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TOWARD PERMUTATION BASES IN THE EQUIVARIANT COHOMOLOGY RINGS OF
REGULAR SEMISIMPLE HESSENBERG VARIETIES

MEGUMI HARADA, MARTHA PRECUP, AND JULIANNA TYMOCZKO

ABSTRACT. Recent work of Shareshian and Wachs, Brosnan and Chow, and Guay-Paquet connects the well-
known Stanley-Stembridge conjecture in combinatorics to the dot action of the symmetric group .S, on the co-
homology rings H*(Hess(S, h)) of regular semisimple Hessenberg varieties. In particular, in order to prove the
Stanley-Stembridge conjecture, it suffices to construct (for any Hessenberg function h) a permutation basis of
H*(Hess(S, h)) whose elements have stabilizers isomorphic to Young subgroups. In this manuscript we give
several results which contribute toward this goal. Specifically, in some special cases, we give a new, purely com-
binatorial construction of classes in the T-equivariant cohomology ring H.(Hess(S, h)) which form permutation
bases for subrepresentations in H7.(Hess(S, h)). Moreover, from the definition of our classes it follows that the
stabilizers are isomorphic to Young subgroups. Our constructions use a presentation of the T-equivariant coho-
mology rings H7.(Hess(S, h)) due to Goresky, Kottwitz, and MacPherson. The constructions presented in this
manuscript generalize past work of Abe-Horiguchi-Masuda, Chow, and Cho-Hong-Lee.
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1. INTRODUCTION

Hessenberg varieties (in Lie type A) are subvarieties of the full flag variety Flags(C™) of nested se-
quences of linear subspaces in C". Research concerning Hessenberg varieties lies in a fruitful intersection
of algebraic geometry, combinatorics, and representation theory, and they have been studied extensively
since the late 1980s. These varieties are parameterized by a choice of linear operator S € gl(n, C) and non-
decreasing function & : [n] — [n], where [n] := {1,2,...,n}, called a Hessenberg function. When S is a
regular semisimple element and h(i) > ¢ for all 4, Hess(S, h) is called a regular semisimple Hessenberg
variety.

The dot action of the symmetric group .S, on the cohomologyﬂ rings H*(Hess(S, h)) of regular semisim-
ple Hessenberg varieties, defined by the third author in [18], has received considerable recent attention due
to its connection to the well-known Stanley—Stembridge conjecture in combinatorics. This conjecture states
that the chromatic symmetric function of the incomparability graph of a (3+1)-free poset is e-positive, i.e., it
is a non-negative linear combination of elementary symmetric functions. The Stanley—Stembridge conjec-
ture is a well-known conjecture in the field of algebraic combinatorics and is related, for example, to various
other deep conjectures about immanants [15]. The relationship between the Stanley—Stembridge conjecture
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and Hessenberg varieties was made apparent some years ago by work of Shareshian and Wachs [16], Bros-
nan and Chow [5], and Guay-Paquet [11]. We refer the reader to [12] for a leisurely exposition of the history;
for the purposes of this manuscript we restrict ourselves to recalling that, in order to prove the Stanley—
Stembridge conjecture from the point of view of Hessenberg varieties, it suffices to construct a basis of
H*(Hess(S, h)) that is permuted by the dot action (i.e., a permutation basis) and such that the stabilizer of
each element is a subgroup of S,, generated by reflections. This problem has motivated much research in
the field of Hessenberg varieties in the last few years.

In this manuscript, we tackle this problem by using techniques that are available in T-equivariant co-
homology and not ordinary cohomology. We exploit general properties of equivariant cohomology and
of the T-action on Hess(S, k), which in particular imply any free H}.(pt)-module basis of H;.(Hess(S, h))
projects to a C-basis of H*(Hess(S, h)) under the natural projection. The definition of the dot action in [18]
used this same philosophy, defining an action on H; (Hess(S, h)) and then inducing an action on ordinary
cohomology by this same projection. Similarly, our strategy is to first construct a H}.(pt)-module basis for
HZ(Hess(S, h)) which is permuted by the dot action, and then project it to ordinary cohomology. Since
this construction of the basis is consistent with the construction of the dot action on H}.(Hess(S, h)) and
H*(Hess(S, h)), a set that is permuted by the dot action in equivariant cohomology projects to a set that
is permuted also in ordinary cohomology. Section 2.4] contains a more leisurely account of this approach
toward the Stanley—Stembridge conjecture, including an explicit formulation of what we call the “permu-
tation basis program.”

Our goal in this manuscript is to take preliminary steps toward the construction of a permutation ba-
sis of H*(Hess(S, h)) in the following sense. We explicitly construct collections of cohomology classes in
HY.(Hess(S, h)) which are permuted by the dot action, are H}.(pt)-linearly independent, and whose stabi-
lizer groups are reflection subgroups. From this it follows that these classes form a permutation basis of the
subrepresentation in H(Hess(S, h)) which they span. Moreover, we can identify explicitly this subrepre-
sentation in terms of permutation representations M* := indgz (1) for appropriate partitions A and Young
subgroups Sy of S;,,. Thus, our results can be viewed as achieving some progress toward the larger goal of
building a full H3(pt)-module permutation basis of H(Hess(S, h)), with point stabilizers isomorphic to
Young subgroups — which would in turn resolve the Stanley-Stembridge conjecture.

One important subtlety is that we consider equivariant cohomology as a module over a polynomial
ring and not as a complex vector space. This means that, when we equip equivariant cohomology with
the structure of a (twisted) representation of the finite group S,, a submodule which is stable under the
representation may not be a direct summand. For instance, with the standard action of the permutation
group Sz on CJ[t1, t2], the symmetric polynomial ¢; + t2 generates a Cl[t1, t2]-subrepresentation that cannot
be written as a direct summand of C[t, t2]. Thus although this manuscript constructs a linearly independent
set of vectors in H(Hess(S, h)) which are permuted by the dot action and have stabilizer equal to a Young
subgroup, it is not a priori guaranteed that our set can be extended to a full permutation basis. Another
subtlety is that the H3.(pt)-linear independence of our sets of permuted vectors does not necessarily imply
that their projections to H*(Hess(S, h)) are still linearly independent. Together, these subtleties mean that
the open question remains, whether we can indeed extend our linearly independent sets in this manuscript
to a full permuted basis. (See Section[2.4]for more.) This is a question for future work.

We now summarize the results within this manuscript in a rough form. Our main technical tool is
the Goresky—Kottwitz-MacPherson (GKM) theory of T-equivariant cohomology. Here we consider the
maximal torus T of diagonal matrices in GL(n,C) and the natural T-action on Hess(S,h) C Flags(C™)
induced from the action of GL(n,C) on Flags(C") = GL(n,C)/B by left multiplication. GKM theory
describes explicitly and combinatorially the T-equivariant cohomology H7 (Hess(S, h)) as a collection of
lists of polynomials— one polynomial for each permutation w € S,— which satisfy compatibility con-
ditions (see (2.4)); see [18] for details. While the explicit combinatorial nature of the GKM description of
Hx(Hess(S, h)) is convenient for many purposes, it is worth pointing out that the question of building per-
mutation bases in the language of GKM theory poses its own computational challenges. This is because the
dot action exchanges polynomials associated to different permutations w € S, and this complicates the
analysis of the linear independence of orbits under the dot action. Nevertheless, in some special cases we
are able to overcome these obstacles, as we now explain.

Our first results give purely combinatorial constructions of well-defined GKM classes in H3.(Hess(S, h)).
We begin by formalizing a statement which is well-known to experts but which (to our knowledge) has
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not been recorded in the literature in this generality. Let A = (A1, Ag,- -+, A\¢) be a composition of n and
Sy denote the associated Young subgroup, generated by the set of simple reflections {s; | ¢ & {\, A\ +
Ao, A1 4+ A2 + - + N1t} Let vy be the permutation obtained by taking the longest permutation
wo = [n,n—1,...,2,1]in S,, and re-ordering the values {1,2,--- ;A\ }, {1 +1,..., A1+ Ao}, {1 + A2+
-+ X—1+1,---,n} tobe increasing. Recall that v, is the unique maximal element with respect to Bruhat
order in the set of shortest coset representatives for S\ S,,. Now define a function f ik) 0 Sn = Cltr, .., tn]
by
Fulw) = { Hti_t]‘eN}:(U}\)(tw(i) —ty(y) ifw= y'v,\, for some y € S,
0 otherwise

where N, (vy) := {t; —t; | i > j and vx(i) < va(j) and i < h(j)}. Then it is well-known among experts

that f) € H;‘ N (o)l (Hess(S, h)) is a well-defined equivariant cohomology class.

