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REGULARITY FOR A CLASS OF QUASILINEAR DEGENERATE
PARABOLIC EQUATIONS IN THE HEISENBERG GROUP

L. CAPOGNA, G. CITTI, AND N. GAROFALO

Questa nota é dedicata a Sandro Salsa, con grande affetto e ammirazione

ABSTRACT. We extend to the parabolic setting some of the ideas originated with Xiao Zhong’s
proof in [36] of the Holder regularity of p—harmonic functions in the Heisenberg group H". Given a
number p > 2, in this paper we establish the C'*° smoothness of weak solutions of quasilinear pde’s
in H" modelled on the equation

2n
du=>_ X, <(1 + |v0u|2)pT’2Xiu>.
i=1

1. INTRODUCTION

In this paper we establish the C*° smoothness of solutions of a certain class of quasilinear
parabolic equations in the Heisenberg group H". In a cylinder @ = Q x (0,7"), where Q C H" is an
open set and T' > 0, we consider the equation
2n

(1.1) Opu=> X;Ai(z,Vou) in Q=Qx(0,7),
i=1

modeled on the regularized parabolic p-Laplacian

2n
(1.2) Bpu = ZXZ((l + |V0u|2)P22Xiu>,
i=1

where p > 2. The term regularized here refers to the fact that the non-linearity (1 + ]VOUP)%
affects the ellipticity of the right hand side only when the gradient blows up, and not when it
vanishes, thus presenting a weaker version of the singularity in the p—Laplacian. Here, we indicate
with x = (z1,...,Zon, Top+1) the variable point in H”. We alert the reader that, although it is
customary to denote the variable xs,,1 in the center of the group with the letter ¢, we will be
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using z instead, since we have reserved the letter ¢ for the time variable. Consequently, we will
indicate with 9; partial differentiation with respect to the variable z;, i = 1,...,2n, and use the
notation Z = @, for the partial derivative 0,,,,. The notation Vou = (Xju, ..., Xopu) represents
the so-called horizontal gradient of the function u, where
Xi = az - xg+laza Xn+i = Un+q + %aza 1= 1, ey T

As it is well-known, the 2n+1 vector fields X7, ..., X9, , Z are connected by the commutation relation
[Xi, X;] = 0;;Z, all other commutators being trivial.

We now introduce the relevant structural assumptions on the vector-valued function (z,§) —
Az, &) = (A1(2,8), ..., Ao (2,€)): there exist p > 2,0 > 0 and 0 < A < A < oo such that for a.e.
x € Q, €6 € R?™ and for all n € R?", one has

{A(é 16" nf? < O, il miny < A+ [€%)"2 .
A3, )] 4105, 4i(. )] < MG+ [T

Given an open set Q C H", we indicate with W1P(Q) the Sobolev space associated with the p-
energy &o p(u) = % Jo IVoul?, i.e., the space of all functions u € LP(f2) such that their distributional

(1.3)

derivatives X;u, i = 1, ...,2n, are also in LP(§2). The corresponding norm is HuHI;Vm(Q) = |[ull L)+
[[Voul|r(q)- We denote by VVO1 P(Q)) the completion of C§°(2) with respect to such norm. A function
ue LP((0,7), Wol’p(Q)) is a weak solution of (1.1) if

T T 2n
(1.4) / / ugy drdt — / / ZAi(ac, Vou)X;¢ dxdt =0,
0 Jo 0o Joi

for every ¢ € C§°(Q). Our main result is the following.

Theorem 1.1. Let A; satisfy the structure conditions (1.3) for some p > 2 and § > 0. We also
assume that (1.1) can be approzimated as in (1.6)-(1.8) below. Let u € Lp((O,T),WOl’p(Q)) be a
weak solution of (1.1) in Q = Q2x(0,T). For any open ball B CC Q andT > to > t1 > 0, there exist
constants C = C(n,p, \, A, d(B,0Q),T —t3,0) > 0 and o = a(n,p, \, A, d(B,9Q),T —tz,0) € (0,1)
such that

T g
(1.5) [IVoullcaBx(t1,02)) + 1 ZUllce(Bx(t1,t2)) < C(/o /9(5 + ’VOUIQ)%dde .

Besides the structural hypothesis (1.3), Theorem 1.1 will be established under an additional
technical approximating assumption. Namely, for € > 0 we consider the left-invariant Riemannian
metric g. in H" in which the frame defined by X7 = Xy,..., X5, = Xo,, X5, | = £Z is orthonormal,
and denote by V. the gradient in such metric. We will adopt the unconventional notation W1:=((2)
to indicate the Sobolev space associated with the p-energy &n,-(u) = % Jo IVeulP. We assume

that one can approximate A; by a l-parameter family of regularized approximants A®(z,&) =
(A5(2,€), ..., A5, 1 (2,€)) defined for a.e. z € Q and every & € R?"T! and such that for a.e. = € €,
and for all & = (&1, ..., &on, Eony1) € R?"HL one has uniformly on compact subsets of Q x (0,7,

(16) (Ai (1‘, 5), ceny A§n+1(1‘, 5)) 5$?F (Al (1‘, 51, cens §2n)7 ceny Agn(l', 51, cens §2n)7 O),
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and furthermore

) {M5+m%@ﬂm2s&ﬁﬁu@MmﬁzM6+wm%ﬂm%

| A5 (2, )] + 105, AT (2, 6)] < A0 + ’5‘2)%7

for all n € R?"*1 and for some 0 < A < A < oo independent of e. The proof of the C1® regularity in
Theorem 1.1 is based on a priori estimates for solutions of the one-parameter family of regularized
partial differential equations which approximate (1.1) as the parameter ¢ — 0. The key will be in
establishing estimates that do not degenerate as € — 0. Specifically, for any € > 0 we will consider
a weak solution u® to the equation

2n+1
(1.8) Oput = Y X7 AS (z, Vo)

i=1
in a cylinder Qo = B(zo, Ro) X (to, t1), with B(xo, Rp) C Q and (to,t1) C (0,7, and with (parabolic)
boundary data u® = u. Since (1.8) is strongly parabolic for every € > 0, the solutions u® are smooth
in every compact subset K C Qo and, in view of the comparison principle, and of the uniform
Harnack inequality established in [2], converge uniformly on compact subsets to a function ug. The
bulk of the paper consists in establishing higher regularity estimates for u. that are uniform in
e > 0, to show that ug inherits such higher regularity and is a solution of (1.1), thus it coincides
with u. Here is our main result in this direction.

Theorem 1.2. In the hypothesis (1.6), (1.7), consider for each € > 0 a weak solution u® €
LP((0,T), WEr=(Q))NC%(Q) of the approzimating equation (1.8) in Q. For any open ball B CC
and T >ty > t1 > 0 there exists a constant C' = C(n,p, A\, A, d(B,0Q),T — t9,d) > 0, such that
(1.9)

to 2n T
p 2\ 252 2 22
IWwﬂwwwmm+AlA®+Wwﬂ)22UﬁWﬂﬂﬂﬁéCA(L®+Wwﬂﬁwﬁ

Moreover, for any open ball B CC Q and T > to > t1 > 0, there exist constants C' > 0 and
€ (0,1), which depend on n,p,\, A, d(B,0Q),T — t9,d, such that

r :
(110) ||V€u€||ca(B><(t1,t2)) + ||ZU€||CO¢(B><(t1,t2)) S C</O /Q((S + |V5u€|2)gd$dt> .

We emphasise that the constants in (1.9) and (1.10) are independent of €.

It is worth mentioning here that the prototype for the class of equations (1.1) and for their
parabolic approximation comes from considering the regularized p—Laplacian operator L,u =

divgg, o ((6 + |V0u|§0)¥vou) in a sub-Riemannian contact manifold (M,w,go), where M is the
underlying differentiable manifold, w is the contact form and gy is a Riemannian metric on the
contact distribution. The measure pg is the corresponding Popp measure. The approximants are
constructed through Darboux coordinates, considering the p—Laplacians associated to a family
of Riemannian metrics g. that tame gy and such that the metric structure of the spaces (M, g.)
converge in the Gromov-Hausdorff sense to the metric structure of (M,w, gp). For a more detailed
description, see [8, Section 6.1]. As an immediate corollary of Theorem 1.1 one has the following.
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Theorem 1.3. Let (M,w,go) be a contact, sub-Riemannian manifold and let Q C M be an open
set. For p > 2, consider uw € LP((0,T), Wol’p(Q)) be a weak solution of

—2
Ou = divgo,ﬂo(((S + |V0u|§0)pTV0u),

in @ = Qx (0,T). For any open ball B CC Q and T > ty > t; > 0, there exist constants
C=C(n,p,d(B,09Q), T —t3,0) >0 and o = a(n,p,d(B,0N), T —t2,6) € (0,1) such that

r :
(1.11) HVOUHCO‘(BX(tl,tz)) + HZUHCO‘(BX(tl,tg)) < C(A /Q((S + ’VOuP)%dxdt> .

