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Abstract

Given a finite group with a generating subset there is a well-established notion
of length for a group element given in terms of its minimal length expression
as a product of elements from the generating set. Recently, certain quanti-
ties called A\; and Ay have been defined that allow for a precise measure of
how stable a group is under certain types of small perturbations in the gen-
erating expressions for the elements of the group. These quantities provide
a means to measure differences among all possible paths in a Cayley graph
for a group, establish a group theoretic analog for the notion of stability in
nonlinear dynamical systems, and play an important role in the application
of groups to computational genomics. In this paper, we further expose the
fundamental properties of A\; and Ay by establishing their bounds when the
underlying group is a dihedral group. An essential step in our approach is
to completely characterize so-called symmetric presentations of the dihedral
groups, providing insight into the manner in which A\; and ), interact with
finite group presentations. This is of interest independent of the study of the
quantities Ay, Ao. Finally, we discuss several conjectures and open questions
for future consideration.
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1. Introduction and Background

For a finite group, GG, with generating set, .S, there is a notion of length
for any element g € G: write g as a product of elements (i.e., as a word) from
S, using as few generators as possible. Then the length of ¢ is the number of
generators appearing in a minimal expression (i.e., smallest word expression )
for g. Furthermore, this notion of length provides a related notion of distance,
or metric between two elements g, ¢’ of G. From a geometric perspective, this
is related to distances along paths of the Cayley graph for G associated with
the generating set .S.

Let GG be a finite group with symmetric generating set S = {s1, S2,...,Sn},
where symmetric means 1 € S and s € S = s7! € S. One reason to consider
symmetric generating sets is to ensure that a group element and its inverse
have the same length. A word from S in G is any expression formed by
taking products of elements in S. We refer to the elements of S as letters.
Then, for any element g € G, we define the length lg(g) € [0,00) of g with
respect to S to be the minimal number of letters in S for which g can be
written as a word from S. Note that ls(g) = 0 < g = 1. Recently, the
following quantities have been defined [1]:

. -1

MG 8) = max {ls(gs97)}, (1)

(G, S) = max {ls(gss'g™)}. (2)
g€G, s,s'€S

The quantities A\j, Ao serve to precisely address the questions: given a
word, what is the effect on its length after either the deletion of one letter
(quantified by A1), or the replacement of one letter by another distinct let-
ter (quantified by A2)? This presents an analogy between how large these
measures can be, and the sensitivity of nonlinear dynamical systems to small
perturbations in initial conditions, i.e., the so-called “butterfly effect” ﬂ]

There are several initial observations about Ay and Ay to note. First,
there is the bound

Aa(G,S) <2)M(G,09), (3)

which holds for any group G and symmetric generating set .S, see ﬂ] Second,
the values for \; and A, in two extreme cases, either when G is commutative,
or when S is as large as possible can easily be derived:



Suppose that G is a nontrivial commutative group and S is any symmetric
generating set. Then, \(G,S) =1 and \o(G,S) < 2. This follows because
sg = gs for any g € G, s € S thus giving

Is(gsg™) =1s(s) = 1.

Therefore, \(G,S) = 1.
On the other hand,

ls(gss'g™") = lg(ss') < 2.

Thus, we see that A(G,S) < 2, and note that \y(G,.S) may be equal to 1
(for example, in the case that ss’ € S for all s,s" € 5).

Now suppose that G is a nontrivial finite group and S = G —{1}. That is,
we take as our symmetric generating set all elements of GG except the identity.
Then, for any g € G, s € S we have that g~'sg = h for some h € G. Now,
either h =1 or h € S. Thus, either lg(g 'sg) = 0 or 1. Thus, we have that

M(G,S) = max Ig(g tsg) =1,

geG,seS

whenever S = G — {1}. The same basic argument can be used to show that
A2(G,S) = 1 whenever S = G — {1}. Note that this example exhibits the
feature that a large generating set S gives small values of A\; and As.

Finally, the main result of @], Theorem 1 from that paper, establishes
bounds on A\; and Ay in the cases where G is the symmetric group 2, of
order n! and S is one of three distinct generating sets, the transpositions, the
reversals, and the Coxeter generators. This together with the aforementioned
observations already shows that the values of \;, Ay are highly dependent on
the specific choice of, and specific properties of both the group G and the
particular symmetric generating set S.

We note that an important source of motivation for the definitions of the
Ai, © = 1,2, comes from computational approaches to the study of genome
rearrangements. For some time now, combinatorial methods and finite groups
such as permutation groups have played a major role in the modeling and
exploration of problems arising in combinatorial genomics, for more on such
topics see ﬂﬂ, , @, B, Iﬂ] The significance in relation to @] is that the notion of
distance described there relates to the evolutionary distance between species
based on differences in their respective genomes.



In addition, it is the case that many groups, including ¥, may be de-
scribed as finitely presented groups ﬂa, B,é] Furthermore, the so-called group
of circular permutations, which is of particular relevance to computational
genomics MI]J, can be described by adding a relation to the usual presentation
for the affine symmetric group. Thus, when G is a finitely presented group,
there is interest in computing the values for \;, ¢ = 1,2 and investigating
questions such as how do the relations in a presentation for G affect the
values of the \;, i« = 1,2. To date, very few efforts have been made in this
direction.

In this work, we compute bounds or values for A\; and A\, for the dihedral
groups D,, n > 2, which are of course well known to be noncommutative
groups of order 2n, see e.g. ﬂg, ] Specifically, we consider dihedral groups
given as finitely presented groups for several small generating sets that have
the additional feature of being symmetric as described below, and also exam-
ine how the \; values vary in both n and the nature of the presentation. First,
this involves developing a thorough understanding of the possible symmetric
presentations for D,,, which we do completely for symmetric generating sets
of cardinality less than or equal to three. Next, it must be established how
the relations affect computing values or bounds for the \;. An important
step along the way is to understand when two or more particular concrete
realizations of a presentation in terms of specific elements of D,, correspond
to the same abstract presentation.