The above construction yields T-equivariant cohomology classes which have the special property that
their support set (i.e., the permutations w € S,, on which fy(w) # 0) is the single coset of the Young sub-
group S, containing the maximal coset representative vy. Thus we call these “top-coset classes.” Moreover,
it is not difficult to see that the orbit under the dot action of these “top-coset classes” is H7 (pt)-linearly
independent. Specifically, for fy the top-coset GKM class defined above, the S,-orbit of fy under the dot
action

{w'f)\|w65n}

is H7(pt)-linearly independent. Furthermore, the H7 (pt)-subrepresentation of Hj.(Hess(S, h)) spanned
by this set in H}.(Hess(S, h)) is an S, -subrepresentation with the same character as the S, -representation
indgr (1) ~ MP™, where P()) is the partition of n obtained from A by rearranging the parts in decreasing
order. We explain these facts in some detail in Section [3]

As mentioned above, even in cases for which the Stanley—Stembridge conjecture is known to hold, con-
structing an explicit basis for the free H;.(pt)-module H3(Hess(S, h)) which is permuted by the dot action
remains difficult. Progress has been made in two special cases. The first is h = (h(1),n,...,n), studied
by Abe, Horiguchi, and Masuda in [1]] and the second is h = (2,3, ..., n,n) where Cho, Hong, and Lee [6]
recently proved a conjecture of Chow [7] which gave an explicit permutation basis in this special case. In
each of these settings, the authors use the top-coset construction outlined above.

In order to make progress on the construction of a permutation basis in the general case we need recipes
for constructing classes that have support on more than one coset. Our first main result takes a step in this
direction, in the special case when the composition has two parts. This is a natural first case to consider, as
the Stanley-Stembridge conjecture is known to be true in the so-called “abelian case,” and in that setting,
the permutation representations occurring as summands of the dot action are either trivial or correspond to
partitions of n with exactly two parts (see [12]). We have the following; for precise definitions see Section 4l

Theorem 1 (Theorem [4.8). Let h : [n] — [n] be a Hessenberg function and X\ = (A1, A\2) a composition of n. Let
0 <k < Xo. If Ay > 1 then we additionally assume that h(k + 2) = n. Let vy, denote the permutation whose
one-line notation is given in @4) in SectionEand let Sy, := {t; —t; | i < j and v, *(i) > v, *(j) and v, (i) <
h(v; *(5))}. Then the function fik) : Sp = Clta, ..., ty] defined by

(k) ._ Hta—t €s (ty(a) - ty(b)) ifv>wp,y €Sy
£ (o) '_{ 0 T otherwise

is a well-defined equivariant cohomology class in H%IS’“ | (Hess(S, h)).

We recover the top-coset classes from the construction above in the special case where & = Ay (since
vp = vy and 8y = vi(NN, (vy)) in that case). When k < A, our classes are supported on a union of right
cosets and we can give (Lemmal.10) a concrete description of their support and the support of any element
in the S,-orbit of f ;k) under the dot action. Since these support sets consist of unions of more than one
coset in general, proving that the S,-orbit of f ;k) is H}.(pt)-linearly independent becomes more difficult.
However, we do obtain a linear independence result analogous to the top-coset case mentioned above in
the case where k = Ay — 1, under some additional hypotheses on the Hessenberg function h. Roughly, the
result is as follows; see Theorem 5.0l for the precise statement.
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Theorem 2 (TheoremB.). Let h : [n] — [n] a Hessenberg function. Let A = (A1, A2) be a composition of n such
that h(1) < Xo. If \v > 1, we place additional assumptions on the Hessenberg function h as in Theorem [5.1] below.
Then

(1) the Sy-orbit of f )(\’\2_1) is Hy.(pt)-linearly independent, and

(2) the stabilizer of each element in the S,,-orbit is conjugate to the Young subgroup S».

In particular, the Hy.(pt)-submodule of H}.(Hess(S, h)) spanned by the S,,-orbit offi’\z_l) is an Sy-subrepresentation
with the same character as Indgz (1) =~ MPX), where P(\) is the partition of n obtained from \ by rearranging the
parts to be in decreasing order.

Finally, we address the question of combining the permutation bases obtained above to form a permu-
tation basis of a larger subrepresentation. Considering such unions is essential since a permutation basis
for Hy(Hess(S, h)) will generally consist of a collection of permutation bases, one for each induced per-
mutation representation indgz (1) contained in Hj(Hess(S, h)), where the union of all such bases is still
H7%.(pt)-linearly independent. As in the case of a single permutation representation, however, proving the
linear independence of such unions of classes can be technically difficult. Nevertheless we are able to prove
the linear independence of a union of two such permutation bases in the special case of A = (1,n — 1). A
rough statement is as follows; for the precise statement see Theorem

Theorem 3 (Theorem[6.2). Let A = (1,n — 1) and assume h is a Hessenberg function such that h(1) < n — 1,
deg fi"_l) =deg f;"_z), and h(i) > i for all i. Then the union of the S,,-orbits offin_l) and fi"_Q), i.e., the set

{w- "V we S, ul{w- " we S,},

is H}.(pt)-linearly independent. In particular, the H}.(pt)-submodule of Hy.(Hess(S, h)) spanned by this union of
Sp-orbits is an S,,-subrepresentation isomorphic to the direct sum of two copies of the permutation representation
with same character as Indg" (1) ~ M("=1D),

Example [6.4 below presents an application of our theorem in the case that h = (n — 2,n — 1,n,...,n).
Although we do not have a complete description of a permutation basis for H}.(Hess(S, h)) in that case,
our results do yield a basis for the two copies of M("~11) of minimal degree that do occur. Our example
also motivates a statement of a natural follow-up problem which we give in Problem[6.5

The advantage of the construction from Theorem [I]is that we obtain explicit combinatorial formulas for

the equivariant classes, their support sets, and a clear description of the dot action on each f ;k). It is worth
emphasizing that this kind of information can be quite difficult to obtain when the classes are defined
geometrically. Moreover, it is this information that gives us the leverage needed to prove our the main
theorems regarding H7 (pt)-linear independence. On the other hand, these linear independence results
apply only in special cases, particularly the results of Theorem [3l In the recent preprint [6], Cho, Hong,
and Lee give a geometric construction of a basis for H;(Hess(S, h)) in all cases, by using an affine paving
of that variety. Although these “geometric” classes are linearly independent, they do not in general form
a permutation basis with respect to the dot action, and there is no known general, explicit combinatorial
formula for the values of these classes at different permutations w € S,,, except for the special case h =
(2,3,...,n,n). Therefore, it is currently a compelling open question to express our classes — which are
defined purely combinatorially — in terms of the basis constructed geometrically in [6], particularly in the
abelian case. We discuss this further in Section 4 see Problem .91 below.

We now give a brief overview the contents of this paper. Section [2 discusses relevant background ma-
terial, including the presentation of Hx(Hess(S, h)) via GKM theory, and an overview of useful facts re-
garding the combinatorics of S,, and its coset decompositions. In addition, we provide in Section 2.4 an
expository account of the broader context in which our manuscript should be placed. In particular, we
give a clear statement of what we call the “permutation basis program”, which seeks to solve the Stanley-
Stembridge conjecture using the geometry of Hessenberg varieties. In Section 3] although the construction
of top-coset classes is known to the experts, we formalize the presentation of these equivariant classes. We
then define the equivariant cohomology classes studied in this manuscript in Sectiond Our main theorem
proves that, under some minor assumptions on the Hessenberg function h, these are well-defined classes
in H%(Hess(S, h)) and we are able to give an explicit description of their supports. We state the problem
of connecting our GKM classes to those defined by Cho, Hong, and Lee in Problem Sections [l and
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prove the linear independence results appearing in Theorem 2land Theorem 3} respectively. We conclude
Section [l with an application of our linear independence theorems to the case of h = (n —2,n—1,n,...,n)
and the statement of a natural question, to be analyzed in future work, in Problem[6.5
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thor is supported by a Natural Science and Engineering Research Council Discovery Grant and a Canada
Research Chair (Tier 2) from the Government of Canada. The second author is supported in part by NSF
DMS-1954001. The third author is supported in part by NSF DMS-1800773.