The C1® estimates in (1.10) in Theorem 1.2 allow us to apply the Schauder theory developed in
[5, 35], and finally deduce the following result.

Theorem 1.4. Let k € N and a € (0,1). If Ai(x,§), 0, Ai(2,§),0¢; Ai(z,§) € C’;Zf‘ satisfy the
structure conditions (1.3) for somep > 2 and § > 0, then any weak solution u € LP((0,T), Wol’p(Q))
is CF1% on compact subsets of Q.

The present paper is the first study of higher regularity of weak solutions for the non stationary
p-Laplacian type in the sub-Riemannian setting, and it is based on the techniques introduced by
Zhong in [36]. The stationary case has been developed so far essentially only in the Heisenberg
group case thanks to the work of Domokos, [15], Manfredi, Mingione [26], Mingione, Zatorska-
Goldstein and Zhong [27], Ricciotti [32], [31] and Zhong [36]. Regularity in more general contact
sub-Riemannian manifolds, including the rototraslation group, has been recently established by the
two of the authors and coauthors [8] and independently by Mukherjee [30] based on an extension
of the techniques in [36]. Domokos and Manfredi [16] are rapidly making substantial progress in
higher steps groups and in some special non-group structures, using the Riemannian approximation
approach as in the work [8].

The plan of the paper is as follows. In Section 2 we collect some preparatory material that will
be used in the main body of the paper. Section 3 is devoted to proving the first part of Theorem
1.2, which establishes the Lipschitz regularity of the approximating solutions u®. In Section 4 we
prove the Holder regularity of derivatives of «° in Theorem 1.2. Finally, in Section 5 we use the
comparison principle and Theorem 1.2 to establish Theorem 1.1.

Some final comments are in order. The non-degeneracy hypothesis 6 > 0 in (1.3) (see also
(1.7)) is not needed in the Euclidean setting and, in the stationary regime, it is not needed in
the Heisenberg group either. We suspect the C1® regularity of weak solutions for (1.1) still holds
without this hypothesis, but at the moment we are unable to prove it. In this note we use § > 0
notably in (3.17) and in Theorem 3.13.

In order to extend the parabolic regularity theory to the sub-Riemannian setting one has to find
a way to implement, in this non-Euclidean framework, some of the techniques introduced by Di
Benedetto [14] which rely on non-isotropic cylinders in space-time. The key idea is to work with
cylinders whose dimensions are suitably rescaled to reflect the degeneracy exhibited by the partial
differential equation. To give an example, if one sets € ), R, > 0, one can define the intrinsic
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cylinder
Qn(p) = Ble, R) x (~p2 PR2,0), with sup |Vou| < pu.
Qr(n)
In contrast with the usual parabolic cylinders of the linear theory, the shape of the Qr(p) cylinders
is stretched in the time dimension by a factor of the order |Vou|?~?.

The use of such non-isotropic cylinders seems necessary in order to make-up for the different
homogeneity of the time derivative and the space derivatives in the degenerate regime 6 = 0. In a
future study we plan to return to the problem of extending Di Benedetto’s Caccioppoli inequalities
on non-isotropic cylinders to the Heisenberg group and beyond.

Acknowledgements. We thank Vira A. Markasheva, who collaborated with us on an earlier version
of this project.

2. PRELIMINARIES

In this section we collect a few definitions and preliminary results that will be used throughout
the rest of the paper. As indicated in the introduction, for each ¢ € (0,1) we define g. to be the
Riemannian metric in H" such that X1, ..., Xo,,Z is an orthonormal frame, and denote such frame
as X{,..., X5, 1. The corresponding gradient operator will be denoted by V..

Definition 2.1. For zp € Q C H", we define a parabolic cylinder Q. »(zo,%) C @ to be a set of the
form Q. (zo,t0) = Be(wo,7) X (to — 1%, t0). where r > 0, B(wg,7) C  denotes the g.-Riemannian
ball of center z¢ and ¢y € (0,7"). We call parabolic boundary of the cylinder Q. ,(xo,to) C Q the
set B-(xg,7) x {to — r2} UdB.(wo,7) X [to — 72, t0).

First of all we recall the Holder regularity, and local boundedness of weak solutions of (1.1) and
(1.8) from [2].

Lemma 2.2. Let Q = Q2 x (0,7) C H" x R", and § > 0. Fore > 0 and p > 2, consider a weak
solution u® € LP((0,T), WHP£(Q))NC?(Q) of the approzimating equation (1.8) in Q. For any open
ball BCC Q and T > to > t1 > 0 there exist constants C = C(n,p,\, A, d(B,0Q),T —t3) > 0, and
a=aln,p,\,\,d(B,00Q),T —t3) € (0,1), such that

T
(2.1) 6 G (01 10)) < c( /0 /Q 6+ \vguee)sdxdt)

When ¢ > 0 and 6 > 0, classical regularity results (e.g., [25]) yield that weak solutions have
bounded gradient, and hence (1.8) is strongly parabolic, thus leading to weak solutions being
smooth. Clearly such smoothness may degenerate as ¢ — 0, and the main point of this paper is to
show that this does not happen.

Let Q C R™ be a bounded open set and let @ = Q x (0,7). For a function u : @ — R, and
1 < p, q we define the Lebesgue spaces LP4(Q) = L([0,T], LP(2)), endowed with the norms

(2.2 lullesoier = Y / P

When p = ¢, we will refer to LPP(Q) as LP(Q). One has the following useful reformulation of the
Sobolev embedding theorem [18] in terms of LP? spaces. In the next statement, we will indicate

P
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with N = 2n+2 the homogenous dimension of H"” with respect to the non-isotropic group dilations,
and we will denote by N1 = N + 2 = 2n + 4 the corresponding parabolic dimension with respect to
the dilations (x,t) — (dyz, A%t).

Lemma 2.3. Let v be Lipschitz function in Q, and assume that for all 0 < t < T, v(-,t) has
compact support in € x {t}.

(i) There exists C = C(n) > 0 such that for any € € [0,1] one has

< Cf|Vevl|p22(q)-

loll g, -

(@)

2N 2N-
(i) Ifv e L>>(Q), then v € LW (Q), and there exists C' > 0, depending on n, such that
for any € € [0,1] one has

IR vy awi < ClRam gy + 1Ve0lBazg))-

LN1—2’N1—2 (Q)

We note that as ¢ decreases to zero, the background geometry shifts from Riemannian to sub-
Riemannian. The stability with respect to € of the constant C' in the Lemma 2.3 is not trivial, see
[10, 7].

In the sequel we will use an interpolation inequality that will take the place of the Sobolev
inequality in a Moser type iteration, just as, for example, in [11, Proposition 4.2]. Although the
result does not use the equation at all, we state it in terms that will make it immediately applicable
later on. Henceforth, to simplify the notation, we will routinely omit the indication of dx, dzdt,
etc. in all integrals involved, unless there is risk of confusion.

Lemma 2.4. Let u® be a weak solution of (1.8) in Q. If B >0, and n € C1([0,T],C§(2)) vanishes
on the parabolic boundary of Q, then there is a constant C > 0, depending only on |[u®||p(q), such
that

t2 to s 2n+1
[ [ @ 1wy em2rmype < capen? [ ] 0 9y 5 Y 157
t1 Q t1 Q ij=1

to
LB / /Q (6 + [V )P 2B (12 + [Venf?).
1
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Proof. Writing (6 4 |V.us[?)B+P+2)/2 = (§ 4 |V us[?)BHP)/2(§ + |V uf|?), one has

to to

/ /(5+ |v€u6|2)(6+p+2)/2|n|6+2 :5/ /(5+ |V€u6|2)(6+p)/2|n|6+2

t1 Q t1 Q
2n+1 to to

T Dl A N e iy A R AT S e e
. t1 Q t1 Q

2n+1 to to
>/ /Q X2 (64 190 PP Y2 - 5+ 2) [ /Q (6 + [Vou [2) 02 X s )7 Xy
_ t1 t1

to to 2n+1

<6 [ [T PP g ) [ 0 [Tl )OS X o
t1 Q t1 Q S
2,j=1

to
LB +2) / /Q (6 4 |V o [2) B 0/2) 541y
1

To conclude the argument, it suffices to apply Young’s inequality.