There are several reasons for considering the values of \; and Ay for the
dihedral groups. First, some computations are amenable to a direct approach
which help to provide insight into certain aspects of the quantities A\; and
Ag. For example, when computing the values of A\; and Ay one is essentially
concerned with the lengths of conjugates of elements of .S and conjugates of
products of pairs of elements of S. That is, we want to know the lengths of
elements of the form ¢g~'sg and g~ 'ss’g where g € G, s,s’ € S. Now, it is not
necessarily the case that this produces every element of the group. This can
already been seen in the previous example where GG is commutative and S
is any symmetric generating set. The computations contained herein for the
dihedral groups further illustrate this point. Second, the geometric properties
of the dihedral groups HE] provide intuition valuable in the computation of
the quantities Ay and As.

The remainder of the paper is organized as follows: In section Bl we
develop a complete classification of all symmetric presentations of D,, with
the cardinality of the generating set less than or equal to three. In section
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3, we establish some intermediate results used in the construction of bounds
for the values of the \; that are also of interest independent of the quantities
Ai. In section @] we carry out the construction of the bounds for \; using
the aforementioned presentations, thus establishing the main results of the
paper. After concluding remarks in section [ we provide ancillary results
connected to section [2in an appendix.

2. Classification of Small Presentations for D,

In this section, we give a complete classification of all symmetric presen-
tations of the dihedral groups with the cardinality of the generating set less
than or equal to three. This is carried out largely by looking at concrete
realizations of order two and order three symmetric generating subsets of
D,,, with its standard description, see ().

We begin by recalling some basic features of the dihedral groups in order
to establish notation and perspective. The dihedral group D,, is the group
of order 2n with the following properties: D, contains an order n cyclic
subgroup and n distinct elements, each of order two, none of which belongs
to the order n cyclic subgroup. From a geometric perspective D,, represents
the symmetries of a regular n-gon under rigid motions. Often, D,, is described
by the presentation

Dy=(rflr=f=Lrf=fr""), (4)

e.g. ﬂ@] Then, the dihedral groups can be written out as the 2n distinct
elements

Dn:{1’T7T2""7rn_1’f7rf7r2f’"'7rn_1f}' (5)

We also have that
() =, (©
rf=frot=fr T, (7)
(r'f)(r'f) = 1, for any integer value of 0 < i < n. (8)

We refer to the elements of the form r? f as involutions, or involution elements.
In fact, these are the only involution elements besides 7%, which only exists if
n is even. See ﬂg] for more information regarding the dihedral groups, which
we note can also be viewed as a special class of Coxeter groups ] All of



the equations ([@)-(8]) will be used to facilitate the computations in the next
sections.

Note that, while {r, f} generates D,, it is not symmetric. Thus, we now
proceed to classify all presentations of D,, where the generating set S has
cardinality less or equal to three and satisfies the symmetry condition that
s€ S = 571 €S. Webegin by classifying all symmetric generating sets with
cardinality two, since there is no singleton {z} such that there are relations
on x leading to a presentation of D,,.

2.1. Classification of symmetric presentations using two elements

Consider a set S = {x,y}. If S is to be symmetric, then we must have
either 2y = yx = 1, or 22 = y* = 1. However, in the first instance, S =
{z,27'} which only generates a cyclic group (z) and therefore is not D,,.
Thus, if S = {z,y} is a symmetric generating set for D,, we must have that
22 = y?> = 1. This implies that the product xy must generate the order n
cyclic subgroup.

There is still the possibility that x or y is an element of order two and in
the order n cyclic subgroup of D,,. This occurs if and only if one of them is
r% in the previous notation, which may only occur in the case that n is even.
But, this would then imply that xy = yx which again does not generate D,,.
Therefore, in the notation of (Hl), there are integers a,b such that z = r*f
and y = rf. Considering this leads to the following:

Theorem 1. D, = (z,y| 2> =y> =1, |zy| =n) completely classifies the
symmetric presentations of D,, with generating set S = {x,y} of cardinality
two.

Proof. The elements (zy), (zy)?, (zy)3, -+, (zy)" = 1 produce the order n
cyclic subgroup of D,. Then (zy)z, (xy)*z, (xy)3z, -, (vy) "z are all dis-
tinct, as are (zy)y, (zy)?y, (zy)3y, -+, (zy)"y. Now, we claim that there is
an integer p so that y = (zy)?z. We have that (zy)" = (vy)" oy = 1.
But then multiplying both of sides of the second equality by y on the right
gives (zy)" 'z = y. Thus, the sets {(zy)z, (vy)x, (zy)*z, -, (xy) "z} and
{(xy)y, (xy)?y, (xy)3y, - -+, (zy)"y} are really the same. This yields another
n elements, each of which is its own inverse by the relations z? = 3% = 1.
This is illustrated by the expansion

(zy)Pa(ry)’e = (zy)(zy) - - (@y)e(zy)(ey) - - (vy)z,



which, by the relations, reduces to 1. Further, since 22 = y?> = 1 and
xy # 1,yx # 1, there are no other elements because words must alternate.
Thus, this is a group with 2n elements, exactly half of which form a cyclic
subgroup and the remaining are all involutions. O

As we will see, the result from Theorem [I] will be important for much of
what follows. An interesting concrete case to consider is that of Dy, the set
S = {f,72f} does not generate the group. In fact, it is easy to see that the
set {f,rf} generates D,, if and only if a is relatively prime with n.

2.2. Classification of symmetric presentations using three elements

In this section, we categorize the symmetric presentations for D,, that use
three elements as the generating set. These are distinguished by the types
of relations that are necessary to impose and are motivated by the examples
that accompany the results.

2.2.1. Two involutions and one cyclic element

Example 1. Let n = 6, and consider the generating set S = {f,rf,73}. In
this example, the pair f,rf generates an order n cyclic subgroup, and in fact
all of Dg. The additional involution element r3 is not necessary to obtain Dg
but, as we will see later, it may affect the values of the \;.