2. BACKGROUND

In this section we briefly recall some notation and terminology needed for discussion of Hessenberg
varieties and their associated cohomology rings. We refer to [12] for a more leisurely account. In the final
subsection, Section 2.4] we also give an expository account of the larger context of this paper, and give
explicit statements of the broader research problems to which this paper contributes.

2.1. Hessenberg varieties, Hessenberg functions, and the type A root system. The (full) flag variety
Flags(C") is the collection of sequences of nested linear subspaces of C™:

Flags(C™) :={Ve=({0}Cc Vi CVoaC- - C Vg CC") |dime(V;) =i forall i=1,...,n}.

A Hessenberg variety in Flags(C™) is specified by two pieces of data: a Hessenberg function and a choice
of an element in gl(n, C). A Hessenberg function is a non-decreasing function % : [n] — [n]. In this paper,
we consider only Hessenberg functions such that i(i) > i forall ¢ € [n] and implicitly make this assumption
for all such functions appearing below. We frequently write a Hessenberg function by listing its values in
sequence, i.e., h = (h(1),h(2),...,h(n)). Now let X be an n x n matrix in gl(n, C), which we also consider
as a linear operator C* — C”. Then the Hessenberg variety Hess(X, h) associated to h and X is defined to
be

(2.1) Hess(X, h) := {Vs € Flags(C") | XV; C Vy(;) foralli € [n]} C Flags(C™).

In this paper we focus on a special case of Hessenberg varieties. Let S denote a regular semisimple matrix
in gl(n, C), that is, a matrix which is diagonalizable with distinct eigenvalues. Then we call Hess(S, h) a
regular semisimple Hessenberg variety. Note that (i) > i for all i € [n] implies Hess(S, h) is nonempty.
The equivariant cohomology of Hess(S, h) is the main object of study in this paper.

Now we set some notation associated to type A root systems. Let h C gl,,(C) denote the Cartan subalge-
bra of diagonal matrices, and let ¢; denote the coordinate function on h reading off the (¢, 7)-th matrix entry
along the diagonal. We denote the root system of gl,,(C) by ® := {t; — t; | 4,7 € [n],i # j}, with the subset
of positive roots given by

Ot i={t; —t; |1 <i<j<n}.
The negative roots in ® are @~ := ® \ ®*, and we denote the simple positive roots in ®* by
AZ:{OZZ' ::ti_ti+1 | 1 S’LSTL—l}

Given h : [n] — [n] a Hessenberg function, it will be convenient to consider variants of the above terminol-
ogy which incorporate the data of h. In particular, we define the notation

(22) (I); = {ti — tj [SEOo | 1 < h(])}

It is clear that the set ®, is determined by the Hessenberg function &, but it is useful to also note that h is
uniquely determined by ®, (since (i) > i for all i € [n]).

We also recall some terminology concerning inversions. The Weyl group in Lie type A is the symmetric
group S,, on n letters. Given a permutation w € S, the inversion set of w is given by

(2.3) N(w):={y€®" |w(y) € ®}.
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Note that v = ¢; — t; is an inversion of w if and only if ¢ < j and w(:) > w(j). Thus the pair (¢, j) is an
inversion of the permutatlon w in the classical sense if and only if v = t; — t; € N(w). We also set

N~ (w)={y€ @ |w(y) € 2"}

It is straightforward to see that w(N~(w)) = N(w™!). Let {(w) denote the (Bruhat) length function on S,,.
Then ¢(w) = |N(w)| = [N~ (w)|. If y = ¢; — t; € ® then we denote by s, the transposition of S,, swapping
i and j. We do not differentiate between positive and negative roots with this notation, so in particular
sy = S_. It is well known that ¢(ws,) < ¢(w) for v € @ if and only if v € N~ (w) [14, Sections 1.6-1.7].
When «; € A we write s; := s,, for the simple reflection swapping i and i + 1.

2.2. The equivariant cohomology of Hess(S,h) and the dot action representation. In this section we
briefly recall some facts about the ordinary and equivariant cohomology rings of regular semisimple Hes-
senberg varieties, and the definition of the dot action representation on these rings. We refer the reader
to [12,[17,[18] for more details. Let b : [n] — [n] be a Hessenberg function and Hess(S, h) the regular
semisimple Hessenberg variety associated to i. The maximal torus 7" of diagonal matrices in GL(n, C) acts
on Flags(C™) preserving Hess(S, h) and

Hess(S,h)! = Flags(C™)T = S,

where we identify S,, with the permutation flags in Flags(C™). In this setting, the localization theorem of
torus-equivariant topology applies and the inclusion map of the fixed point set into Hess(S, h) induces an
injection,

v: Hi(Hess(S, h)) — Hi(Hess(S,h)T @ Hi(pt) = @ Clt1,. ., tn).
wESn wESn

For f € Hj(Hess(S,h)), since ¢ is injective, by slight abuse of notation we denote also by f its image in
H(Hess(S,h)T). For each w € S, we denote by f(w) € C[ty,...,t,] the w-th component of f in the
decomposition above.

Applying results of Goresky—Kottwitz—-MacPherson, one obtains the following concrete description of
the image of ¢ as in [18]:

forallw e S,andy=t;, —t; € N~ (w) NP, }

(24)  Hi(Hess(S,h)) {f € @ Clh -t (w) = f(ws,) is divisible by w(y) = ty) — tw())-

weSy

We call the condition described in the right hand side of (2.4) the GKM condition for Hess(S, k). Since the
set N~ (w) N @, appearing in (2.4) is used so frequently, we define the notation

(2.5) N, (w) :=N"(w)N®,.

Motivated by the above, the GKM graph of the regular semisimple Hessenberg variety Hess(S, h) is
defined as the (labelled, directed) graph with vertex set S,, and edges

w(v)
W ——> WSy

where v € N, (w). Note that w — ws, an edge implies ws, < w, asy € N~ (w). The set of labels of the
directed edges in the GKM graph of Hess(S, h) with w as a source is

(2.6) w(N, () =w(N~(w) NP, ) = w(N " (w)) Nw(®;,) = Nw™") Nw(®),)

where we have used the fact that w(N~(w)) = N(w™1).
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Example 2.1. Let n = 3and h = (2,3, 3). The GKM graph of Hess(S, h) is as follows:

518281

7 Y

5152 5251

tltSJ ltltS
S1 52
mj ‘%
e

The GKM graph is the combinatorial data encoding the set of GKM conditions for Hess(S, k) on the RHS
of @4). When h = (n,n,---,n), we have ®, = &~ and Hess(S,h) = Flags(C"); the GKM graph of the
flag variety is also called the Bruhat graph of S,,. In this special case, since N~ (w) is a subset of ®~ by
definition, we see that the set of edges with w as a source in the GKM graph of Flags(C") is in one-to-one
correspondence with N~ (w). Moreover, in this case, the set of these edge labels is w(N~(w)) = N(w™'). We
can see from (2.4) that in order to obtain the GKM graph for Hess(S, h) from the Bruhat graph, we simply
delete the edges corresponding to v with v ¢ ®,". In summary, there are precisely |®, | = dim Hess(S, h)
edges adjacent to w in the GKM graph for Hess(S, h) and exactly | N, (w)| edges with w as a source.

Now we recall the S,,-action, often called the “dot action”, on H}.(Hess(S, h)) and H*(Hess(S, h)) con-
structed explicitly by the third author in [18]. First, we define an S,,-action on the polynomial ring C[t1, . . ., t,]
in the standard way by permuting the indices of the variables, i.e. for t; € C[ty,...,t,] and v € S,, we de-
fine v(t;) := t,(;. This induces an S,-action on C[t1,...,t,] by C-linear ring homomorphisms. By 2.4),
an element f € H}(Hess(S, h)) is specified uniquely by a list (f(w))wes, of polynomials in C[t,...,t,]
satisfying the GKM conditions. Given v € S,, and f = (f(w))wes,,, the dot action of v on f is defined by

2.7) (v- f)(w) :==v(f(v " w)) forall we S,.