3. CACCIOPPOLI TYPE INEQUALITIES AND LIPSCHITZ REGULARITY OF u°.

In this section we establish Lipschitz regularity for the derivatives of the solutions u®. The main
results of this section are summarized in the following estimates, which are unform in £ > 0.

Theorem 3.1. Let AS satisfy the structure conditions (1.3) for some p > 2 and § > 0. Consider
an open set Q@ C H" and T > 0, and let u® be a weak solution of (1.8) in Q@ = Q x (0,7).
For any open ball B CC Q and T > ty > t1 > 0, there exists a constant C' > 0, depending on
n,p, \, A\, d(B,09Q), T — ta,0, such that

to 72 2n
BN IV iy + [ [0+ TP (X XX 4 V.20
t1

ij=1
T p
gc/ /(5+\V5u5\2)5.
0 Q

The proof of Theorem 3.1 will follow from combining the results in Theorem 3.11, Lemma 3.12,
Proposition 3.13 and Proposition 4.1, that are all established later in the section. The Caccioppoli
inequalities needed to prove Theorem 3.1 will take up most of the section, and they all apply to
a solution u® of the approximating equation (1.8) in a cylinder @ = Q x (0,7"). We begin with
two lemmas in which we explicitly detail the pde’s satisfied by the smooth approximants Xju® and
ZuE.
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Lemma 3.2. Let u® be a solution of (1.8) in Q. If we set vj = Xju®, with £ = 1,...,2n, and
se = (=) then the function v§ solves the equation

2n+1
(3.2) Oy = Z X€< (z, Veu) X7 X5u 5)
i,j=1
2n+1 sy
0T
Z X7 (A g, (0, Vo) = L0002 (2,0) ) + 50 2(Af gy, Vo)),

Proof. Differentiating (1.8) with respect to X7, when ¢ < n, we find
2n+1 2n+1 2n+1

s = Z XXFAS (2, Veu') = Y X5 <X§A§(:U,V€u5)> + > [XF, XA (2, Veu)
— i=1 i=1
2n+1 2n+1
== X€< (2, Voud) X5 X5 6) Z Xf( (2, Vous) = Zam pe  (p g uE)) +Z(AS (2, Vourd))
J4 i,Ty € 9 1,Top+1 0 VE l4+n\ty Ve .
i,j=1
Taking the derivative with respect to X; when £ > n + 1, we obtain
2n+1 2n+1 2n—+1
o = 3 XfXFAS (2, Vour) = 3 X5 <X§Af(x,veu5)> + 3 [XF. X7 (2, Vi)
i=1 i=1 i=1
2n+1 2n+1
ZX€< xvu)XX€€)+ZX€( (z, Vous) + W"AE (:cVuE))—Z(E (@, V.ou)).
l g\ VE 1,Top+1 \2 YV E
1,j=1 =

O

Lemma 3.3. Let u® be a solution of (1.8) in Q. Then, the function Zu® is a solution of the
equation

2n+1 2n+1
VATES Z X7 ( (z, Veu®) X5 Zuf) Z X5 (A5 4g iy (2, VeU5)).
i,j=1

Proof. Tt follows by a straightforward differentiation of (1.8) with respect to Z, and we omit the
details.

U
Lemma 3.4. Let u® be a solution of (1.8) in Q. For any 8 > 0 and for all n € C*([0,T],C§°(9)),
onehas
VA [3+22 5_{_ t2 5 VATILAVA B1,,12
ﬁ— | Z ] + Ve 2) T | Ve 2ut 2| 20 Pl 2,
16A t2
< 6+1|V Vonl?| Zuf P2 + —//Z F+2no,
<+ // Ve ) Va2 72 2 [ 7 o

16A t2
A(6+1 —+2 / /6+|Vu Ven?| Zuf|P.
t1
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Proof. We use ¢ = n?|Zu® ]5 Zuf as a test function in the equation satisfied by Zu¢, see Lemma 3.3,
to obtain

2n+1
/ /(9tZu5n2|Zu5|BZu —/ / Z Xi( (z, Veu) X5 Zu* 0P| Zuf|P Zu®
i,j=1
to 2n+1
/ / Z Xi(Af gy (@ (z, Veu))n?| Zuf|P Zus.
1 i,5=1

The left-hand side of the latter equation can be expressed as follows:

to 1 t2
O Zufn?| Zuf P Zuf = —/ /(9t|Zu€|B+2772.
/t\1 /S\) /B—i_2 t1 Q

Considering the first term in the right-hand side, we obtain

to 2n+1 to 2n+1
/ / > X5 (A5 g (, Veu) X5 Zu)n? | Zuf | Zus = / / A5 (w, Veu) X5 Zut X5 (P Zuf|P Zuf)
t1 ij=1 1,7=1
2n+1 2n+1
= / / Z A ¢ (2, Veu) X5 ZunXin| Zu® P Zu — (B +1) / / Z A e (2, V u)XEZu€n2|Zu P X5 Zus.
1,j=1 i,j=1
As for the second term in the right-hand side, we have
2n+1 2n+1
[ ]S Xt o Veitzac 2 = =2 [ S a eV aaXenlzi 2
i,j=1 1,j=1
ts 2n+1
- (5-1-1)/ / Z Aj o (@, V )| Zuf|PXEZuf.
t1 1,j=1
Combining the latter three equations, we find
to 2n+1
VAT A +1) / / e, AS (2, Veus) X5 Zufn?| Zuf|P X Zuf
iz Loz e [ 3 00 il V) X2 120X
2n+1 2n+1
= / / Z e, A5 (z, Vous) X5 Zuf X | Zu® 8 Zuf —2/ / Z T E— (z, Vou)nXin| Zuf P Zu
1,j=1 i,j=1
2n+1

IB+1 / / Z Al \T2n 41 x Veu)ﬁ2|Zu5|BXqu5.

i,7=1
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The structure conditions (1.3) yield

1 / |Zu€|5+2,'72 t2
B+2Jq t1

to _
TAB+ 1)/ / (6 + [V P) 7 V. 2P| 2 Pl <

1 to 2n+1
m/ | Zuf P+ 2| +(B+1) / / D 0 A (z, Veu) X5 Zus X5 Zuf ?| Zuf|P
1 i,5=1

2n+1

= O¢. A (x, Vouf XEZuEX5 Zuf|P Zuf + —— Zuaﬁ Znom
3] m
8—1—2 t

1] 1
[2)
-2 /
t1

2 _
<A / <6+|veu€|2>¥|v€Zu|n|ven||Zu€|5“ 2 / / 2 P20
t1 Q /8+2

2n+1 2n+1

to
w%ﬂ (z,V u)nX€n|Zu€|6Zu (B+1) / / Zmnﬂ(az,V5u)772|Zu€|5Xqu€

to 3 to )
+2A/ /Q((s‘f"vguap)%n‘vefn"zualﬁ-i-l_i_(ﬂ_i_l)A/ /;)<5+‘V€u5’2)p7772’Zua‘ﬁ‘vazu5”
t1 4

thus concluding the proof.
O

Lemma 3.5. Let u® be a weak solution of (1.8) in Q. There exists Cy = Co(n,p, \,A) > 0. For
any ta > t; >0, >0 and all n € C5°(2), we have

2n+1
/t / (6 + |Veur ) P=2H02 N ™ | X7 X5 uf P
1

ij=1

1
33) == | [0 +|Veuf|P) P/
63) 5 L+ IV

to
< CO/ /(772 + |Vs77|2 +n|Zn])(6 + |v€us|2)(p+5)/2
t1 JQ
t2
+ Co(B+ 1)4/ / (6 + \Vaue‘Q)(p+ﬁ—2)/z‘Zu5‘2.
t1 JQ

Proof. Tnview of Lemma 3.2 we know that, if u® € C*°(Q) is a solution of dyu = 322" X A¢(x, V.u®),
then v; = Xju® solves (3.2). If in the first term in the right-hand side of (3.2) we use the fact that
X;X5uF = XEX§u® + [XF, X5|uf = X50f + 50205, we find

2n+1 2n+1
(3.4) vy = Z X€< (z, Veu) X5 Uz) + sy Z X€< e, (m,VEuS)ZuE)—i-

i,7=1 =1

2n+1
SpTy+4
- Z X7 (A7, (2, Vout) = ZELBMAT L (2,900%) ) + 502 (AL g3, Vo)),
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Fix n € C§°(Q) and let ¢ = n?(6 + |V.u®|?)?/2X{us. Taking such ¢ as the test-function in the
weak form of (3.10), and integrating by parts the terms in divergence form, one has