Theorem 2. For n even,
D, = <x,y,z\ =yt =22=1, |vy|=n, z= (xy)%, Tz = 21, yz:zy>

classifies the symmetric presentations of D,, using a generating set with three
elements in the case where exactly one of them is an element of the order n
cyclic subgroup.

Note that there is no analogous presentation for D,, when n is odd since
in this case the center of the group is trivial. The proof that this gives a
presentation of D, is almost identical to that of Theorem [0 In fact, the
element corresponding to r2 is not needed in order to generate the group
but may affect the values of the \; as we will see in section 211

2.2.2. Two cyclic elements and one involution

Example 2. Let n = 6, and consider the generating set S = {f,r,r°}. In
this example, the pair f, r gives the standard presentation of Dg. The element
r®, being the inverse of r, is added simply to make the set symmetric.



Theorem 3. For a positive integer n,
D,={(z,y,z| =1, |y|=|z| =n, yr =1z, yz =2y =1, |ay| = |vz| =2)

classifies the symmetric presentations of D,, using a generating set with three
elements in the case where exactly two of the elements are contained in the
order n cyclic subgroup.

Notice that the second and fourth relations imply that z = y"~!. Thus,
this is exactly the usual presentation for D,, obtained by adding the inverse of
r thereby making S symmetric. Then, it is clear that this gives a presentation
for D,,.

2.2.3. Three involution elements

Before describing in detail the remainder of the three element presenta-
tions for D,, we present a simple result that will show that we do in fact end
up with a complete classification. The basic idea is to understand what all of
the possibilities are in the case that the three generators are all involutions,
none of which belong to the order n cyclic subgroup.

Let a and b be nonnegative integers less than n, then for a subset S =
{f,rof,r°f} of D,, define the cyclic subgroups H; = (r®ff) = (r¢), Hy =
(r’f£) = (r), and Hy = (r®frof) = (r=%). Also, define the sets H,HyHs =
{hthhg | h; € HZ,Z = 1,2, 3} and H{Hy = {hlhg ‘ h; € HZ,Z = 1,2}

We make the following observations:

1. For each ¢ = 1,2,3, H; is a normal subgroup of D,, since it is generated
by an element of the order n cyclic subgroup of D,,. For example, take
Hy, then

repiap=k = pio ¢ [,
r friapk f = p=ie ¢ H,.

2. Hy C HiH,. This follows since anything of the form r/(*=% which is a

typical element of Hs, is a special case of something of the form r"*+ma,

which is a typical element of H;H,. Thus, we have that Hi HoHs =
H\H,.

With this notation, we have the following lemma which provides a concise
characterization of when three involutions will generate D,,.



Lemma 1. Fora and b be nonnegative integers less thann, let S = {f,rof,r*f} C
D, ={1,r,....r" L forf,...,r"" f}. Then, S generates D, if and only if
HyHy = {hihy | h; € H;} = (r) ={1,r,...,r""'}. By the previous observa-
tion, this is equivalent to the condition that HyHoHz = (r).

Proof. First suppose that S = {f,r%f,7°f} generates D,. Then there are
integers 7, k, [ such tha

= ffY G ) € HyHy Hy = HyHo.

This implies that (r) C HyH,. On the other hand, by definition H;Hy C (r).
Thus, we have that HyHs = (r) and this proves the first direction.
Conversely, suppose that HyHy = (r), then we have the order n cyclic
subgroup {1,7,...,7" '} of D,. Note that the set H,Hyf = {hihof | h; €
H;} then gives exactly n distinct involution elements. O

In order to obtain a slight generalization, suppose that we have a set S =
{ref, et f,ref}, then take S" = {ref,ro=(re ), re(r* )} = {f',r* f', 7" '},
where f'=7r*f, o’ =b—a, and V' = ¢ — a. Then one can apply the previous
result to S, since it is equivalent to S.

A consequence of Lemma [l is that, given a subset S = {f,7%f r’f} of
D,,, there are five possibilities with respect to the generating of D,,. Using
the notation previously introduced, these are:

1. Hi = Hy = Hs = (r)

2. Exactly two of Hy, Hy, Hs are (r)

3. Exactly one of Hy, Ho, Hs is (1)

4. Nome of Hy, Hy, H3 is (r) but HyHy = (r)

5. HyH, is a strict subgroup of (r), in other words S = {f,r%f,7°f} does
not generate D,,.

IThe reason that this is true is because r must be made up of an alternating product
of the elements from S of even length. Then one can apply the pairwise commutativity
property abed = cdab to rewrite this in the form (r@f £)7 (rb f £)* (r® f)L.



This motivates the remainder of our classification of three element presen-
tations of D,,. It is appropriate to note here that there are precise number-
theoretic conditions for the exponents a,b in S = {f,7%f,7°f} that can be
used to distinguish the five cases above in concrete situations. The details of
this are given in Section [so as not to detract from the main line of reasoning.

Theorem 4. The following complete the classification of the presentations
of D,, with generating set of cardinality three.

(A) For a positive integer n, D, is (x,y,z) with relations 2* = y? = 2% =

1, |zy| = |zz| = |yz| = n; Ya,b,e,d € {z,y,z}, abed = cdab; and

(zy) = (r2) = (y2).

(B) For a positive integer n, D,, is (x,y, z) with relations ¥* = y* = z

2 _
1, |zy| = |zz| = n; Va,b,c,d € {x,y,z}, abed = cdab; and (yz) C

(zy) = (22).
(C) For a positive integer n, D,, is (x,y,z) with relations x? = y*> = 2* =
1, |zy| = n; VYa,b,c,d € {z,y,z}, abed = cdab; and (xz) T (xy),

(yz) € (zy).

