined from dHvA measurements. In future measure-
ments, we hope to use still higher sensitivity calorimeters
to measure C(H,T ) vs φ systematically in high fields to
probe for light and heavy effective masses in high qual-
ity float- and flux-grown samples at low temperatures,
with a goal of the direct observation of oscillations in the
specific heat at high magnetic fields.
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I. NON-OSCILLATORY CONTRIBUTIONS TO THE SPECIFIC HEAT OF SmB6

In order to model the ’high’ temperature behavior (T > T ∗) we followed a similar ap-

proach to Orendáč et al. [1], shown in Eq. (2)

C/T = γ + CE (1)

where CE is the specific heat from the Einstein model. They first infer a lattice contribution

to the specific heat from corresponding measurements of isomorphous LaB6, using a model

by Mandrus et al. [2] for LaB6 which treats the La ions as independent Einstein oscillators

embedded in a boron framework treated as a Debeye solid.

In that model, the Debeye ΘD and Einstein ΘE oscillator temperatures are determined

by x-ray diffraction to be ΘD = 1160 K and ΘE = 141 K. Inclusion of the Einstein term

greatly improves the fit to the specific data by accounting for a prominent shoulder in the

data due to local vibrations of La ions within a rigid 3D Boron “cage.” For the specific

heat calculation, 1 mol of La ions are treated as Einstein oscillators and 6 mol of B ions are

treated as a Debye solid.

For a monatomic cubic crystal, Uiso(T ) can be solved exactly within the Debye approxi-

mation:

Uiso =

[
3h2T

4π2mkbΘD
2

] [
Φ(ΘD) +

1

4

ΘD

T

]
(2)

where

Φ(x) =
1

x

∫ x

0

dy
y

ey − 1
(3)

For LaB6, Uiso = 0.0040(1) Å
2

= 0.00004 nm2 yields a value ΘD = 1160 K. Correspond-

ingly, for an Einstein oscillator, the mean square displacement amplitude is given by

Uiso =
h2

8π2mkBΘE

coth

(
ΘE

2T

)
(4)

and for La, Uiso = 0.00537(2) Å
2

= 5.37·10−23m2, corresponding to an Einstein temperature

ΘE = 141 K.

Based on the corresponding room temperature x-ray diffraction data for SmB6 [3], we

calculate ΘE = 119 K consistent with Trounov’s et al. [3] estimate of Einstein temperature

∗ pglabarre@gmail.com
† apr@ucsc.edu
‡ nfortune@smith.edu
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ΘE = 120 K. The Einstein model for the contribution of La or Sm atom ’rattling around’

in a B ’cage’ is given by

CE = 3sR

(
ΘE

T

)2
exp (ΘE/T )

[exp (ΘE/T )− 1]2
. (5)

Applying this model for T > 15K we find good fits to our experimental data with γ0 =

35.7 mJ
moleK2 and ΘE = 106K, shown by the dashed cyan line in Fig. 1 above 15 K.

10 1 100 101 102

Temperature [ K ]

10 1

4e-02

6e-02

2e-01

3e-01

4e-01

C p
/T

 [ 
J/m

ol
 K

2  ]
 

H = 0 T
H = 12 T

+ D/T3

 + Schottky at 12 T   (    =  3.6 K)
+ AT2lnT/T  at 12 T  (T *  = 15 K)
 + Einstein oscillator (TE = 106 K)
T2 low T Debye limit (TD = 212 K)

Fit H = 12 T

FIG. 1. Temperature dependence of the specific heat at 0 T and 12 T for a 0.430 µg flux-grown

SmB6 sample, along with a representative theoretical fit to the temperature dependence at 12 T.

The results are consistent with the presence of spin fluctuations with a characteristic temperature

T ∗ = 15 K.

As discussed in the main text at both 0T and 12 T our data are well described at low T

(T < 15K) by:

C = Cel + CKI + βDT
3 +DT−2

Cel = γ0T
[
(m?/m) + AT 2 ln (T/T ?)

] (6)
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where γ0 in Cel is the “bare” electronic coefficient of the specific heat expected from band

structure, m∗/m = γ (H) /γ0 is the many-body effective mass enhancement above the band

mass m, A is a coupling constant dependent on the strength of the exchange interaction

between Fermi-liquid quasiparticles and mass-enhancing excitations, D/T 2 is an empirically

determined fitting term for the lowest temperature behavior.

We find in good agreement with previous works [1, 4], γ(H = 12T ) = 54.1 mJ
moleK2 , TD =

212K, A = 0.287 mJ
moleK4 , and D = 0.156mJK

mole

II. LIFSHITZ-KOSEVICH (L-K) FITTING PROCEDURE

In order to detect oscillations at the < 0.01%γ0 level a background subtraction was made

using a sigmoid distribution, y = A1−A2

1+e(x−x0)/dx
+ A2, where A1, A2, x0 and dx are fitting

parameters from H = 18 − 31 T as is shown in the inset of Fig. 2 for increasing field at

T = 0.58K. The sigmoid function was chosen due to its non-oscillatory nature over any

field range and a shape that is similar to the raw data above 14 T. By contrast, fitting

the background signal to higher order polynomials can lead to artificial oscillatory residuals

at the 0.01%γ0 level near field regions where different powers of the polynomials become

dominant. Fig. 2 shows the residual specific heat for one of the field sweeps for H = 18−31

T at T = 0.58K.