1 [t 9\ B 2 9
—/ 6+ 1varpa, [Xzfua] .
t1

2n+1 to
/ / (x, Vous < (0 + |Veouf| )6/2X§u€>
ij=1"10
2n+1 to
_ Z / / oo (0, V) 20X <n2(5+ \Vgu’f]Q)ﬂ/QXqu)
‘ t1
2n+1 s
/ / Z Xs ZJB[ E) %A112n+1(:ﬂ’v6u6))n2(6+ |V€u€|2)5/2XE:ue

to
" Sé/ / $1Z(Afysn (2, V) (6 + ‘V8u5’2)6/2X§u5.
t1 Q

The latter equation implies that for every £ = 1,...,2n one has

M/”/ [} fyoroaserta ]

2n+1 to
/ / (2, Veu) X5 Xju XE Xu® 0?(8 + |Veu|?)?/
1,7=1 t1
2n+1[8 i
#3057 A o D XX X XV ) P06+ V)
i,j= 1
2n+1 to
/ / (2, Voud) X5 X7 X§us X (n?)(6 + [Veul?)P/2
1,7=1 t1
2n+1 to
— sy Z/ /QAf§l+sen(x,V5uE)Zqu<772(5+Weua’?)ﬁ/?XguE)
2n+1
Z (45 ue) - ML g (@, Vo)) X (20 + Ve )PP X
Z{L’g 2 2,T2n4+1 1\ V€ i \" € ¢
2n+1

to
+50 ) / / Frson (@ Veul ) (0 + |Veur PP XGus = I} + I + T} + 1.
—1 Jt
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Summing over £ = 1,...,2n, by a simple application of the chain rule, and using the structural

assumption (1.7), we see that the left-hand side can be bounded from below by

7z, e main

2n 2n+1

to
+Y Y /t / 2A (3, Veu) X5 Xjuf XEXGus (6 + |Veu )P/
(=1i,5=1""
2n 2n+1 5o
+Y Y / 2 A5 (w0, Vou') X5 XFu Xjus X7 (|Veu' ) (6 + | Veus|?) 7
(=1 1,)= 1

to 2n+1
//at[5+|vu| ﬂn +)\// 6+ V)7 S |XE XU
t1 t1 ij=1
RN
// (64 [V Py S5 [0 (Ve P
1

Since the last term in the right-hand side of this estimate is nonnegative, we obtain from this bound

65) 5 16+ VP

to +/3 2n+1
+)\/ / (6 + |Veus|? > IXEXueP?

5,j=1

2n
< (+R+R+1).
(=1

Next, we estimate each of the terms in the right hand side separately. Recalling that from (1.7)

one has |Ajg; (z,n)| = [0, A7 (z,m)] < C(6+ In|?)%2" > , one has that for any a > 0 there exists C;, > 0
depending only on «a, p,n and the structure constants, such that

2n 2n 2n+1 to
(3.6) ZIZI / / (x,Vou® XEXguE gueXf(nQ)w_i_’veueP)B/Q
=1 Z 14,5=1 t1
<20 / / [9](8 + [Veus ) P22 X5 XFus || Vo || Ven| (6 + [Veus|?) 2
ij=1"t JQ

2n+1 to to
<a Z/ /9772(5—1—\V5u5]2)(p+6_2)/2‘Xfou’S]Q—l—Ca t A(5+‘vau.e’Q)(p—l—ﬁ)/Q‘van‘Q.
1

ij=1"1
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Analogously, we find

2n 2n+1 ts
B0 S <a Y [ [ e v
=1 =17t JQ

to to
e / (6 + IV )PV 4 Ca(B + 1) / / P26 + [V el |2) PHB-212 74 2.
t1 Q t1 Q

In a similar fashion, we obtain

2n 2n—+1 to
(38) Do <ay] / / (6 + [Veue ) PH2/2 X X 50l P
=1 =17t JQ

to
L Ca(B+ 1) / /Q (6 + [V )P 2 (Tl + ).
1

Finally, integrating by parts twice, and using the structural assumptions, one has

2n

2n ts
69 ==Y [ [ 2l Ve PG VX
=1 =17t JQ

2n

to

=23 [ [ Avtono, Ve Iy Zn(8 + Ve PP XG0
=17t Q
2n 2n+1 to Y

+’BZ Z/ /Ag+5[n($,vgu€)n2(5+|V€u€|2)2Xju€Xqu€Xl§u€
=1 j=17t1 JQ

2n ts
+ Z/ / Ay spn (@, VeuS) 2 (6 + |Vouf| 22 X5 Zuf
=17t JQ

2n to
=230 [ [ Aveente Ve nznto + 19 Py X0
=17t JQ

2n 2n+1 gy N
E3PY / / = <A£+S“"(x’v€u€)772(5+ Veu[?) 2" Xjus §u€> Zuf
(=1 j=1 t1 JQ
2n Lo
_Z/ /Xg <A£+84"(9E’Veu€)nz(6+ Ivguelz)ﬁﬂ)Zue
=1/t JQ
2n+1 to
S Z / /(5 + ‘V@uE‘Q)(p+ﬁ_2)/2‘X;?X].?ua‘QHQ
ij=17t 70

t2
+CE+1) [ [ @4V P2 (i 4 (Tl + o)
t1 Q
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to
Calp+ 1)t [ [ (04 [Ty t3 22 20
t1 Q

Combining (3.6)-(3.9) with (3.5), we reach the desired conclusion (3.3).

In the case § = 0 we obtain the following stronger estimate, which we will need in the sequel.
We denote by || - || the L* norm of a function on the parabolic cylinder Q.

Lemma 3.6. Let u® be a weak solution of (1.8) in Q, let ty >t >0, and n € C1([0,7T],C5°(2))
be such that 0 < 1 < 1, and for which ||0;n|| < C||Venl|?, where C > 0 is a universal constant. For
every « > 0 there exists Co, > 0 such that

to 2n+1
+)\/ /5—|—|Vu |XEX 50 2
t1 Z

1
/((5—!— |V |*)n?)
2 Ja
hj=1
to t2
o " [1zw v ca [ [ G (9l (o8 + (9onP + o).
t1 Q t1 Q

Proof. Tnview of Lemma 3.2 we notice that, if u® € C°°(Q) is a solution of dyu = 327" X A¢ (x, V.uf),
then v; = Xju® solves

2n+1 2n+1
(3.10) 9l = ZX€<X€(A€(33 V.u) ) ZX€< € (@, Veus) — 2ELsm pe (:U,Veue))

2 1,L2n+1
i,j=1

502 (AF g, Vo).

With 7 as in the statement of the lemma, we take ¢ = n?X ;u as a test function in the weak form
of (3.10). Integrating by parts the terms in divergence form, one has

1 ts 2n+1 ts
5/ /7726t(X§u€ / /Xg (x, Vouf)) X5 ( 2XSu 5)
t1 Q t1

2n+1

ST P4som
/ / Z XE zxe 8) %Aixgwrl(x v U )) Xju®

to
—|—Sg/ / Z(Afyspn (T, Veus)) Xju
t1
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The gives

2n+1 to
/}/n@X /Q/QA (2, Vou) X7 X5u" X7 XFu®
t1 t1

2,j=1

2n+1 to 2n+1 to

/ / n? Xo(A5 (2, Vous)) Zuf — Z / /Xz(Af(w,Veua))annX?ue
ij=1"10 ij=1"1 Q

2 +1
& . V.u SéwéJrSznAa Voul) ) X¢ 2X5 €
] za:g 1’ ) T zx2n+1(x7 el ) i\n cu
1
2n+1

to
/‘/ Z(AG o (@, V) Xfus = I} + I} + I} + I}
t1

Summing over E =1,...,2n, in view of the structural hypothesis (1.7), after an integration by parts
in the first term in the left-hand side we obtain the following bound

1 ts _— 2n+1
2/9(5+yv uf|?)n? +)\/t / (6 +|Veu?) 2 > X7 X Py
1 ij=1

to
§Q+ﬁ+ﬁ+ﬁ+/(/wﬂmfﬁwm
t1 Q

Next, we estimate each of the terms in the right-hand side separately. Recalling that \A%j (x,n)] <

-2
C(6 + |n[®)*=", we find that for any aq,as > 0 there exist Cy,,Ca, > 0, depending only on
a1, a9, p,n and the structure constants, such that