It is straightforward to check that the class v - f also satisfies the GKM conditions, and we therefore
obtain a well-defined action of S,, on H}(Hess(S,h)), called the dot action representation. This is a
twisted group action on equivariant cohomology as it acts non-trivially on the underlying ring of scalars
HZ(pt) ~ Clty,...,t,]—the action on H}(pt) is the standard action of S,, on the polynomial ring defined
above. The dot action on the equivariant cohomology Hy.(Hess(S, h)) induces the dot action on ordinary
cohomology H*(Hess(S, h)) by the forgetful map 7 : H}.(Hess(S,h)) — H*(Hess(S, h)). Indeed, the for-
getful map is known to be surjective and the dot action preserves the kernel [18], hence this induces a
well-defined action on H*(Hess(S, h)).

Remark 2.2. [t is known that in the case of reqular semisimple Hessenberg varieties, the T-equivariant cohomology
HY(Hess(S, h)) is a free Hy.(pt)-module, and that the forgetful map H}.(Hess(S,h)) — H*(Hess(S,h)) is the
surjection obtained by taking the quotient by the ideal (t1,ts,...,t,) C Hy(pt) = C[t1,...,t,]. From this it
follows that the image of a permutation basis (as a H}(pt)-module) of Hy(Hess(S,h)) is a permutation C-basis
of H*(Hess(S,h)). However, as noted in the introduction, a H}.(pt)-linearly independent set need not map to a
C-linearly independent set under the natural projection.

As discussed in the introduction, Shareshian and Wachs conjectured in [16] that the above “dot action”
representation on H*(Hess(S, h)) is related to the well-known Stanley—Stembridge conjecture. Specifically,
they conjectured a tight relationship between the chromatic Hessenberg function of the incomparability
graph of a unit interval order to the dot action on H*(Hess(S, h)) as defined above; we refer to [16, Con-
jecture 10.1] for the detailed statement. Shareshian and Wachs’ conjecture was proven by Brosnan and
Chow [5], and independently by Guay-Paquet [11]], in 2015. For the purposes of this paper it suffices to
recall that these results imply that the Stanley-Stembridge conjecture would follow from the following
conjecture, phrased in terms of the dot action on H*(Hess(S, h)) (see [16, Conjecture 10.4]).

Conjecture 2.3. Let h : [n] — [n] be a Hessenberg function. Then there exists a basis of H*(Hess(S, h)) that is
permuted by the dot action, and such that the stabilizer of each element in the basis is a reflection subgroup.
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The motivation for this manuscript is to take some steps toward addressing Conjecture but as dis-
cussed in the Introduction and due to the observations in Remark 2.2] we opt below to focus exclusively
on the equivariant version of Conjecture since a solution to the equivariant version yields a solution to
Conjecture

Before concluding this subsection we make one more simplifying remark. Recall that a Hessenberg
function h : [n] — [n] is connected if h(i) > i for all ¢ € [n — 1]. This terminology is due in part to the
fact that the corresponding regular semisimple Hessenberg variety Hess(S, h) is connected if and only if &
is connected [3] Appendix A]. If h is not connected then it is straightforward to argue that the connected
components of Hess(S, h) are each isomorphic to a direct product of ‘smaller” connected regular semisim-
ple Hessenberg varieties (see the analogous argument given in [10, Theorem 4.5]). In that case, the dot
action on H*(Hess(S, h)) is induced from the dot action of a reflection subgroup on the cohomology of
this connected component (the equivalent statement for chromatic quasisymmetric functions is very well
known; c.f. [2, Theorem 1.1(B)]). Thus, in order to address Conjecture 2.3it suffices to consider only those
regular semisimple Hessenberg varieties corresponding to connected Hessenberg functions. On the other
hand, many of our theorems below hold for Hessenberg functions without this additional restriction. We
therefore note when this assumption is required.

2.3. Weyl group combinatorics. We now take a moment to briefly review and set notation regarding com-
binatorics of S,,. Let u = (u1, pt2,. .., te) be a composition of n, that is, p1, pa . . ., e are positive integers
such that 1 + 2 + - - - + pe = n. Throughout this section, we let [u]; = 1 +--- + p; foralli =1,...,¢ and
set [u]o := 0. Note that [u]; = p; and [u]e = n.

We define the Young subgroup corresponding to ;. to be the subgroup

Sy = (si |4 ¢ {[ulr, [pl2 - [ule-1}) € Sn.
Any subgroup of S,, generated by simple reflections is of the form S, for some composition y of n. More-
over, it is well-known that any reflection subgroup of S,,, i.e., a subgroup of S,, generated by reflections, is
conjugate to a Young subgroup S, for some p.
In our computations below, we frequently consider the set of right and left cosets, denoted respectively
by S,\Sn and S,,/S,,, of a given Young subgroup S,. The shortest length right (respectively left) coset
representatives for S, \ S, (respectively S,,/S,,) are defined as follows:

ESpi={ve€ S, | v (a;) € ®F forall i€ [n]\ {[ul, [ple,-- - [le—1}}
and
Sti={veS,|v(a)e ®" forall i [n]\ {{u, 12, [ule-1}}
It follows immediately from the definitions above that

28) (#5,) 7" = st

These shortest coset representatives are useful, among other things, for decomposing arbitrary elements
of S,, as the following well-known lemma states [14, Prop. 1.10].

Lemma 2.4. Let w € S,,. Then w can be written uniquely as
(1) w=yvforsomey e S, andv € *S,, and
(2) w="1"y forsomey’ € S, and v’ € SE.
Moreover, for such y,y' € S, and v € 'S,, and v € S¥, we have {(w) = £(y) + £(v) = L(v") + £(y).

Remark 2.5. The factors y and v in the decomposition of w given in Lemma[2.4(1) have a straightforward interpreta-
tion in terms of the one-line notation of w, as we now describe. In order to obtain the one-line notation for v, rearrange
the values of {[u]; + 1, [u)i + 2, ..., [1t]i+1} in the one-line notation of w to be in increasing order from left to right,
foreachi =0, ...,¢— 1. The result is the one-line notation for v, which is the shortest right coset representative of w
in S, \Sn. Now y is simply the element of S,, which permutes the sets {[p]; +1, (] +2, .. ., [t]i41} to be in the same
order that was found in the original w, for each i = 0, . .., £ — 1. Similarly, there is also a simple method for obtaining
the decomposition w = v'y’ in Lemma[2.4(2) from the one-line notation of w. Specifically, we obtain the one-line
notation of v' by rearranging the values in the one-line notation of w in positions {[u]; + 1, [p]i +2,. .., [plit1} in
increasing order from left to right for all i = 0,...,¢ — 1. In this case, y' is the element of S,, which permutes the
sets {[p]i + 1, [u)i + 2, ..., [u]ix1} into the same relative order as those in the one-line notation for w in positions
{Ii + 1, [l +2,. .., [pliga} foralli =0,...,0 — 1.
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Example 2.6. Let n = 7and p = (4,3). Let w = [6,4,1,7,2,5,3]. Writew = yvfory € S, and v € *S,,. From
Remark 2.5 we obtain

y=04,1,2,3,6,7,5] and v =[5,1,2,6,3,7,4].
Similarly, we have w = v'y’ for y’ € S, and v' € S¥ with
y' =1[3,2,1,4,5,7,6] and v' =[1,4,6,7,2,3,5].
We will also use the unique (Bruhat) maximal element contained in #S,,, and similarly for the set of
shortest left coset representatives, which can be described explicitly as follows. Let wy = [n,n —1,...,1]
denote the maximal element of 5, i.e. the longest permutation of S,,. Then the maximal element of #S,,

denoted herein as vy, is the shortest right coset representative of the right coset S,wo (see [4, Prop. 2.5.1]).
For example, if n = 7 and p = (4, 3) as in Example 2.6 then

v, = 1[5,6,7,1,2,3,4].

Note also that the maximal element of S is v;,'. From this description of v,,, the following is straightfor-
ward.

Lemma 2.7. For y a root, we have vy € N~ (v,) if and only i s, () & Sp.-

Given a composition p of n, let ¢/ := (ue, pro—1,. .., 1) be the composition obtained by reversing the
entries. For example, if y = (3,4,4), we obtain ' = (4,4, 3). Note that [1/]; = pe + pe—1 + -+ + pe—it1
foralli =1,...,¢. The correspondence i — ' defines an involution on the set of compositions of n, since

evidently (¢/)’ = p. We will also need the following simple lemma.