As is outlined by D. Shoenberg [5] the theoretical oscillatory specific heat derived via

L-K theory in the limit of T → 0 is

∆Cosc = − 1

T

me

m∗

(
me

eπh̄2

)3/2

(2µB)5/2 V

p5/2π2(A′′)1/2
H5/2cos

[
2πp

(
F

H
+ φ

)]
(7)

where me is the electron mass, m∗ is the quasi particle effective mass, h̄ is Plank’s constant,

µB is the Bohr magneton, V is the sample volume, H is the applied external magnetic field,

F is the frequency of oscillation, A
′′

is a dimensionless measure of the curvature of the

Fermi surface and p is an integer value that corresponds to the harmonic of the fundamental

frequency (p = 1is the fundamental frequency). The amplitude of the oscillatory thermo-

dynamic potential, and thus the oscillatory specific heat, given by Eq. 7 is reduced by the

introduction of a finite scattering time due to i) impurity scattering, ii) phase smearing due

to finite temperature effects, and iii) an effective mass dependent amplitude correction factor

due to spin scattering. As temperature is increased, the specific heat reduces in oscillation
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FIG. 2. Cres v H−1 at T = 0.58K for H = 18−31 T. Inset Sigmoid fit to the raw specific heat data,

the black curve is Craw and the red curve is the sigmoid fit used in the background subtraction.

amplitude and a restructuring of the oscillation envelope in certain field ranges. At finite

temperature, phase smearing alters Eq. 7 to yield

∆Cosc = − 1

T

me

m∗
z2f

′′
(z)

(
me

eπh̄2

)3/2

(2µB)5/2 V

p5/2π2(A′′)1/2
H5/2cos

[
2πp

(
F

H
+ φ

)]
(8)

with z = 2π2pkBT
β∗H and f(z) = z

sinh(z)
where β∗ = eh̄

m∗ . Shown in Fig. 3(a) of the main text

is the effect of phase smearing, z2f
′′
(z), on the oscillatory waveform and overall envelope of

oscillations. This introduces a node in the specific heat centered at a field that is governed

by temperature and quasiparticle effective mass. As is shown in Fig. 3 of the main text,

for effective masses of 0.13, 3, 4, and 5 me the specific heat node arises at a temperature

of T = 0.58K in our field range of interest. For effective masses ranging from 3-6 me

one expects a growth or reduction of the amplitude of magnetoquantum oscillations as the

field passes through the node. Introducing electron scattering results in an exponential

damping of the oscillatory magnitude where Eq. 8 is multiplied by RD = e−p((2π
2kB)/β)TD/H

where TD is the Dingle temperature, a sample dependent parameter. This damping effect is

a controlling factor for setting the scale of possible oscillatory phenomena and necessitates
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low temperatures and large magnetic fields for oscillations to be large enough to be observed.

Here it is worth noting that the effective mass, m∗, enters into the temperature damping

terms (phase smearing) but the bare electron mass, me, enters into the field damping terms

(Dingle factor)[5]. This complication, however, is commonly ignored and the effective mass

is entered into the Dingle factor. To properly compare our data to published literature, one

needs to determine which fitting methods were used, since the calculated value of TD,calc for

a given value of RD will differ from the true value TD,true by a factor of m∗/me . Lastly, the

introduction of spin scattering results in a constant reduction across all temperatures and

fields of Rs = cos (1/2pπgm∗/me) where g is the Landé g-factor. One then finds the final

finite temperature oscillatory specific heat including phase smearing, electron scattering,

and spin splitting, to be that shown in Eq. 9 where C0 = V
π2

(
me

2πh̄2

)3/2
(2µB)5/2 in SI units.

∆Cosc = − 1

T

me

m∗
z2f

′′
(z)

H5/2

(A′′)1/2
C0RDRscos

[
2πp

(
F

H
+ φ

)]
(9)

For a cylindrical Fermi surface (FS), the cross-sectional area is A = πk2
c . Then A

′′
= 2π

and the magnitude of the specific heat oscillations is enhanced by (A
′′
)−1/2 ∼ 0.4. For a

cubic FS, the cross-sectional area is A = k2
c such that the specific heat oscillation magnitude

is enhanced by (A
′′
)−1/2 ∼ 0.7. This assumes, however, that the FS spans the entirety of

the BZ. SmB6 has a simple cubic lattice with a = 4.133 Å where the area of the first BZ is

ABZ =
(

2π
a

)2
= 2.31 Å

−2
. Scaling A

′′
based on the ratio of the extremal FS area, calculated

from the measured oscillation frequency using Onsager’s relation, ∆1/H = 2πe
h̄

1
Ae

, to that of

the first BZ, we have for a frequency of 695T, Ae/ABZ = 0.06634/2.31 = 0.027, which for a

cylindrical FS enhances the oscillation amplitude by (2π ∗ 0.027)−1/2 = 2.43 and for a cubic

FS enhances the oscillation amplitude by (2 ∗ 0.027)−1/2 = 4.3.