2n 2n 2n+1 ts
IS //QXgAaxVu))
(=1 (=1ij=1"4
2n 2n+1 to 2n 2n+1 to
—QZZ/ / S(x, Veut InXmZu® — / / n? AS (2, Veu®) X5 Zu®
=1 i=1 "t -1 It
2n 2n+1 .y,
= —22 Z / / A (x, Vou )nXmZu®
=1 i=1 Jh /9
2n 2n+1 ts 2n 2n+1 ts
+Z Z/ /Af(x,VSuE)QnZnX u€+z Z/ / 2A (z,Vou®) X5 Zu®
=1 i=1 ‘. JQ (=114,j=1
ts 2n 2n+1 to
< [7[@svarprtavalze + 33 [ [ @+ variziz
t JQ =1 i=1 't /@
2n 2n+1

to
+) Z/ /9772(54—|V€u5|2)(p_1)/2|V€Zu€|

0=145=1"1
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12 1)
<o / / (6 + [V )P D22 202 4 Cny / / (6 + [V P2 Ve ?
t1 Q t1 Q

2n 2n+1 to
+33 [ [ @IVt
=1 i=1 /1 JQ

2n 2n+1

o t2 B t2
Fp o [t vt ez Co Vel [ (5 9
||v€77|| t=114,j=1 b 9 t1 J supp(n)

Now, we apply Lemma 3.4 to find, for any a > 0,
2n 2n+1

to
V. 77||2ZZ/ / (0 + |Vouf )(p 2/2|V Zu6|
<aC’ / (5+|V . | ) 5 |Zu5|2 2 OéHath /|Zu5|

RNZIEA
t2 »
—|—a/ / (6 + |Veur[?)2nt.
t1

2n+1

to
ZIE + ZIK <o} / /Q(5+ Ve ) P2)/2| X5 X0 P
1

i,7=1

+C / (6 Ve P2V
t1 Q

Analogously,

Using the structure conditions, one has

2n 2n+1 to
St < / [ 6+ 19ar Bz
(=1 1,7=1
2n+1 ts
<a Z/ /(5+]V5u€\2)(p2>/2]V,;Zu5\2772
S n Je

to
+Ca [ [ 6419 PR (o + Vel + 2],
t1
thus concluding the proof.
O

Next, we need to establish mixed type Caccioppoli inequalities, where the left-hand side includes

terms with both horizontal derivatives and derivatives along the second layer of the stratified Lie
algebra of H".

Lemma 3.7. Set T > to > t; > 0. Let u® be a weak solution of (1.8) in Q@ = Q x (0,T"). Let
B> 2 and let n € C1((0,T),C5°()), with 0 < n < 1. For all « < 1 there exist constants Cy,
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Cyo = C(a, A\, A) > 0 such that
2n+1

to 5
Gay [ [ e Va2 P Y XX
1 JQ ij=1
to
_|_/775+2|Zu6|5|v6u5|2
Q t

to 5
+(,8+1)2/ /(5+‘V6u5‘2)p2’vezuzs‘Q’ZuE’ﬁ2n5+2‘vau€‘2
t1 Q
2n+1

to
< CalB+ 1)°(1 + [Ven|[3me) / /Q 0 + 1P (6 + [Val PR Zuf P S XX ?
ty 1,j=1

204 t2 1o
+ VA e18+2,,8+3 Onldr + / AT B+2 ﬁ+4‘
A+ VD) (B +2) / /Q' e elde + s | 12T

to
L CA(B+1)? / / (6 + |V 2) 15 | 20 P22
t1 Q

to
+/ /yzuayﬁ\vguﬂzat(nw).
t1 Q

Proof. Let n € C§°(©2 x (0,T)) be a nonnegative cutoff function. Fix § > 2 and £ € {1,...,2n}.
Note that

(| Xsuf 2| Zuf|P) = 2X5uf D, X5 uf | Zuf|P + B X§uf|?| Zuf)P 2 Zufd, ZuF
which suggests to use 2.X juE\Zuelﬁ as a test function in the equation (3.2) satisfied by Xju® and

to choose 8| X§u®|?|Zu|P~2Zu® as a test function in the equation (3.3) satisfied by Zu®. Equation
(3.2) becomes in weak form

to 2n+1 to
/ /Q OXfurs=— Y / /ﬂ ( f,gj(x,vgua)Xfijf)Xf(b—i—s@Z(AZJrsm(x,Vgus))(b
t1 S t1
2,7=1

2n+1

[2)
o Z / A <A§’xe (ﬂf, VEUE) N Semg—’—szn A’i£2n+l (ﬂf, VEUE)> XZ&QS
i=1 Jt

Consequently, if we substitute the test function ¢ = 2n%+2| Zu|? X /U, we obtain

to
(3.12) 2 / /Q A XsutnP T Zuf P X us
t1
2n+1 to
+2) / / A ¢ (@, Vo) X5 X5un 2| Zuf| P X X fuf
ij=1"1t 70
2n+1 to
=— Z 2/ /QAf’gj (z, Veus) X X5u® X5 <775+2|Zu'5|6>)(§u8
1 t1

7/7]
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2n+1

to
/ / (z, Veu) X§ Xsun" 2| 20 |P[XE, X{|u®
ij=1"1
to
~ 2y, / / Z(Avt a0, Vo) P42 20 P X
2n+1
_2" " W) — SF s ge Vb)) X (P2 ZuE 1P XEus
Z . zxe ) 9 zx2n+1(x7 EU) i\7 ’ u’ v
i=1 1

= I} + 17+ I} + 1},

We will show that these terms satisfy the following estimate

2n

4 2n—+1
(3.13) D D |If] ga/ / B+2(5 1 |Vouf2) 55 | Zuf )P Z | XEXEue|?
k=1 ¢=1 23 ij=1
to . 2n+1
CalB+ D2+ Vel [ [ 0+ 0P (VP 20 Y XX
t1 Q =
1,j=1
; 20 / / 20 2 ol + g [ 1200
(L+IVen|2)(B+2) (ﬁ+2 t=t1
t2
a(f+1) / / (6 +|Vous n5+4|Zu€|5*2|vgzu€|2|v€u€|2.
t1
We first note that
2n 2n-+1
Zugy <2} Z/ /yA (0, V) XE X5 X3 (42| 20 ) X
(=11i,5=1
2n 2n+1 .y, -
< 2nA(ﬁ+2)Z Z / /(5—i— \V5u5’2)T]XfXjusmﬁnLl’VEUHVEuEHZue’B
=1 j=17t /O
2n 2n+1 g, i
+2n8> Z/t /9(5+\Veu€\2)2!XEXﬁuelnﬁ“\ZuelﬁWeZuE\
=1 j=1 "1

2n+1
Soc/ / 726 + Vo)) T | Zuf ]BZ\XEXE €12
t1

1,5=1
to

CalB “)2/ / PV + [V |2)3 | Zuf )P
t1 Q

to 2n+1
CalB+1)2(1 + [IVertll?) / / (6 + [Vl )R Zus P2 S (XXl P?
t1 Q

i,j=1
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1+HVanH h

The last term can be estlmated, as follows, using Lemma 3.4:
to B
(3.14) a/ /n5+4(5+ \Vgu‘g]Q)%’Zue\B\VgZua]Q
t1 Q

to 9
< aCA,A/ /Q<6 +|Veu?) "2 [Ven?n® 2| Zus| P12
t1

200 [ £|B+2,,8+3
+ 5+2 \Zu 750" 0m

t2
(ﬁ” /yzmﬁ“ 5+4 _t +aCA,\/t / (6 + |Vous|?) 20t Zus|P
1

to _
< aCh / / (64 Ve [2) 2 (Va2 20 P 3 | X X2
t1 Q

]
Zuf PP, + — 2 / Zuf|B+2 ﬁ+4‘
5+2/t1/| | t (5+1) U A P
to
+acm/ /6+|Vu )54 Zu7)P.
t1

From here estimate (3.13) holds. Integrating by parts we have

2n 2n 2n+1

to
22:—222/ /A:cVu)Xl(6+2|Zu|5[ X¢]u )
(=1 1,5=1
to
<2(3+2) [ /6+|Vu PP | 2 P+
t1

to _
+2(5+1)/ /(5+]V5u€\2)p2775+2\Zu5]5]VSZu5\
t1

to 2n+1
W(B+1) / /5—|—|Vu 2P| Zuf |52Z|X€X€ £|2
t1

1,j=1
ts B 2n+1
+“/ [0+ [0t Py Rz S XX
t1 JQ i,j=1
to -
+a/ /(5+|v€u6|2)¥nﬁ+4|zu6|ﬁ|vezu6|2
t1
to 2n+1