(D) For a positive integer n, D, is (x,y,z) with relations 2% = y*> = 22 = 1;
Va,b,c,d € {z,y,z}, abcd = cdab; and if Hy = (xy), Hy = (xz), H3 =
(yz) we have HiHy is an order n cyclic subgroup with Hy C HyHs,
H2 g HlHQ, and H3 g H1H2.

Proof. In each of the cases ([A)-(DI), it is clear that we obtain, at least n
elements of a cyclic subgroup, and at least n distinct involution elements.
Furthermore, each of the four presentations gives elements that are either
contained in an order n cyclic subgroup, or are involutions. It remains to
verify that there are exactly n elements that form a cyclic subgroup, and
exactly n distinct involution elements. This is precisely what is given by the
final condition in the statement of each of ([Al)-(D). 0O

Next, we provide examples to illustrate each of the cases described in

Theorem @ (A)) - (DI).

Example 3. The following examples illustrate the presentations given in

Theorem @ [A)—(D)).
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(A) Letn = 5and take S = {f,7f,r2f}, here all three pairs { f,rf}, {f,72f}, {rf,r*f}
generate Ds.

(B) Let n =6 and take S = {f,rf,7?f}, here only the two pairs { f,rf}, {rf,7*f}
generate Dg.

(C) Let n = 6 and take S = {f,rf, f1f}, here only the pair {r,r f} generates
Dg.

(D) Let n = 30 and take S = {f,73f,7°f}, here no pair generates Dy, but
the triple {f,73f,7°f} does.

Our problem now is to compute bounds on the values of A\;(D,,S) and
Xo(Dy,, S) whenever S is one of the generating sets for any of the presentations
of D,, that have been described in this section. First, we establish a technical
lemma, Lemma[3] in the next section that will allow us to considerably reduce
the workload.

3. Automorphisms of D,, that preserve the \; values

In this section we construct certain automorphisms on the dihedral groups,
represented as finitely presented groups, that have the feature of preserving
the values of \(G,S) and (G, S). These will serve as an important tool
in our computation of bounds for \(G,S) and A\(G,S) in section @l For
a fuller discussion regarding D, automorphisms, see @] To motivate the
results of this section, consider the following example for n = 3:

Example 4. Let S; = {f,rf} and Sy = {f,72f} be two different generating
sets for Dy = {1,7,7% f,rf,r*f}. We define a map S; — Sy by f — f,
rf + r2f. This produces an automorphism on Ds by extending the mapping
to the set of words from .S;, which sends generators to generators. Observe:

1 - 1, 9)

r= ) = HH) =% (10)
r?=(Nrf) = () =r (11)
fo= 1 (12)

rf — rif, (13)
r?f=(HEHE) = (HEHS) =rf (14)

11



Notice that in this example, the lengths of words are preserved under
the automorphism on Ds, which is essentially defined by sending f +— f,
rf s r?f, and then extending to wordsd. Another important point, discussed
in greater detail below, is that the mapping just described preserves all of
the important relations between elements in S;. In this section, we prove
that this phenomenon generalizes in a specific manner.

We begin with a lemma that we refer to as the Van Dyck isomorphism
property. In the following we denote by ¢ the usual inclusion map on a set.

Lemma 2. For two symmetric generating sets S; = {x,y} and Sy = {2, y'}
of D,, that share all of the same relations, the mapping o : S1 — Sy defined
by a(x) =2/, and a(y) =y extends to a unique automorphism ® : D, — D,
that maps generators to generators.

Proof. Let F(S) denote the free group on the set S and let R denote the nor-
mal subgroup of F'(S) determined by any relations set on the elements of S.
Then, the universal property for free groups leads to a unique homomorphism
¢: F(S1) = F(5;) , which makes the following diagram commute.

S —5— Sy F(S,)

j T

F(S1)

This homomorphism is defined by the formula

¢ (@ @" @) o)) (15)
= (@) ()" (@) ()™ (16)

where €;,9; € Z. Next, consider the map mo ¢ : F(S;) — F(S2)/Rs, where
7 is the canonical projection. The kernel of this map is R; since S; and
S5 have the same relations. Then the first isomorphism theorem applied to
7o ¢ gives a unique isomorphism ¢ : F'(S;)/Ry — F(S2)/Ry such that the
following diagram commutes.

2The mapping f — r2f and rf — f would also work. This point is addressed further
at the end of this section.

12



F(S) _¢ . F(Ss) —W> F(Sy)/ Ry

By defining a map 3 : Sy — Sy by: (2') = =z, and S(y’') = y and interchang-
ing S; and S5, we obtain maps ¢ and ¥ that are the inverses of ¢ and ®
respectively. Altogether we obtain the following commutative diagram

«

Sy So

!
@

F(S1) F(S,)
FoLo
_®.
F(S1)/Ry ___ F(5:)/R;
v
from which the conclusion of the lemma follows. O

Using Lemma[2] we now establish when the homomorphism is also length-
preserving. This will serve as an important tool in establishing bounds on
the quantities A1(G,S) and A\ (G, 5).

Lemma 3. If S1 = {z,y} and Sy = {2/, y'} are symmetric generating sets
of D,, that share all of the same relations, then

max {Is, (9)} = max {ls,(g)}
Proof. Let o : Sy — Sy and ¥ : D,, — D,, be as in the previous lemma. Let
h € D, such that lg,(h) = M, := maxyep, {ls,(9)}, and let h € D,, such
that lg,(h) = My := max,ep, {ls,(9)}. Now suppose that My > M;. We
claim that this implies that there is no element g € D,, such that ¥(g) = h
thereby implying that ¥ is not an automorphism in contradiction to the
previous lemma. If there were such a g, then we can write it as a product of
generators with no more that M; terms. But then since ¥ is a homomorphism
that maps generators to generators this would be an element with length in
S5 less than or equal to M; contradicting that M, > M;. By switching the
roles of S; and M; with that of Sy and M, we obtain the result. O

13



Remark: Lemma 2]is related to a result in the theory of group presenta-
tions sometimes known as Van Dyck’s theorem, see , , ] Furthermore,
there is nothing particularly special about the role of D,,, or the sizes of 5}
and Sy, in Lemma Pl since the universal property for free groups and the first
isomorphism theorem apply in more general settings. Thus, Lemma [2] gen-
eralizes in an obvious way to give rise to a more general version of Lemma [3]
However, as we exhibit with an example, one must take care to be sure that
a mapping from one specific generating set to another does in fact preserve
all relations.