Lemma 2.8. Let v = (1, 2, -+ , pe) be a composition of nand (' = (pue, pro—1,- -+ , p1). The maximal element of

. ’ . —
*S,, and the maximal element of S¥ are equal, i.e., v, =v #/1.

Proof. It follows from the discussion above that

(2.9) Uu([ﬂl]é—i—l +7j)= [/L]l +jforall 0<i</l{—Tland1l<j < pit1.
Similarly,
(2.10) v (Wi +7) = [W)e—io1 +j forall 0<i<f—Tland1<j < pips.

It follows from these formulas that v, = v;/l, as desired. The desired result now follows from the fact that
the maximal element element of S#' is v;,l by 2.8). O
The next lemma is completely elementary; we include the statement since we use it repeatedly.

Lemma 2.9. Let W be a group and H C W a subgroup. Suppose Ho is a right coset of H in W, and consider the
subgroup H, := o~ Ho. Then there is a well-defined bijection

bo : H\W — W/H,, ¢o(HT)=1"t0H,.

Moreover, given two right cosets Hoy and Hoo of H in W, we have ¢o, (HT) N ¢o, (HT) # O if and only if
Hoy = Hoo, and therefore the left cosets ¢, (HT) and ¢,,(HT) of the (possibly distinct) subgroups H,, and H,,
in W are either disjoint or equal.

We apply Lemma [2Z.9/below to obtain a bijection between the right cosets S,,\'S,, and left cosets S, /.S, .
We use this correspondence in the following sections to give a simple description of the GKM classes de-
fined therein. In the special case where v is maximal element of #5,,, the map ¢, from Lemma further
induces a bijection between shortest coset representatives.

Lemma 2.10. Let p be a composition of n and v,, denote the maximal-length element of *S,,. There is a well-defined
bijection

2.11 bo. 1Sy — SH v vy
( ) m n J75)

-1 -
and moreover, we have v, =S, v, = Sy
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Proof. Note that ¢,, can be viewed as a restriction to coset representatives of the bijection defined in
Lemma [2.9] at the level of cosets. To prove the desired result, we need only show that this restriction to
shortest coset representatives is well-defined. Let v € *S,,. To show that ¢,, is well-defined we need to

show v=ty, € S,‘{/. To see this, let

ke [\ W, (]2, [W]e=1} = [\ {pes e + pe—v, - e + -+ p2}.

By definition of S%’ it now suffices to show v~'v,(a;) € @7, i.e. that v~ 1v,(k) < v~ v,(k + 1). By our
assumptions, it follows that we can write & = [i]; + j forsome 0 < i < {—1land 1 < j < pe—;. The
formula (2.9) implies

v (k) = o7 ([ple—io1 + ) and v ok + 1) = 07 ([ulemio1 + 5+ 1).

Now v~ ([u]¢—i—1 + j) is the position of [u],—;—1 + j in the one-line notation of v and v ([u]¢—i—1 + (j + 1))
is the position of [u]¢—i—1 + j + 1 in the one-line notation of v. Thus, we have only to show that [u]s—;—1 + j
appears before [u],—;—1 + j + 1 in the one-line notation of v. But this follows from the fact that v € S,
and [ple—i—1 +j € [n] \ {[1)1, [ul2, - ., [u]e—1}. We conclude ¢,, is indeed well-defined. The fact that ¢,,, is
bijective now follows from Lemma[2.9

Finally, recall that S, is generated by the simple reflections s, with k& ¢ [n] \ {[ul1, [¢]2, ..., [#]e—1}. To
prove v, 'S, v, = Sy, we show that v, ! (o) = auy, for some m ¢ [n]\ {[t/]1, [1']2, . - ., [#/]e—1}. This implies
that conjugation by v, ' = v,» maps the generators of S, to those of S,/ Since k € [n]\{[u]1, 12, - - -, [u]e—1},
we may write k = [u]; + j forsome 0 <i </ —1and 1 < j < p;+1. Applying 2.10) we obtain

UN,(k) = [/J‘/]f—i—l +] and Uy (k + 1) = [u/]é—i—l +] + 1.

Thus v,/ (ax) = o, for m = [p/]¢—;—1 + j. Since [']¢—i—1 = pe + po—1 + -+ + pi+1 and j < p;41 we have
m & [n]\ {[']1, (]2, - -, [1]e-1} as desired. O

We end this subsection with two facts that will be used later. The first lemma below describes a decom-
position of the sets N(w™!) and N~ (w) associated to a permutation w € S,,. We will frequently apply this
statement below in the context of Lemma[R.4} a proof can be found in [14} Section 1.7].

Lemma 2.11. Let w = yv € S, such that {(w) = {(y) + £(v). Then N(w™') = N(y=!) U yN(v™1) and
N~ (w) = N~ (v) Uv "IN~ (y).

Example 2.12. To illustrate the decomposition N~ (w) = N~ (v) Uv =t N~ (y), consider w = [6,4,1,7,2,5,3]as in
Example[2.6 In this case y = [4,1,2,3,6,7,5] and v = [5,1,2,6,3,7,4]. Then

N7 (v) = {ta — t1,t3 — t1,t5s —t1,tr — t1,t5 — ta, b7 — ta, t7 —te}
and N~ (y) = {to — t1,t5 — t1,t4 — t1,t7 — 5,87 — tg} so
vINT(y) = {ts — ta,ts — to,t7 — to,tg — t1,t6 — ta}.
The reader can then check that N~ (w) = N~ (v) Uv 1N~ (y).

We also take a moment to recall a criterion for determining Bruhat order in the Weyl group S,, (see
e.g. [4]). For w € S,,, denote by Dr(w) the right descent set of w, namely,

Dr(w) :={i|w@) >w(+1),1<i<n-—1}.

For example, if w = [3,6,8,4,7,5,9, 1, 2] the descent set is Dg(w) = {3,5,7}. The following is frequently
called the tableau criterion [4, Theorem 2.6.3].

Theorem 2.13 (The tableau criterion). For w,v € Sy, let w; i, denote the i-th element in the increasing rearrange-
ment of w(1),w(2),...,w(k), and similarly for v, ;. Then w < v in Bruhat order if and only if w; < v,y for all
k€ Dr(w)and1 <i < k.
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2.4. Permutation bases and the Stanley-Stembridge conjecture. As we indicated in Section[2.2] the main
motivation for this manuscript is the study of the Stanley—Stembridge conjecture, reformulated by Shareshian
and Wachs [16] into a question about the dot action representation on the cohomology ring H*(Hess(S, h))
of regular semisimple Hessenberg varieties, as recorded in Conjecture 2.3]above. To address this problem,
we therefore seek to explicitly build permutation bases in H*(Hess(S, h)) whose stabilizers are reflection
subgroups. In fact, in order to achieve this, we first study the analogous question in equivariant coho-
mology instead. Specifically, we propose to construct a H3(pt)-module basis of the free H3(pt)-module
Hx(Hess(S, h)) consisting of equivariant classes permuted by the dot action and whose stabilizers are
reflection subgroups. We could then project such a basis to ordinary cohomology H*(Hess(S,h)) us-
ing the forgetful map from equivariant to ordinary cohomology. By Remark the projected basis in
H*(Hess(S, h)) would have the desired properties. At first glance, this strategy may seem counterintuitive
since equivariant cohomology is much larger than ordinary cohomology, so one may expect the problem
to be more difficult. However, as is frequently the case, the additional structure on H3.(Hess(S,h)) can
frequently make it more tractable (and indeed, as we saw above, the original definition of the dot action
was made possible by the GKM theory on equivariant cohomology).
Based on this point of view, we propose to study the following question:

Does there exist a Hj(pt)-module basis B of the free Hj(pt)-module
(2.12) H}.(Hess(S, h)) which is permuted by the dot action, and such that the
stabilizer Stab(b) C S, for any b € B is a reflection subgroup?

The question posed above is well-known among the experts and we do not claim any originality. More-
over, there are already results in the literature which can be interpreted in terms of this question, as we
discuss in more detail below. However, as far as we are aware, (2.12) has not previously been recorded
explicitly in the literature in this form. As such we take a moment to discuss the problem and to propose
some methods of attack.