LB+ 17 [ [ G Tt Py 2 S XX

1,j=1
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From here, using inequality (3.14), we deduce that I 1/2 satisfies inequality (3.13). The estimate of
I} can be made as follows:

to B
7} <a / [ 6+ 9Py P 20 |9 2
t1
2n+1
+C, / 6+ [V )i ZuP2 S | XEX A2
i,j=1

/ (6 + |Vou )20 +2| Zuf) P
From here and (3.14) the 1nequahty (3.13) follows. The estimate of I} is analogous:

1
I < 2(8 + A /6+|Vu 2 PV 24 PV |

to _
205+ 4 [ / (6 + IVt )2 2 26P 9. 20|V
t1 Q

2n+1 ts i
sa > [0 [0 vty e Pl
ij=17t 9

to 9
a(B +1)? / /Q (6 + [Vl [2) 54 2 P2V 20 |V 2
t1

2n+1 to s
v Y [ [0 vty Ry e PG
ij=171 79

to
CalB+ 1)(1+|[Venlf3me) / /Q (6 + VP12 P (1 + nP*2).
t1

We now recall the following pde from Lemma 3.3

2n+1 2n+1
hZu® = Z X; (A5 (z, Veu) X5 Zuf) Z X5 (A5, ., (x, Voud)).
i,j=1

Substituting in this equation the test function ¢ = 8|Zu|?~2Zun’*2|V.uf|?, one obtains

to
(3.15) B / 0, Zuf| Zuf P2 ZufnP T2V ot
t1 Q

2n+1 to
+B(B-1) ) / / Aje, (2, Vou®) X5 Zuf X5 Zuf| Zu® [P 20 P2 |V w2
ij=17t JQ
2n+1 to
— / /Alg x, Vous) X5 Zuf | Zuf P~ 2sz){€< A2V, u6|2>
i,7=1
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2n+1 to
- Z / / Afmn+l(x,vau€)Xf<]Zu€]52Zu€n5+2lveu€]2>
o1/t Jo
2n+1 to
—B(8+2) / /Algj z,Veu )XaZu€|Zu5|B 2Zuf XEnqnP |V ouE
i,j=1
2n+1 to
-28 ) / / A, (2, Vou) X5 Zuf | Zuf P2 Zuf P 2 X s X§ X us
tij=17t O
2n+1
- BB - / /AZ —c (z, Vous)| Zu® P2 X5 Zufn’ T2V uf |2
2n+1 to
—B(B+1) Z / / © s (@) V)| 20 P2 20ty X | Ve P
1
2n+1

/ /AZ — (z Veu'f)|Zu‘€|B_2Zu€776+2Xl‘?u’ngX?u8
i0=1
e [5 [P + Ig_

We observe that the ellipticity condition yields

2n+1 to
B(B—1) / / ie, (Veu®) X5 ZuX; Zuf | Zuf P20 2 |V ouf 2
i,7=1

to _
> (B+ 1)20)\/ /(5+ Vot 2) 52 |V Zuf 2| Zuf 1P~ 2052 |V 2.
t1 Q

Let us now consider I°:

2n+1 to
I°=-B(B+2) / / ie; (x, Veu®) X5 Zus| Zu® 1572 Zuf XEnnP L |V uf)?
2,7=1

to _
28+ ”2/ / (6 + [Vt P) '3 V. 20| 20 1P [Vl | Vo
t1 Q
12 -
0@+ [ [ (04 IV T 9.2 P2
t1 Q

to
CalB+ 12 [ [ G Ve 20Vl
t1 Q
The estimate of I is identical to that I gl and we thus omit it. Let us consider I7. One has

to _
< (8+1) / / (6 + [V ?) 7 | 20 P2V e 2 I+ Ve
t1 Q
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12 B
<a(B+ 1)2/ /(5 + |V€u‘€|2)¥|Zu‘€|ﬁ_2|V€Zu‘€|2776+2|vgu’5|2
t1 Q

to
+ Ca(ﬂ + 1)2/ /(5 + ‘V8u6’2)%’Zu€‘572n5+2‘vau6’2.
t1 Q
Similar consideration holds for I®

12 B
P@+1? [ [ @+ IVt |za P T T
t1 Q
to
< OA(B + 1) / / (6 + Ve [2) 3 26 PP |V o2
t1 Q

to
L COA(B+1) / / (6 + |Vou?) 2 | Zut| 2,
t1 Q

Finally, we estimate I°.

2n+1 to
IP<CAB+1) )] / /(5+ Vo[22 | 20 )P P2 O || XE X |
ri=17t1 /9
2n+1 .4,
<CA(B+1) ) / /(5+ |Veu[?)2 | Zuf P20 T2 X5 X e |,
ri=1"'t1 JQ
It follows that
4 2n 9 to 72 2n+1
(316) > > I+> 1< a/ /nﬁ+2(5+ Veur )2 | 20?7 | XE X5 ufP?
k=1 (=1 k=5 t1 JO ij=1
to 2n+1
+CalB+ 1P+ Varllt) [ [ 0 40 6+ IV P 262 3 XXl
1 ij=1

2@ t2 o
+ Zus B+2, B+3 Ounldx + / T B+2 5+4‘
(1 +[[Venl?)(8 +2) /t /Q’ P o (B +2)2 Q‘ A

to 9
+a(B+ 1) / / (6 + |V 12) 22 |V 20 1 20 P2 (P4 1 P ) Ve
t1 Q

to
LA (B4 1) / / (6 + Ve 2) 5% | Zue P22,
t1 Q

Summing up equations (3.12) and (3.15), we obtain
2n+1

to _
S [ [ e+ vt P IXE X + [ v
ij=1 t1 Q Q

to 5
+/ /Q(‘SJF Veur )2 |Vezuf [P 20| P22 Vo P
t1

to

t1
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' 4 2n 9
:/ /\Zufyﬁyvguﬂz@t(nﬁ”)+szf+sz'
t1 JQ k=1 ¢=1 k=5

Applying (3.16), the proof is completed.
]

At this point we make use of the non-degeneracy condition 6 > 0, and recalling that Z is obtained
as a commutator of the horizontal vector fields and that n < 1, we estimate

ts to B 2n+1
(3.17) / / | Zuf PP dadt < 05/ /(5+ Vour2) 2 > IXEX5u Py dadt.
t1 Q t1 Q ij=1

Lemma 3.6 and (3.17) yield the following

Corollary 3.8. Let u® be a weak solution of (1.8) in Q. For any ty > t1 > 0, and alln € C§°(Q),
such that n < 1, ||0m]| < C||Ven||?. For every fized value of & there exists Cs depending on 6, p,n
and on the structure constants, such that

to - 2n+1
+A /(5 V)Y XX 2
i JQ ij=1

1 t
2 / (6 + Vo))
2 Q t1

t2
<Cy [ [0 (VPP (sp + (Venf + lnza).
t1 Q

Corollary 3.9. Let u® be a solution of (1.8) in Q x (0,T) and B.(zg,7) x (to — r%,t9) a parabolic
cylinder. Let n € C™(Be(zo,7) x (to —12,t0)) be a non-negative test function n < 1, which vanishes
on the parabolic boundary and such that there exists a constant Cyx > 1 for which ||0yn||p~ <
CanA(1+[|Venl|2e). Set ty = to—r?. There exists a constant Csx a, also depending on §, such that
for all B > 2 one has

to B 2n+1
(3.18) / /nﬁ”(aﬂvaufy?)%zuew SOXEXcu P+ max /775+2]Zu5\5\vgu€]2
to—r2 JQ ig=1 te(to—r2,t0] JQ
to _
b @D [ [ @ IVt )T V2 Pl
to—r2 JQ
2 2 fo 2\ B 22n+1 2
SO+ 020+ Vel [ [ P64 1V 2 Y XX
to—r2 JQ i,j=1
to 5
b OnE+17 [ [ @ v a2
to—r Q

Proof. The statement follows at once by standard parabolic pde arguments, after choosing a ap-

propriately small in (3.11) and applying (3.17), once one notes that |Zu®| < ZZQ?S | X5 X5u®).
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Corollary 3.10. In the hypotheses of the previous corollary we have
2n+1

to— r2
/ / P25 +|Vouf)P) 2 |Zu |ﬁ|X€X6 2+ max /775+2|Zu€|5|veu€|2

2
ig=1 G(to r ,0] QO

t077'2 _
(Bt / / (6 + |Ve2) 2% |Vt P 20 [P~ 202 (Xl
to Q

P p= 3+5
< OGP Ve 1072 30 [T [ (4 9 ) e
i,j=1
where ¢ = ¢(n,p, L) > 0.