Example 5. First, consider the situation with n =7, 51 = {z1 = f,y1 =
rf,z1 =12f} and Sy = {xs = f,yo = 1°f, 20 = r*f}. The mapping f — f,
rf — r3f, r’f — rif does not preserve the relation z; = (y21)%r; =
(y121)y1 since in S we have (rff)%f = r?f but in Sy we have zp = rtf =
(yox2)ze = (r3ff)*f. On the other hand, it can be shown that the mapping
St =A{x1 = fopn =rf,z =12f} = Sy = {as = r’fyp = fo = r'f}
given by f = r3f, rf — f, r2f — r1f does preserve all relations, and hence
preserves the \; values. In contrast, for n =9, S; = {x3 = f,yy =7rf, 21 =
r?f} and Sy = {wy = f,y2 = rf, 20 = r3f}, there is no mapping S; — S,
that will preserve all relations. This is due to the fact that in 57, all of the
products (x1y1), (x121), and (y121) have order n = 9, while in Sy the product
(x929) has order 3 <n =9.

These examples also serve to illustrate that the order in which generators
are taken does matter. Furthermore, these examples illustrate the necessity
of several of the relations we have imposed. However, even with all of this
in mind, it will come to light in the next section that not all relations play a
role in the actual computation of the \; values.

4. Bounds for \; values

In this section we discuss computing bounds for A; and Ay correspond-
ing to each of the presentations for D, given in Section We apply the
results from Section [3in order to work with concrete generating sets for D,,.
We begin by computing bounds for the \; in the case where the symmetric
generating set has cardinality equal to two.

4.1. Cardinality Two Case
Fix an involution f of D,, and set Sy = {f,rf}, where r generates the
order n cyclic subgroup of D,,. Clearly S; generates D,, and f? = (rf)? =1,
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that is, f and rf are both involution elements of D,,. Thus the set S is a
symmetric generating set for D,. We call this Sy the symmetric order two
simple generating set for D,. Furthermore, it is the case that there is no
smaller symmetric generating set for D,,. The following results hold:

Theorem 5. Let G = D,, and Sy ={f,rf}, then
(@) Ai(Dy, Sp) <,
(b) Xo(Dy, Sy) =2.

Proof. We begin by proving Theorem [f] (a): In order to establish this result,
we make the two following observations. First, since f,r f are both involution
elements, if s = f or if s = rf then (¢g7'sg)(g7'sg) = 1, thus g 'sg is also an
involution. Hence, either ¢~'sg = r2 or g~ 'sg = r'f for some integer i, since
these are the only involution elements in D,,. Second, again since f,rf are
both involution elements, words in the generators f,rf must be alternating.
So it is not difficult to construct Tables [Il and [2] tables of words where the
ith entry is the 7th alternating product s;sss; ... which is (s154)% for i even
and is (s155)"2 s for i odd.

Table 1: Alternating products of generators, n odd.

1 f rf

2| frf=rrl=pt rff=r

3 frif=fr rffrf=nrf
Al frifrf=r2=r2| rffrff=r?

50 frffrff=f* |\rffrffrf=rf

n—1 n+1

n = frz =rz f

There is an important fact regarding the entries in Tables [l and Bt In
the odd case frn771 = frnT+1 and in the even case r~2 = r2 but otherwise
all of the other elements that appear are distinct. Thus, the entries in the
table together with the identity element exhausts the list of elements for
D,,. Now the longest element that appears has length n which shows that
A (D, S) < n and thereby establishes part (a).

15



Table 2: Alternating products of generators, n even.

1 f rf

2 frf=rt=yr1t rff=r

3 frif=Jr rffrf=rf
e I
5| frffrff=fr* | rffrifrf=r>f

w3

Proof for Theorem Bl (b): To compute g, we need I,(g~'ss'g). However,
if s =45, [, =1 since each element in S is symmetric.
Therefore, there are two remaining cases, each containing two sub-cases.

Case 1: s’ =1

g=r'f: Then g~'ss'g = r, therefore, [, = 2.

lss'g = r=1, therefore, I, = 2.

g =1" Then g~
Case 2: ss' =r
g=r7r"f: Then g~ 'ss'qg = r~', therefore, [, = 2.
g = 1" Then g 'ss'g = r, therefore, [, = 2.
Therefore \y(D,,,S) = 2 for all n. U

Remark: It is actually possible to say more than what is stated in
Theorem [l (a). First note that equality in (a) may be achieved if n + 1
is divisible by 4. To see this, set s = f and ¢~ = 7™ . Then

_ n+1 _n+1
g lsg=r 4 froa
n+1
:7’2 4 ,
n+1
=7r 2 f7
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and where 2t is even. The proof of (a) and in particular Tablesland 2lshows

that this gives an element of length n. This is an interesting contrast with
the result stated in Theorem 1 (ii) in ﬂ], where both the order of the group
and the generating set increase with n; whereas if G = D,, and Sy = {f,rf},
only the order of the group increases with n. Furthermore, note that if s = f
then gsg~! produces an element of D,, of the form 7?* f and if s = rf then
gsg~! produces an element of D,, of the form 72**! f. Thus, upon conjugating
s = f and s = rf with each element of D,, we obtain each of the involution
elements of D,, except 2. Taking this into account, Tables [ and [ then
show that A\i(D,,Sy) =n if n is odd and A\;(D,,, Sy) = n — 1 if n is even.
Now, applying Lemma [B] to Theorem [, we obtain the following result:

Theorem 6. For any order two symmetric generating set S = {r®f, f} of
D,,, we have

(a) >\1(Dn75> <n,
(b) )\2(Dn75) S 27

and furthermore, \i(D,,S) = n if n is odd and \{(D,,S) =n —1 if n is
even.