First of all, we expect that GKM theory will be a critical tool for addressing (2.12), just as it was for the
original definition of the dot action. There are some inherent challenges in this approach, however. One
such challenge is that, in general it is non-trivial to explicitly construct, by purely combinatorial means, an
element in the RHS of (2.4), i.e., an element in the GKM description of equivariant cohomology. To put it
another way, while there do exist formulas for the restrictions to T-fixed points of special equivariant coho-
mology classes of GKM spaces which have, for example, concrete geometric descriptions—e.g. equivariant
Schubert classes, or Chern classes of equivariant vector bundles—it is in general difficult to arrive at a
purely combinatorial algorithm producing a list of polynomials (f(w))wes,, with f(w) € Hx(pt), which
together satisfy the GKM compatibility (divisibility) conditions. Thus, it is non-trivial to explicitly construct
candidates for permutation bases in H}.(Hess(S, h)). Another challenge is that it is difficult in general to
prove that a set of GKM classes is H7.(pt)-linearly independent, i.e., they satisfy no H;.(pt)-linear relations.
This is because a GKM class is realized as a vector of polynomials, with coordinates indexed by 7'-fixed
points, and the question of linear independence then becomes a complicated linear algebra problem over
the polynomial ring H7.(pt) ~ C[t1,...,t,]. This being said, it is not hard to see (and has been noticed
before) that if the set has computationally convenient properties, such as “poset-upper-triangularity” with
respect to Bruhat order on .5, as discussed in [13], then linear independence can be deduced. However, in
the absence of such vanishing properties, the linear algebra over H;(pt) is not so straightforward.

Despite these challenges, some results which partly address (2.12) already appear in the literature. For in-
stance, Abe, Horiguchi, and Masuda give an explicit presentation of the cohomology ring of H*(Hess(S, h))
in the special case when h = (h(1),n,n, ..., n) in [1]; their “y; classes”, which are a subset of their generators
of H*(Hess(S, h)) in this case, are in fact obtained as images of GKM classes in equivariant cohomology for
which they are able to write down an explicit formula. Moreover, it is clear that their “y; classes” form a
permutation basis for an S,,-subrepresentation in H*(Hess(S, h)). In another direction, Chow gave in [7] a
conjectured permutation basis for H*(Hess(S, h)) in the special case where h = (2,3,4,--- ,n — 1,n,n) (in
this case Hess(S, h) is the permutohedral variety). Chow’s definition of his generators uses the GKM de-
scription in equivariant cohomology. In a recent paper, Cho, Hong, and Lee have shown that Chow’s GKM
classes have a geometric interpretation in terms of the Bialynicki-Birula stratification of the permutohedral
variety, and use this to prove Chow’s conjecture that these classes are indeed a permutation basis. Thus,
this settles the question (2.12) in this special case, and it remains to analyze the more general cases.
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With the above discussion in mind, we propose to study the following problems, for as a general a
Hessenberg function as possible. We refer to this as the “permutation basis program”.

Problem 1. Give a systematic, combinatorial algorithm for constructing GKM classes in Hz.(Hess(S, h)) beyond
those that are already known, and whose stabilizer groups with respect to the dot action are reflection subgroups.

Problem 2. Given a GKM class f € Hy(Hess(S, h)), find conditions under which its S,,-orbit
{w- flweS,}
is H7.(pt)-linearly independent.

Problem 3. Suppose { fo }acs is a collection of GKM classes in H}.(Hess(S, h)) such that the S,,-orbit of each f,,
considered above, is Hx.(pt)-linearly independent. Find conditions under which the entire collection

{w-folweWandae S}
is H7.(pt)-linearly independent.

The remainder of this manuscript addresses these problems for a number of special classes of Hessenberg
varieties.

3. GKM CLASSES IN H}.(Hess(S, h)): THE TOP-COSET CASE

In this and the next section, we address Problem 1 of the “permutation basis program” described at the
end of Section 2.4

Specifically, we present in this section a combinatorial construction of GKM classes in H.(Hess(S, h))
which is already well-known to experts and which have the property that the classes evaluate to be non-zero
only on a single (“top” in a suitable sense, to be explained below) coset of a Young subgroup. In particular,
we do not claim any originality for the results presented in this section. Then in Section 4 we present a
variant of this “top-coset” construction which results in GKM classes that can be non-zero on more than
one coset. We chose this method of exposition for several reasons. First, although the top-coset construction
is well-known among experts, as far as we are aware it has not been recorded formally, and in this general
form. Second, the intuition behind the construction for both the top-coset case and our construction in
SectionHlis most easily grasped in the top-coset case. Finally, the technical hypotheses on the constructions
in this section and the next are such that neither construction is subsumed by the other, so it felt natural
to make this distinction clear in the exposition. We emphasize again that the construction given in the
present section has appeared in special cases in the work of Abe-Horiguchi-Masuda [1], Chow [7], and
Cho-Hong-Lee [6].

We begin with a lemma which decomposes a certain set of edges in the GKM graph; intuitively, the idea
is that some of the edges “remain” in a fixed (“top”) coset, while the others point “down” toward lower

“non-top”) cosets. The precise statement is in Lemma 3.1l Throughout this section, we fix a composition

= (p1, 2, ..., pe) of n and let S, denote the corresponding Young subgroup. Let v, denote the unique
maximal element of #S,, as introduced in Section2.3l We refer to the right coset S, v, of S, corresponding
to this maximal element as the “top coset”. Also recall that edges in the GKM graph with w as a source
are indexed by the set N, (w), as in (2.6). Moreover, by Lemmas 2.4 and 211l we know that if w = yv,, for
y € Sy then N~ (w) = N~ (v,) Uv, ' N~ (y). Thus we have

Ny (w) =N~ (w)N®, = (N~ (v,)Uv, "N~ (y)) NP, = (N (v,) N®;,) U (v, ' N~ (y) N ®}).
We can now state the lemma.

Lemma 3.1. Let w = yv, € S,v, be an element in the top coset of S, where y € S,,. Consider an edge of the GKM
graph for Hess(S, h),

w 2 ws,, forsome y € Ny (w) = (N7 (v,) N @) U (v, "N~ (y) N D).

Then

(1) ify € N, (vy) N @, then ws,, € Syv for some v € *S,, with v < v, and
(2) ify e v;lN_(y) N @, then wsy € S v,
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Proof. Suppose v € N~ (v,) N ®, . Then by LemmaR27Zwe know s, () & S, 80 wsy = ySy, (y)Vu & Sputpu-
Hence ws, € S,v for some v € #S,, with v # v,. Since v, is the unique maximal element of #.5,, we get
v < v,. On the other hand, suppose v € v, 'N~(y) N ®,. Then v,(y) € N~ (y) and y € S, imply that
Sv,(v) € Su- This in turn means that ws, = yv,s, = ys,, (,)v, lies in the top coset S,,v,,. This completes the
proof. O

We can now define the top-coset GKM classes. We provide a proof for the record.

Proposition 3.2. Let 1 = (p1, pto, - - , pe) be a composition of n and let S,, denote the associated Young subgroup.
Let v, € *S,, denote the maximal-length right coset representative in *S,,. Let

fu(w) = Hti_tjeN;(%)(tw(i) —tyw(y) ifw=yv,, forsomey € S,
pAT 0 otherwise.

Then f, € H;IN’:' ()l (Hess(S, h)), or in other words, f,, satisfies the GKM conditions of 2.4). Moreover, y - f,, =

fuforally € S,,.

Proof. Consider an edge w o, ws., of the GKM graph of Hess(S, h). We take cases.

If neither w or ws., is contained in the top coset S, v,, then by definition of f,, we have f,(w) = f.(ws,) =
0 so the difference f,,(w) — fu.(ws~) is equal to 0 and the GKM condition for this edge trivially holds.