Proof. In order to handle the first term in the right-hand side of the sought for conclusion, it suffices
to observe that

2n+1
OB+ V2 (IVenl e + 17 (54 1V 2) 202 Y | XEX 72 =
i,j=1
2n+1
(p—2)(8-2)/28
=02 (5 +|V.up?) 22 Y X XGutR) D/
,j=1
)/ﬁ 2n+1
(54 19:0) 7O XX CE + )RVenlf + 1)
,j=1

The conclusion then follows from Holder’s inequality. We can handle the second term in the same
way

2n+1

(p+2)
O+ Vel (54 190 P) |20 Y xe P
i,5=1
% 2n+1
=" 72(5+ |Veul?) 2D XEXGut?) 0P
ij=1
2p+6-2)/8 R
o (04 Vel (D 1XFX5u P)PC (B + 1) Ve[ +1)-
ij=1

O

The key step in the proof of the Lipschitz regularity of solutions is the following Caccioppoli
type inequality which is a parabolic analogue of [36, Theorem 3.1].

Theorem 3.11. Let uf be a solution of (1.8) in Q x (0,T) and B.(xq,7) x (tg —r%,t9) a parabolic
cylinder. Let n € C™(B.(wo,7) X (to—12,t0]) be a non-negative test function n < 1, which vanishes
on the parabolic boundary such that there exists a constant Cx p > 1 for which ||0n||p~ < Cxa(14+
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Von||?e). Set t1 =tg— 12ty = to. There exist constants C, K > 0 depending on & such that for
L
all 8> 2 one has
to y 2n+1 1 ,
2 £ 2+03)/2 £ vE, E e12Ns+1, 2
0+ |Veus|*)P™ Xi X5u®|"dxdt + a /5+Vu 2
/tl/ﬂm Vet S XX 4 g max [ (54 [Vt

i,j=1

to
C(B + 1) (VenllEoe + [InZnll + 1) / / ey
spt(n)

Here, C' depends only on p, and A.
Proof. In view of Lemma 3.6, the conclusion will follow once we provide an appropriate estimate

to
[ [P 9y zacp,
t1 Q
The first step is to apply Holder’s inequality to obtain

to
/ /,'72(6_|_|V€u5|2)(p—2+5)/2|zu6|2
2 2 " 9\ 218 %
/ / BH2(5 + Vs P \Zu |5+ dwdt / / (0 + |Vouf| )T)
t1 spt(n)

(since |Zuf| < Z | XEX5u)
i,j=1
B

< (/ / 5+2 5+|V u b= |Zu |[3 Z |X€X€ €| ﬁ+2 / / (5+|V5u6|2)#)ﬁ
t1 spt(n)

1,j=1
(the first integral in the right-hand side can be bounded by applying Corollary 3.10, resulting in the estimate)

i 28 8 t2
< CFR (B + 1) (||Venllfe + 1)772 // (64 VeuP?)
t1

t _B_
/2/ 6+|Vsu€|2)#)ﬁ+2

(by Young’ s 1nequahty, recalling Cy from the statement of Lemma 3.6)

< P+
<ot (4 0(5+1)> (B+1) (||v€n||Loo+1/ /t()(5+lveu5|2)7"
spin

of the term

p—2+8 2n+1

Y )

1,7=1

B+2\ (B+2)
1 t2 5 ) p—3+l32n+1 )
_ 0+ |Vouf ) XEXCGus|~.
e e A R 3 i

Now we note that

5es (4%/12)1) ) (17 < Cants 17
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Substituting the previous estimate in Lemma 3.6, we conclude

to -~
| ] 6 vy X
1

p+8

to
< OuA(B+ VP (IVerl 2o + 020l + 1) / / G
t1 spt(n

This completes the proof of the theorem.
O

In the next result, from Lemma 2.4 and Theorem 3.11 we will establish local integrability of
Veuf in L1 for every q > p.

Lemma 3.12. Let u® be a solution of (1.8) in Q. For any open ball B CC Q and T >ty > t; > 0,
consider a test function n € C™ ([0,T] x B), vanishing on the parabolic boundary, such that n <1,
[10im]] < C||Venl|?. For every B > 0, there exists a constant C = C(n,p, \, A, d(B,00),T —t2,6) >
0, such that

to to
[ [e+1vacpemampe < oo+ [7 [ 6+ vacpyr
t1 Q t1 B

Proof. We begin by examining the case 5 = 0. Applying Lemma 2.4 and Corollary 3.8 one can find
positive constants C,Co, Cs, depending on n,p, A, A, d(B,99Q), T — tq,d, such that

to to _
/ / (6 + Ve Y212 < Cy(p 4 1) / / 6+ [Veu?) 2 3 |XE X0 P nf?
t1 JQ t1 JQ —
Z7j

to to
+ € [ [ @ VPP Val) < o [ [ G (9t PR (7 4 1Vl + Inz).
t1 t1

concluding the proof in the case § = 0. Next, we consider the range 8 > 2. The interpola-
tion inequality Lemma 2.4 and Theorem 3.11 imply the existence of positive constants Cy, ..., C7,
depending on n,p, A\, A, d(B,09),T — t3, and ¢, such that

to
(3.19) / /Q (6 + [Vout ) B+PH2)/2 542
1

to
,8_
< Ci(B+p+1) / / (6 + [V P) 252 3 X X0l P 42
t1 Q -

i,J

to
+ O / / (6 + [V PY 2B (10l + [Venl?)
t1 Q
to
<Co(p+p+1)7 [ [ G+ Il OO (o + (T + ]
t1 Q

< Cr(B+1)7([Venllze + [InZnllze= + 1) /3(5 + |Veus )2,

Iterating the latter [5]/2 times, the conclusion follows.
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In the next result we establish Lipschitz bounds that are uniform in €. The argument consists
in implementing Moser iterations, and rests on the observation that the quantity § + |V.u®|? is
bounded from below by § > 0, and that for every 8 > 0 it is bounded in LP™# in a parabolic
cylinder, uniformly in €.

In the iteration itself, we will consider metric balls B, defined through the Carnot-Caratheodory
metric associated to the Riemannian structure g. defined by the orthonormal frame X7, ..., X5 4.
We recall here that g. converges to the sub-Riemannian structure of the Heisenberg group in the
Gromov-Hausdorff sense [24], and in particular B. — By in terms of Hausdorff distance. These
considerations should make it clear that the estimates in the following theorem are stable as € — 0.

Theorem 3.13. Let u® be a solution of (1.8) in Q x (0,T) and Qf = Be(wo,7) x (to — 1%, t0)
a parabolic cylinder contained in  x (0,T). For given o € (0,1), there exists a constant C =

C(p,o,Po, N\, A, 0) > 0 such that

(3.20) sup (0 + |Vous)?)? < ][ (0 + |Veus|?)5.
to—r2 x()

B(zo,0r)x(to—(or)2,t0) )
Proof. We recall the main steps. Let us consider a family of cylinders Q5 = B(xo,7;) x (to —
r2,tp) CC Qf and with r; < r;_1. Applying (ii) in Lemma 2.3 to the function wg = (5+]V5u5\2)¥,

one obtains

N{—2

B+2)Ny Ny 5
/I / 0+ V) D | = gl o
to <(zo,7i) Ni{—2"N{—2'%i

< Hwﬁuzoo,cgg + HVEWBHQ,Q,Qg

2n+1

to 1 512
< 772(5—|—|V u":|2)5/2 g |X5X€»u€|2—i—— max / (0+|V u€|2) 2 772.
/tOT,L'2 /E(x07ri) : 27]:1 ! ! 5 + 2 te(to r2 to] BE(JB()J‘Z) :

Next, we set g = (6 4 |V.u|?)P=2)/2, Using Theorem 3.11, along with the fact that (6 + |V.u°|) >
0 > 0, we obtain

Ny-2

to (,6+2)N N1
tofr‘? E(:Bo,?‘i) - TZ 1 to 5(1'077'1')
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(5+2) and k =

Setting g = L in the latter inequality, we deduce

72

1
to qk
to— 2 B(:Bo,?‘i

< CF2(B+p)7o | s ][ ][ Vo + [Vous[2)P+2
r; (T — Ti— 1 to B(zo,mi-1)

24+N

<orbis et ) (A wmw)

ri(ry —ri1)

q

The classical Moser iteration scheme in see [29] now applies, leading to the sought for conclusion.
O

4. HOLDER REGULARITY OF DERIVATIVES OF u°.

This section focuses on the proof of the second part of Theorem 1.2. l.e., we want to show that
for each 6, > 0 a weak solution

u# € IP((0,T), W9<(9)) N C3(Q)
of the approximating PDE (1.8) in Q = Q x (0,7 satisfies the Holder estimates

T p
||v€u€||ca<3x<t1,m»+||Zu€||ca<BX<n,t2»sc( /0 /Q <6+|veu€|2>’édxdt) ,

for any open ball B CC Qand T > ty > t; > 0, and for some constants C' = C'(n, p, \, A, d(B,0Q), T—
to,0) > 0 and o = a(n,p, \,A,d(B,09Q),T — t3,d) € (0,1) independent of . It is clear that the
above estimate represents the e-version of (1.11).