4.2. Cardinality Three Cases

In this section we consider the bounds for A\;(D,,S) and \s(D,,S) for
the cases when the generating set S has three distinct elements. These cases
correspond to the presentations described by Theorems 2, B, and [ (A])- (D).

4.2.1. Two involutions and one cyclic element

The first case we consider is when the generating set S is composed of
three involutions, where exactly one of which is also contained in the order n
cyclic subgroup. This case is only relevant whenever n is even. Furthermore,
the result we obtain shows how the addition of a single generator may some-
times have a significant impact on the lengths of group elements. One may
view this as an instance of what can happen with regard to the values for
A (G, S) and A\o(G, S) when one makes a slight change in the presentation of
the group G. We have the following result.

Theorem 7. Let G = D,, and Sy = {f,rf,r2}, then
(a) )\I(Drwsf) - g;
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(b) Aa(Dy, S§) = M(Dy, Sy).

Proof. To obtain the value for A;(D,,, Sy), we essentially look at the lengths of
elements in TablesMland @ and then examine how we may use 72 to reduce the
number of generators required to write each element of the group as product
from Sy = {f,rf,r>}. First, observe that for any s € S; we have that gsg~!
is either 2, which happens exactly when s = r2, or gsg~' = ¥ f for some
0 < k < n — 1. Furthermore, since r*f = fr=% = fr"=* and, with respect
to {f,rf}, the length of r*f is the same as the length of fr*=1, it suffices to
consider only elements of the form r*f with 0 < k < 5. Now we can begin
to list these elements and their lengths with respect to Sy = {f,rf,r3}.
Notice that f,rf have length one and 72 f has length two. Furthermore, if
we multiply by r or r~! we add two to the length. Then, provided that n > 4
is even, we have

f length 1
rf length 1
ref length 2
r2f length 3
ralf length 4
pliltlf length &

n
2"

which shows that the longest such element has length 2. If n = 2,4 one can
see directly that A\;(D,,Sy) = 2.

To obtain the value for As(D,, S}), begin by noticing that gss'g™' = r, 7~
if 5,8 € {f,rf} and s # s, otherwise gss'g~" can be any element of D,
of the form r?*z f or r2#*%3 f  Therefore, we can write any element of
D,, of the form 77f as gss'g~! where s,5' € {f,rf,r2}. This proves that

AQ(Dn,Sf) - Al(Dn,Sf) |:|

1

Now, applying Lemma B to Theorem [, we obtain the following result.

Theorem 8. Let G = D,, and Sy = {f,r*f, 72}, where r® generates an order
n cyclic subgroup, then

(a) >\1(Dme> = %;
(b) Aa(Dy, S§) = M(Dy, Sy).
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4.2.2. Two cyclic elements and one involution

Let G = D,,. Set Sy = {f,r,7"" '}, where r and f are the group elements
of D, previously described. Note f% =1 and rr"~' = 1, thus the set S} is a
symmetric generating set for D,,. We call this S the simple chiral symmetric
generating set for D,,. The following results hold:

Theorem 9. Let G = D,, and Sy = {f,r,r""'}, then

53] +1 ifd|n,
(a) M(Dyp,Sf) =<1 |%] if2|n and 4{n,

2
5] +1 ifn is odd,

where || denotes the greatest integer m < x.

Proof. We proceed by first looking for the elements of D,, whose reduced word
length, in terms of elements of Sy, is maximal. Choose a representative of
such elements, call it ¢g. We must determine if and how ¢, can be realized as
a conjugate of the form g~'sg or g7 'ss'g. If ¢y can be realized as a conjugate
of the form ¢g~'sg then we have found A\;. On the other hand, if ¢y can be
realized as a conjugate of the form g~'ss’g then we have found . If ¢y can’t
be realized in this conjugate form then we look for a next longest element of
D,,, call it ¢_q, and then proceed as just described. If necessary, continue to
reduce to “the next longest element” until this process eventually ends and
yields the values of Ay and A,.

Now, some elements with maximal length in D,, with respect to the gen-
erating set Sy are

bo { rz f when n is even, (17)

rl2lf or r31f when n is odd,

with g (rgf) =g (TL%Jf) =g (Hgv) = | 5] + 1. These facts come from a
direct examination of the elements of D,, as listed in ().
For s = f,and ¢g7' = r* with 0 < k < |5 ], we have that

g 'sg=9""fg (18)
= frk (19)
=r*f, (20)

where we have made use of the identities from ([@])- ().

19



Case 1. Observe that if n is divisible by 4 then we can choose k£ = 7 and

achieve g7'sg = ¢y = r2 f. This shows that \(D,,S) = 5 + 1 whenever
4 ‘ n.

Case 2. On the other hand, if n is even and not divisible by 4 then it is not
possible to achieve ¢y = 7% f with an element of the form ¢ 'sg. Instead,

take k = | 2| which gives g~'sg = r2~'f = ¢_;, the next longest element of

D, so that in this case A\{(D,,5) = 3.
Case 3. If n is odd, then take k = [ %] and we get g 'sg = rlElf = ¢y so
again A (Dy,S) =5 + L.

This proves theorem [ (a).

To obtain the result of theorem [ part (b), the proof is similar to that
for part (a) except that now the relevant conjugates of the form g~'ss’g that
lead to either an element of maximal length ¢, (only possible if n is odd) or
a next longest element ¢_; of D,,, which are of the form 72**1f or r2¢=1f.
Notice these elements are products of f with odd powers of . These come
from taking ¢~! = 7% with 0 < k < [2] and either s =7, s’ = f; or s =171,
s =f.