III. LOMB-SCARGLE NDFT

Traditional methods for studying quantum oscillatory phenomena in condensed matter

utilize the standard ‘time’ series analysis of discrete Fourier transforms (DFT) or discrete

fast Fourier transforms (DFFT). For analyzing magnetoquantum oscillations, however, this

procedure is only mathematically valid if the data are sampled uniformly in 1/H. Since the

data are obtained at regular time intervals as the magnet current is ramped, the analysis

needs to compensate for the lack of periodicity in 1/H. This discrepancy is usually ignored

6



when the oscillatory component is large and the field spacing between points is small. As

the signal to noise ratio decreases, however, the non-uniformity of sampling can dramatically

affect the observability of MQOs.

Accurate determination of the power spectrum for low signal to noise non uniformly sam-

pled data requires the use of non-uniform discrete Fourier transforms (NDFT) of which there

are several methods. One of the most useful for detecting non uniformly sampled low signal

to noise sinusoidal periodicity is the Lomb-Scargle method [6]. The Lomb-Scargle approach

is beneficial over classical non uniform periodogram methods in that the noise distribution

at each individual frequency is chi-square distributed under the null hypothesis where the

periodogram results from Gaussian noise and the result is equivalent to a periodogram de-

rived from a least squares analysis [6]. One important metric given by the Lomb-Scargle
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FIG. 3. Unweighted frequency spectrum of Fig. 2. Inset inverse false alarm probability used

produce the weighted frequency spectrum shown in Fig. 4.

method is the false alarm probability (FAP). The FAP is the probability that the resulting

spectrum is composed of Gaussian noise and so a FAP = 1 indicates data at the specified

frequency is best represented by Gaussian noise. The closer the FAP is to zero, the higher

the likelihood that the data at a specified frequency is a true frequency peak such that

weighting the spectrum (Fig. 3) by the inverse of the FAP (Fig. 3 inset) gives the best
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representation of the true frequency peaks, shown in Fig. 4.
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FIG. 4. Logarithm of the weighted frequency spectrum generated from the residual heat capacity

of SmB6 at T = 0.58K with H||Φ = 0.

All data were prepared for frequency spectrum analysis in the same manner. Utilizing the

open source MATLAB code for Lomb-Scargle NUDFT made available by Jacob VanderPlas

[6], periodograms were generated with respect to crystallographic alignment with the applied

external field for selected field sweeps. An oversampling factor of ten and a peak frequency

of four times that of the average Nyquist frequency were used to make sure all possible

oscillation frequencies were probed.

IV. LaB6

In order to verify our methodology and application of L-K theory to classify the MQO’s

in rare earth hexaborides we measured, from H = 0 − 12 T and T = 1 − 0.1K, C of

LaB6, an isostructural metallic system that has shown large amplitude de-Haas van Alphen

(dHvA) oscillations. Measurements were made using a 12 T Blufors dilution refrigerator

using custom-made membrane calorimeters at Stockholm University. These calorimeters can

accurately measure the specific heat of extremely small samples (10µm×30µm×30µm) and
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give the best experimentally achievable signal to noise for low temperature ac-calorimetry.

Applying the Lomb-Scargle frequency analysis to the lowest noise measurements of LaB6

at T = 0.358K we find the oscillation spectrum shown in Fig. 5. Here we find, for Φ = 0o,

frequency peaks at F =8, 847, 1697, 3228, 7866, and 15732 T which correspond to the ρ, ε,

2 ∗ ε, γ, α, and 2 ∗ α Fermi pockets respectively.
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FIG. 5. Peak magnitude vs. oscillation frequency at T = 0.358K from H = 2 − 12 T for a LaB6

sample (10× 30× 70µm3).

These frequency values are in good agreement with values in the published literature

[7–10]. In Fig. 6 the black curve is the residual C of LaB6 resulting from the appropriate

background subtraction and the pink curve is the theoretical L-K fit. Using published values

of effective mass for the ρ and ε pockets for all frequency peaks meff = 0.066 − 0.65me

respectively and a Dingle temperature of TD,true = 0.6K we find great agreement with the

theoretical QO’s at T = 0.358K. The agreement of the frequency spectrum and resulting

theoretical QO’s modeling via L-K theory for LaB6 validates the use of this analysis for

examining the residual specific heat of SmB6.
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