We begin by studying the regularity of the derivatives of u® along the second layer of the Lie
algebra of H". First of all, we observe that since 6 > 0 is fixed, Lemma 3.12 and Theorem 3.11
imply that for all 4,5 = 1,...,2n, one has | X; X;u¢| is bounded in L? uniformly in € > 0. It follows
that Zu® € L} _(Q) uniformily in € > 0. In view of Lemma 3.3 we can actually obtain more.

Proposition 4.1. Let u® be a solution of (1.8) in Q x (0,T) and Q = B(wg,r) x (tg — r%,t0) a
parabolic cylinder contained in Q x (0,T). There exists constants C = C(p,o, By, A\, A,d) > 0 and
a=ap,o,Bo,\,\,0) € (0,1) such that

1Zuf][ow@) + I X Zu7]|L2(q) < C("ua"LP(2Q) + HVeuaHm(zQ))

Proof. In view of Theorem 3.13, we observe that |V uf| is bounded and recalling 3.3, one deduces
that for each € > 0 the smooth function w® = Zu® satisfies the PDE

2n+1 < 2n+1

(4.1) ow® = Z X7 Z az; (@, ) X5 + ff(:v,t)),
i=1

J=1
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where

af](x,t) = A?,ﬁj (1’, veua) and ff(.%',t) = A (1’, veua)’

1,T2n+1
are locally bounded in @, unformly in € > 0, and for every n € R?**! and for a.e. x € Q satisfy

2n+1

Anl> <) agj(a, )iy < Alnf.
ij=1

Thanks to Theorems 3.11 and 3.13, and observing that § > 0, one immediately infers that w® = Zu
is locally in L?. But then, the Caccioppoli inequality implies that V. Zu is in LZQOC(Q), uniformly

in € > 0. The Harnack inequality established in [9] and [2] yields interior Holder estimates for w®
in @), which are stable as ¢ — 0. O

Remark 4.2. Actually, a stronger result holds. Let oo € (0,1) denote the Holder exponent of Zu®
(which is uniform in & > 0). By observing that w® — w®(x¢, o) is also a solution of (4.1), then a
standard Caccioppoli type argument yields

t() 1 tO
(42) / / \VgZuIQdmdt < C_Q/ / ‘we o ’U}E(l'o,to)‘le'dt < CTG_2T2n+2+2.
i B ™ Jto—(2r)2 J2B

0—r2

This shows, in particular, that |V.Zu| belongs to the parabolic Morrey class M2%/2(Q), where for
A€ (0,1) and ¢ > 1 we have indicated with M%*(Q) the space of all functions f € L9(Q) such
that for all B C 2, and 0 < ¢ty < T, one has

to
(4.3) sup r~ (1) / / |fl9dadt < CraP—1),
r>0 min(to—r2,0) J BNQ

We also recall that the parabolic Campanato spaces .Z%(Q) is the collection of all f € L(Q)
such that for all B = B(xg,7) C 2, and 0 < tg < T, one has

to
(4.4) supr—2n+) / / 1 — Fanoy|fdedt < Cra—),
>0 min(to—72,0) J BNQ
Here, we have set
to
ooy =7~ Y / F(a,t)dxdt.
min(to—72,0) J BNQ

A standard argument, see for instance [13], shows that the Campanato space is isomorphic to the
space of Holder continuous functions. In particular, we rely on the following instance of this general
result.

Lemma 4.3. Let K CC Q. There exists M,y > 0 such that for any (xo,t9) € K and 0 < r < rg,
if [ € L% (B(xo,7) % (to — 12, t)) then f € CA(B(xo,r/M) x (to —r*/M?,ty)).

Next, we return to the study of the regularity of horizontal derivatives of solutions. By virtue
of Lemma 3.2 we recall that if «® is a solution of (1.8) in @, if for a fixed ¢ = 1,...,2n we set
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v® = Xju®, and s; = (=1)[/"] then the function v° is a solution in Q of

2n+1 2n+1
(4.5) o =3 X;‘( 3 a(x, ) X507 + as(x,t)) +af(a,t),

i=1 j=1
where

agj(w,t) = Af ¢ (z, Veu©) € Lis.(Q),
0§ (2,1) = A5, (@, Vou) = ZEB0A7 (2, Vouf) € LES(Q),
and
a*(z,t) = s¢Z (A (@, Veur)),

with

|a*(2,1)] < C|VZu®| € Li,o(Q) N M**(Q)

loc

for some constant C' > 0 depending only on the structure constants and on ||u||rr.r(g). We need
to invoke a standard result from the theory of Morrey-Campanato which adapts immediately to
the Heisenberg group setting, see [28], [6]. In the statement of the next lemma we assume that
Q=0 x(0,T) is a given cylinder, and that [sz]i?i% is a uniformly elliptic matrix-valued function
in @, with coefficients in L*°(Q). We also suppose that for some A € (0,1) we are given functions
b; € M?**Q), and a function b such that for each 2B C Q and r > 0 sufficiently small,

to
(4.6) rV1 / / |b|dzdt < Cr—2
BNQ

min(to—r2,0)

with b € L?ﬁl/ (M1+2) (), where we recall that Ny = N + 2 = 2n + 4 is the parabolic dimension

with respect to the dilations (x,t) — (dyz, A%t).

Lemma 4.4. For each e >0, let w € LP((0,T), Wol’p(Q)) be a weak solution in Q to the equation

2n+1 < 2n+1

dw =" X7 Y by(z,0)X5w+ b@-(:v,t)> + b(x,t).

i=1 j=1
Then, |V.w| € M2 <%B x (tg — (5)2,750)).

We can now conclude the proof of the second part of Theorem 1.2. To begin, as we need to
apply Lemma 4.4 to the linear equation (4.5), we observe that (4.2) and Hoélder inequality yield
the needed hypothesis (4.6). At this point one can invoke Lemma 4.4 to conclude that for every
¢ =1,...,2n the function V. X7u® belongs locally to M 22 In view of the Poincaré inequality, one
then has that V.u® belongs to the Campanato spaces .Z>* and hence by virtue of Lemma 4.3 it is
Holder continuous, concluding the proof.
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5. PROOF OF THEOREM 1.1
We will need a simple form of the comparison principle, see [3] and [4].

Lemma 5.1. Let u,w be weak solutions of (1.1) in a cylinder B x (t1,t2). If on the parabolic
boundary B x {t;} UOB X (t1,t2) one has that u > w, then u > w in B x (t1,t3).

We now show how Theorem 1.1 follows from the comparison principle and from Theorem 1.2.

of Theorem 1.1. Recall from Lemma 2.1 that u is Holder continuous in any compact subdomain
of @, in particular in the closure of B X (t1,t2). For each ¢ > 0 consider u®, the unique smooth
solution of the quasilinear parabolic problem

(5.1) { O = Y2 XEAS (2, Vo), in B x (f, t2)

ut =u in B x {tl} UoB x (tl,tg),

where A$(z,£) satisfies the structure conditions (1.7). By virtue of Theorem 3.1 and of the Hélder
regularity from Theorem 1.2, one has that for every K CC @, and ¢ > 1, there exist M =
M(p,q,\,A,n,0) >0 and a = a(p,q, A\, A,n,0) € (0,1), such that for every € > 0, (z¢,t9) € K and
B(xo,r) % (to — 2 t0) C Q,

Vel Vet || 12(Bag,r)x (to—r2,t0)) < M
ZIV v | L2 (B (o) % (to—r2,t0)) < M
Vet oo (Bao,m x (to—r2,t0)) T 12U lce(Bao,r)x (to—r2,t0)) < M-

By the theorem of Ascoli-Arzela, one can find ug € Cllo’?(Q) and a sequence ¢ — 0 such that

u®* — ug and V., u* — Vouo uniformly on compact subsets of Q.

The latter implies that ug is a weak solution of (1.1), in B(zg,7) x (to — 72,tg), which agrees
with the function u on the parabolic boundary of B(zg,7) x (to — r2,ty). By the comparison
principle, the solution to this boundary values problem is unique, and hence we conclude that
u € Cllo’ca(B(xo,r) x (to —72,t0)).

]
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