Finally, observe that if n is divisible by 4 then the longest element is an
even multiple of r times f and thus is not realizable as g~ 'ss'g. However, in
this case a next longest element is realizable as g~'ss'g so that Ao(D,,, S) = %
whenever 4 ‘ n. If n is even but not divisible by 4 then the longest element
¢ is a product of f with an odd power of r and thus is realizable as a
conjugate of the form g~'ss’g. Thus, in the case n is even and 4 J/n we have
A2(Dy, S) = § 4 1. Lastly, if n is odd then since g (TL%Jf) =g (r(%v) =

[2]+1 oneof |2] or [2] is odd and hence is realizable as g~'ss’g. Therefore

Aa(Dn, S) = | 2] + 1. O

Combining the result of Theorem [ together with the remark following
Lemma [ from section (] gives the following:

Theorem 10. Let G = D,, and S = {r°f,r*,r=*} and suppose that r* gen-
erates an order n cyclic subgroup of D,,, then

5] +1 ifd|n,
(a) M(Dn,S¢) =19 5] if 2 |n and 4{n,
5] +1 ifn is odd,
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| if4J[n,

(b) )\Q(Dmsf):{ % J+1 ifdqn,

[SIRESI

where || denotes the greatest integer m < x.

This theorem establishes the values of A\i(D,,S) and A\a(D,,, S) for any
presentation with a form as in Theorem

4.2.3. Three involution elements

In this section we discuss bounds for A(D,,S) and \y(D,,S) with S a
generating set of the form described in Theorem @ (Al - (DI). While proving
a bound for A\y(D,,, S) in this case is straightforward, doing so for A;(D,,, )
is challenging and a complete proof is currently elusive. Therefore, in this
section we present, by way of Theorem [l strong evidence for the following
conjecture:

Conjecture 1. For a generating set S composed of three involutions, none
of which belong to the order n cyclic subgroup of D,,, we conjecture that
AL(Dn, S) < [5]+ 1.

Before describing the evidence for this conjecture we discuss some prop-
erties of the sets S1 = {f,rf,r*f} and Sy = {f,7f,r®f}. Since for any n > 2
the pair {f,rf} generates D, we have that S; generates D,, if n > 2, and Sy
generates D,, if n > 3. Furthermore, depending on whether n is odd or even,
S1 is representative of the case in Theorem M ([A]) or (Bl respectively, and
depending on n, Sy could correspond to any of the cases in Theorem @ (A]) -
([@). We will show that A(D,S1), Ai(Dy, S2) < | 5] + 1 thereby establishing

Theorem 11. Consider the dihedral group D,, with n > 2. Then there exists
a generating set of the form S = {f,r*f,r’f} such that A\;(D,,,S) < [2] +1,
where a # b and a,b > 1.

Theorem [11]is an immediate consequence of either of Lemma [ or Lemma
below. However, before establishing these two lemmas we make some ob-
servations regarding the two sets S; and S5. There are three points that are
useful to note:

(i) The calculations for Ay (D,,, ) where S = 5; or S = S5 are independent
of n.
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(ii) In order to obtain a bound on the length of the elements of the order n
cyclic subgroup of D, it suffices to do so for each ™ where 0 < m <
|5]. This is because an element and its inverse have the same length,
so once we have the length for the first [ %] powers of  we obtain the
others using the inverse property.

(iii) In fact, once you obtain a bound on the lengths of the powers of r, you
get a bound on the lengths of flips by way of the following computation.
Let S = {f,7%f,7°f}. Consider r™f then

T’mf — pm—a (Taf) — T,m—b (be) )

Now, use the bound on 7™, ™~ or ™%, whichever gives the short-
est length, then add one to account for f, r%f, or r’f, whichever is
appropriate.

Observation (iii) yields the following conjecture, whose truth does not influ-
ence the results of Lemma [ or Lemma [ below.

Conjecture 2. For all0 < m < n, lg(r™f) < nax {is(r*)}, where g is
<k<n

the length defined in previous sections.

There is strong evidence for this conjecture. Now we proceed to prove the
aforementioned lemmas. Based on the preceding observations, we only need
n

to compute the lengths v with 0 < m < [§]. If the conjecture is correct

then in some cases we can tighten the bound by one.

Lemma 4. Let S = {f,rf,r%f}. Then for any n > 2, S generates D,, and
A(Dn, S) < [5]+ 1.

Proof. For S = {f,rf,r?f}, let A= (rf)(f) =r and B = (r’f) (f) = r°.
Now, for an integer 0 < m < ng we split into two cases, m even, and m
odd. If m is even, then

" = B*,

which has length [ < 2% < [Z]. On the other hand, if m is odd then

— m=1
rm ="l = BT A,

m—1

where we have used the fact that m odd implies m — 1 is even. Now B =
has length less or equal to QmT_l =m—1 and A has length two. Thus we see
that in case m is odd, then 7™ has length [ <m +1 < [§] + 1.
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Using the points noted above we can already see that for this generating
set we have that A\; < [§] + 2. In this case, we can tighten this bound by
one.

Next, consider r? f. Again we split computations into the even and odd
cases. If m is even, then write

rPf = P22 f,

Now since p — 2 is even, by the previous result with m = p — 2 we see that
the length of 77 f satisfies [ <p—24+1=p—1 < |5] — 1. If pis odd then

f =,

with p — 2 odd. Thus, the length of rPf will satisfty [ <p—-2+1=p—-1<
2] +1-1=[2].

This finally shows that for any value of n > 2 if we take the generating
set S ={f,rf,r*f} for D, then \; < 2] +1. O

Lemma 5. Let S = {f,rf,r3f}. Then for any n > 3, S generates D,, and
M(Dy,S) < [5] + 1.