Next suppose w and ws., are both contained in the top coset S, v,. In this case, by definition of f, we
have

Ju(wsy) = H (tws. (i) = tws, (7)) = Sw(y) H (tw() = tw(i)) | = Swm) (fulw)).

ti—t; €N (vy) ti—t; €N, (vu)

Thus w(y) divides f,,(w) — sy (y)(fu(w)) = fu(w) — fu(ws.,), as required.
Note that we cannot have w € S,v and ws, € S,v, for some v € »S,, with v < v, since in that case we
get
WSy < W = v, SV
by [4} Proposition 2.5.1]. which contradicts the assumption that v < v,,. This implies that the only remaining
case to check is when w € S,v,, and ws, € S,v for some v € #S,, with v < v,,. In this case, we get

fuw) = fu(wsy) = T () = twp)

ti—t; €Ny (vp)

because f,,(ws,) = 0. Moreover, by Lemma 3.1 we know that we are in the situation when v = t; — ¢; €
N~ (v,) N®, = N, (vy). Thus w(vy) = t,() — tw(;) appears as a factor in the RHS of the above equation,
and in particular divides f,(w) — f.(ws,) as desired.
Finally, suppose y € S,,. Since left multiplication by y~! stabilizes all right cosets of S,, in S,, we get that
—lw ifwe S,v
y - f,u(w) — { y(fﬂ(y )) e

0 otherwise.

Now we have

y(fuly ' w)) =y I Grwe —tyrem) | = I (tww —tee) = fulw)
ti—t;EN, (vy.) ti—t; €Ny ()
for all w € S,v,. This provesy - f,, = f,. O

Remark 3.3. The classes constructed in Proposition3.2]can be defined in the more general setting of the equivariant
cohomology of a reqular semisimple Hessenberg variety contained in the flag variety G/ B of any reductive algebraic
group G. The GKM graph a regular semisimple Hessenberg variety is well-known, and generalizes the construction
presented above (cf. [9]). Fix a subgroup W ; in the Weyl group W generated by a subset J of simple reflections. We
can define a GKM class by assigning a nonzero label to each element of the right coset of Wy in W corresponding to
the maximal shortest-right-coset representative of W \W. This nonzero label is a product of roots defined analogously
to Proposition[3.2) and yields a well-defined equivariant cohomology class by essentially the same arqument.
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Multiplying the class f, in Proposition [3.21by any S,,-invariant nonzero homogeneous equivariant co-
homology class g € H/(Hess(S, h)) yields a class of degree 2|N, (v,)| + 2j with the property that gf,, is
S,-invariant and gf,(w) = 0 unless w is in the right coset of S, indexed by v,. We call any class of this
form a top coset GKM class since its support set, i.e. the set of permutations at which it evaluates to be
non-zero, is precisely the right coset of the maximal element v, in #5,,.

The next lemma tells us that the support set of any class in the S,-orbit of the top coset class f, has a
simple description in terms of certain left cosets in S,,. Recall from (2.8) that (*S,,)~! = S£.

Lemma 3.4. Let = (1, pto, -+ , pe) be a composition of n and p' = (pe, pre—1,- -+ , p1). Let S, be the Young
subgroup corresponding to 1. For all v € S we have

v f#(w) _ HtiftjeN;(v“)(tw(i) - tw(j)) ifw= g%)vu (’Ufl)y/ for some y/ S S#/
0 otherwise

where ¢, : " S, — SK is the bijection defined in @II). In particular, the class v - f has support equal to the left
coset of S, in Sy, with shortest coset representative ¢,,, (v™') := vv, and the support of any two classes vy - f, and
vy - fu where v, ve € SI with vy # vy are disjoint.

Proof. By definition, (v - f,) (w) := v(f,(v™'w)) is non-zero if and only if f, (v~ w) # 0. The latter condition
is equivalent to requiring that v—'w € S, v,,. We have

vl = yv, forsomey e S, & w= vv#vllyv# forye S,
& W=y, (vil)y/ fory' = v;lyv# €Sy

where we have used Lemma 210 for the last equivalence. Thus (v- f,) (w) # 0 if and only if w €
¢, (v1)S,r. Moreover, if v™'w € S,v, then

(v fu) (w) = v(fu(v™'w)) = v H to—1w(i) — to-1w(@) | = H Lw(i) — tw(y)
ti—t; €N, (vg) ti—t; €Ny (va)
as desired. This proves the first claim.

Now let v1,v2 € SK. By the above, we know that the support of v; - f,, (respectively, vs - f,) is the
left coset ¢y, (v7")S, = v1v,S, (respectively, ¢, (v5')S, = v2v,S,s). Applying Lemma 210 we know
V1V, vav,, € S are shortest left coset representatives, so v1v,,S,s N v2v,S,s # 0 if and only if v v, = vav,,
if and only if v; = v2. Hence we conclude if v; # vo then the two left cosets ¢,,, (v 1)Su and ¢y, (vy 1)5’H are
disjoint. Thus if v; # v, then the supports of v; - f, and vs - f,, are disjoint.

The main reason for studying top coset classes comes from the following proposition, which is also well-
known.

Proposition 3.5. Let 1 = (p1, po, - - - , pte) be a composition of n and let S,, be the corresponding Young subgroup of
Sn. Let f,, be the top-coset GKM class defined in Proposition[3.20 Then the S,,-orbit of f,, under the dot action, given
by the set

{v-fulvesy),
is Hy (pt)-linearly independent. Furthermore, the H.(pt)-subrepresentation of Hy.(Hess(S, h)) spanned by this set
is an Sy,-subrepresentation with the same character as indgz (1) ~ MPW), where P(u) is the partition of n obtained
from i by rearranging the parts in decreasing order.

Proof. We first prove that the set {v - f,, | v € S/} is H}(pt)-linearly independent. To see this, suppose that
there exist polynomials ¢, € H}.(pt) such that

(3.1) Z cov- fu=0¢€ Hyp(Hess(S, h)).

veSh
The above equality takes place in Hj.(Hess(S, h)) which we may identify with its GKM description, as a
subring of O H’ (pt). In particular, (3.0) holds if and only if

WES,

(3.2) > e (- fu) (w) =0 forall we S,.

veSh
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By Lemma[B.4lthe classes v- f,, have disjoint supports, so that for any w € S, there exists at most one v € S¥
such that (v - f,) (w) # 0. Letw € S,, and suppose (v - f,) (w) # 0 for some v € S¥. Then (v - f,) (w) = 0
for all v’ € S, with v" # v so (3.2) implies

¢y (v fu) (w) =0 € Hr(pt).
Since H7.(pt) is a polynomial ring over C and in particular an integral domain, the fact that (v - f,)(w) # 0
implies ¢, = 0. Now the fact that ¢, = 0 for all v € S¥ follows from the fact that for any v € S¥ there exists
at least one w € S,, with (v - f,,)(w) # 0, as can be seen from the explicit description of the support of v - f,

in Lemma[3.4
To see that the span of {v - f, | v € S} is an S,,-submodule (with H7 (pt)-coefficients) isomorphic to

indgz (1) it suffices to show that the stabilizer subgroup of f, is S,. Thisis clearasy - f, = f, forally € S,
by Proposition3.2land v - f,, # f, forall v € S¥ with v # e by Lemma[3.4l This completes the proof. a

Example 3.6. Let n = 3 and h = (2,3, 3) as in Example[21] The following three classes in Hy.(Hess(S, h)) give
the Sy-orbit of f = f,, for p = (1,2). (Note that in this case, S} = {e, s1,5251}.)

| (& S1 S92 5182 $2851 S$182851

f 0 0 0 t—t; 0 -t
Sl'f 0 0 tg—tg 0 tg—tl 0
5987 f t3 — tg t3 — tl 0 0 0 0

Now spanyg. ) {f, 51 - f, 5251 - f} in Hy(Hess(S, h)) is an S,-subrepresentation isomorphic to M V).

The discussion above makes it evident that these classes are very special in the sense that the support is
just one right coset. The question naturally arises: can we give a variant of this “top-coset” construction to
systematically and explicitly construct GKM classes whose supports may include more than one coset, and
which still have stabilizer subgroups which are reflection subgroups? In the next section we answer this
question in the affirmative, under some restrictions on the Hessenberg function h.

4. GKM CLASSES IN H}.(Hess(S, h)) FOR TWO-PART COMPOSITIONS

In the previous section, we explained how to construct GKM classes in H}.(Hess(S, h)) which are sup-
ported on a single (“top”) coset of a Young subgroup. Although this property does make these classes more
computationally tractable, this is a highly restrictive condition. In this section, under some technical hy-
potheses on h, we construct GKM classes which can be non-zero on more than one coset. Motivated by the
“abelian case” as discussed in the introduction, our analysis focuses on compositions of n with two parts.