Proof. For S = {f,rf,r’f}, let A = (rf)(f) =r, B = (r*f)(f) = 1°,
and C' = (r*f) (rf) = r*. For an integer 0 < m < |2] we again split the
calculations into two cases, m even, and m odd. If m is even, then

m
r'’"=0C7,

which has length [ < 2% < |%]. On the other hand, if m is odd then either
m = 1, in which case r™ = r has length 2; m = 3, in which case r™ = 7 has
length 2; or m > 3. If m > 3 is odd, then m — 3 is even. Thus, since

Tm — ’T’m_37"3 — ,r,m—3B7

and m—3 is even, we have that 7™ has length / < m—3+2<m—1< [§|-1.
From this we already see that if n > 3, then with S = {f,7f,r3f}
generating D,, we have that \; < [Z] + 1. O

Remark: There are examples to illustrate that, at least for some values of
n, this the minimal upper bound. For a specific example take the following.

Example 6. Consider n = 3 with S = {f,rf,r2f}. Then D3 = {1,r =
(rf)(f),r2 = (2 ))(f), forfor?f} and thus Ay =2 = [3] + L.
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We currently have not discovered a way to construct, for any n, a set of
the form S = {f,r*f,r"f} such that A\ (D,,S) < [2] + 1.
To conclude this section, we now obtain a bound on A\y(D,,, S).

Theorem 12. Let S = {f,rf,r’f}, then \o(D,,, S) = 2.

1

Proof. Direct computation shows that gss’g~" with s, s’ € S produces each of
1’,,,.’ ’f’_l,’f’a,’f’_a,’l"b b a—b’ b—a

, 0 r? P r’7% and the maximal length of these is two. [

5. Conclusion

By classifying all possible finite presentations of the dihedral groups with
symmetric generating sets of cardinality less than or equal to three, and
establishing that the values of the quantities A\;(G,S) and \y(G, S) defined
in @] are preserved by certain automorphism that preserves relations, we have
proven a family of bounds for A\;(G,S) and A\y(G, S) with G = D,, and S one
of several different generating sets. These results serve to illustrate some of
the characteristics of A\1(G,S) and A2(G, S) that where merely hinted at in
ﬂ] One novel feature of our work is the utilization of the group presentation
point of view. Thus, our approach may be adapted to other finitely presented
groups. This is of interest in both theory and in applications. For example,
since finitely presented groups play an important role in both combinatorial
genomics and formal language theory, see e.g. ﬂﬂ], one may expect that the
study of the quantities A\;(G,S) and \y(G, S) for finitely presented groups
should be relevant to those fields.

Of course there is more that one can say about A(G,S) and A\ (G, S5)
for G = D,,. First off, what if S has cardinality greater than three? Be-
sides the trivial case with S = D, — {1}, already discussed in general
in the introduction, one may consider an additional “extreme” case with
S={f,rf,...,r""Lf}. Tt is easy to see for this choice of S that \;(D,,,S) = 1
and \o(D,, S) = 2. Then, probably the most interesting remaining cases are
when 3 < |S| < n. It is likely that each of these cases can be tackled using
the approaches we have developed here. However, the computations quickly
become prohibitively tedious. Thus, it is desirable, if possible, to have a
more unified approach to computing A;(G,S) and \2(G,S), at least when
G=D,.
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6. Appendix

Consider a dihedral group D,, described as in equation (H). The goal of
this appendix is to establish a number-theoretic condition on the exponents
a,bin S = {ref,r’f} to distinguish how many pairs it takes to generate. This
allows one to realize the presentations described in section 2.I]in a more con-
crete manner. More significantly, this will allow for the direct computation
of bounds for the quantities A\;(D,,) and Ay(D,,).

We begin with the observation that, given S = {r®f,r’f}, we can change
notation by defining r® = r*=% and f = r®f, then rf = r?=%*f = r@f and
thus S = {f,r%f}. In light of this observation, to generate D, it suffices to
establish conditions on an integer a for a subset S = {f,r*f} of D,,, with
f? =1 and r® an element of the order n cyclic subgroup of D,,. This will be
the case if and only if the product (r®f)(f) = r® generates an order n cyclic
subgroup, which will happen if and only if there is a solution to the equation
xa =1 mod n. From this we obtain the following result.

Lemma 6. A subset S = {f,r*f} of D,, with f> =1 and r* an element
of the order n cyclic subgroup of D,, will generate D, if and only if a is
relatively prime with n.

Now it is easy to apply this lemma to obtain conditions on a subset S =
{f,rof,r°f} of D,,, which correspond to the situations described abstractly
in Theorem @ [A)—(C]), to determine when one, two, or all three pairs from

S generate D,,. It only remains to give a concrete realization of the situation
described abstractly by Theorem [ (D).

Theorem 13. For a subset S = {f,rf,7°f} of D,, with f> =1 and r*,r°
belonging to the order n cyclic subgroup of D,,, it is the case that none of the

pairs {f,rf 3, {f, v f 3, {r?f, v f} generate D, and the triple {f,r*f,r°f}
does, if and only if the following hold:

1. a s not relatively prime with n
2. b is not relatively prime with n
3. b — a is not relatively prime with n

4. a,b are relatively prime with one another.
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Proof: Suppose that none of the pairs {f,r*f}, {f,r°f}, {r®f,r°f} gen-
erate D,,, but the triple {f,7%f,r’f} does. It is then clear from Lemma
that none of a, b, and b — a are relatively prime with n. Now, (f,r%f,7*f) C
(pasitbhy pasatblz £y = Thys, p € (pasitbh pasatblz £y implies that there exist
s1,t; such that as; + 0t; = 1, i.e. a and b are relatively prime.

On the other hand, if none of a, b, and b — a are relatively prime with n,
then it is clear from LemmalG that none of the pairs { f,r¢f}, {f,r°f}, {ref,r"f}
can generate D,. Suppose that a,b are relatively prime. Then there exist
integers k,[ such that ka + lb = 1 thus (reff)*(r°ff)! = rFatt = r from
which it follows that D,, can be generated.
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