The setting for this section is as follows. Let A = (A1, A2) be a composition of n with two parts. Then Sy =
(si | © # A1) is the associated Young subgroup. In order to define our GKM classes, we further decompose
the set 23, of shortest right-coset representatives for S\ as follows. We need some preparation. Consider
the composition p = (1,n — 1). From the discussion in Section[2.3it is not hard to see that the set of shortest
right coset representatives #S,, is given by

1S, ={e,$1,5182,...,8182 "+ Sp—_1}.
We define
(4.1) U = 5182 ... Sk
for kwith1 < k < n—1and ug := e. The maximal element of #S,, is then u,,_1. Note that the one-

line notation for ux has a 1 in position & + 1, and all other entries in increasing order. Moreover, it is
straightforward to check that two permutations v, w € S, are in the same right coset of S, if 1 is in the same
position in their one-line notation, that is, if v=(1) = w=1(1). Returning now to the coset representatives
AS, for A = (A1, \2), in this section we denote the maximal element in *S,, by vy,. It can be computed
explicitly in this case to be

U, =M+ LA 42,0000, 1,200 ]

A2 entries A1 entries

which means
’U;zl = [)\2—‘,-1,)\2—‘,-2,...,71,1,2,...,)\2].

A1 entries A2 entries
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Since vy, has a 1 in the (A2 +1)-st entry, it follows that v}, is contained in the right coset S, u», of S,,. Indeed
we have

(4.2) U, = Vo, for vo =LA +1L, A\ +2,---,1m,2,3,---, ] €S,

Ao entries A1 —1 entries

and we can also compute

(4.3) oot =LA +2,...1n,2,3,..., A+ 1] €S,

We now focus on the elements of *5,, of the form vouy, for 0 < k < . Define
Vg 1= VoUk.

The one line notation for vj, is

(44) ’Uk:[/\l—l—l,/\l—l—Q,"-,)\1+k—1,/\1+1€, 1 M+ E+1,---on—1,n, 2,3,-'-,/\1]

k entries (k+1)-stentry (k4 2)-ndto (Mg 4 1)-stentry last \; — 1 entries

from which it follows that v;, indeed lies in *S,,. We define (*S,,)o to be the set of such vy, i.e. (*S,)o :=
{U07U17 e 7U)\2}'
We note two facts for future use. First, the one-line notation for v; ! is

4.5) o = e L A4+ 2, 1,2,k kL k2. A, A 4 1.
k

Second, since vy is contained in S, and the uy, are shortest-coset representatives in “S,,, from Lemma2.4we
know é(’l}k) = f(Uo) + O(ug).

Remark 4.1. In the case that A = p = (1,n — 1), i.e. when \y = 1 and Ay = n — 1, then from @.2) it follows that
v 1s equal to the identity permutation, and uj, = vy, forall 0 < k < Ay = n — 1. So in this case, (*Sn)o = *S, =
{evula U, 7un71}~

We focus on this subset (*S,,)o of *S,, because it is particularly well-behaved under the Bruhat order. To
see this, we begin with the following simple lemma.

Lemma4.2. Let A\ = (A1, \2) be a composition of n with two parts and suppose v,w € *S,,. Then w < v in Bruhat
order if and only if w= (k) < v~ (k) forall 1 <k < A;.

Proof. This follows from a straightforward application of the tableau criterion in Theorem [2.13] together
with the fact that a shortest coset representative v € *S,, is uniquely determined by the locations of the
entries {1,2,...,\1},i.e., theset {v=1(1),v71(2),--- ;o7 (\1)}. O

Using Lemmal4.2labove we can show the following.

Lemma 4.3. Let A = (A1, A2) be a composition of n as above. Then:

(1) (ASH)O = {’U S )\Sn | vy < v}, and
(2) forany k, j with 0 < k, j < Ao, we have vy, < vj in Bruhat order if and only if k < j.

Proof. We first prove the case A = (1,n—1),s0 A\; = 1, \a = n— 1. Then vy = ¢, and it is not hard to see that
(*S,)o = *S,,. Since vy = e, the first claim is immediate. The second claim follows straightforwardly from
the tableau criterion in Theorem 2.13]and the fact that v, = uy, is the permutation whose one-line notation
has a 1 in the (k + 1)-st position and all other entries are increasing.

Now suppose A\; > 2. From the one-line notation of v, in £.2) and the tableau criterion, it follows that
any other shortest coset representative v € *5,, with vy < v must have the entries {2, 3,...,\;} appearing
in the last A; — 1 many entries of the one-line notation of v. This then implies that v must equal v;, for some
k with 0 < k < Xy, as can be seen from the one-line notation of vy, in (4.4). Conversely, it is immediate from
Lemma [£.2] that each vy, satisfies vy < vi,. Hence the first claim is proved. The second also follows from the
tableau criterion and (&.4). O

Lemma4.4. Forall k with 0 < k < Ay we have
N(vk_l):{tl—tb [be{M+1,- -  M+kU{ta—t | a€{2,3,--- , M}, be{ M +1,---,n}}
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Proof. By definition,
6) N ) ={yed® | v '(y) e @7}
' ={ta—ty | a<b, v, (a) > v, (b)}.

The claim now follows from the explicit description of the one-line notation of v; ' given in (5). O

We can now define our GKM classes. Fix k with 0 < k < \;. We define a function f ik) :Sp = Clte, ..., tn]
in @.8) below. Under certain additional hypotheses on k, the composition )\, and the Hessenberg function

h, we will show in Theorem[£.8lthat f ;k) is a well-defined equivariant cohomology class in H.(Hess(S, h)),

i.e., the assignment f ik) : Sp — Clt1, . .., t,,] satisfies all the GKM compatibility conditions in 2.4). To define

ik), we first set the notation

4.7) 8k = v N, (vg) = N(vg ') Nog(®;)
for the set of roots that label the edges in the GKM graph of Hess(S, h) with source vy, as in (2.6). Now for

any w € S, we first write w = yv for unique y € Sy and v € AS,. and then define

(k) _J Th—tes (ty@ — tywy) o=k
(4.8) I (yv) '_{ o -« " otherwise.

The following lemma summarizes some properties of the function f ik) which follow immediately from
the definition.

Lemma 4.5. Let f ik) : Sy — Clt1, to, -+, ty] be as defined in (4.8). Then each of the following hold.
(1) The support of fik) is a union of right Sx-cosets, and is the set of permutations Bruhat-greater than vy, i.e.,
supp(f)(\k )i={we S, | f(k)( )£ 0} = |_| Sxwvj ={w e Sy, | w> v}
k<j<Az

(2) The element fik) is fixed by Sy under the dot action,

Y- fi’“) = fik) forall y € S,.
(8) Foranyy € Sy and w € S,,, we have

O yw) = y(£" (w))
where the RHS denotes the standard action of Sy C S, on a polynomial in Cltq, ..., t,].

Proof. The first equality of (1) follows from the definition (£.8) and Lemma since f )(\k) (w) = ik) (yv)
is defined to be nonzero exactly when w € Syv for v > v and {v € AS,, | v > vx} = {vk,..., 5, }. To
prove the second equality, first note that the inclusion | |, ;<\, Sxv; € {w € S, | w > vi} follows from
Lemma [£3[2) and Lemma 2.4 On the other hand, let w € S,, such that w > v, and write w = yv with
y € Syand v € *S,, as in Lemma 2.4 By [4] Proposition 2.5.1], vy, < w implies v;, < v. Thus v = v; for some
j such that £ < j < Ay by Lemmal4.3]as desired. This proves the first claim.

To see the second claim, first observe that for y € S the definition of the dot action implies

(y- FE)w) = y(1P (y w))

and since y € S), the two elements y~w and w are in the same right Sy-coset. We take cases. If f )(\k) (w)=0
then by the above f§ (y~'w) is also equal to 0, hence y(f, (k )( w)) = 0 also. If f)(\k) (w) # 0 then w = y'v
“lw = (y~y')v € Syv implies fik)(y_lw) # 0 and by (@.8) we obtain

W AN = (P ) —y< I v 'ty —ty<b>>

ta_tbesk

1

for some y’ € Sy and v > v;. Then y

= I tw—tvw) =A@ = R @)

ta_tbesk
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as desired. This proves (2). We now have

AP ) =y 1P (w) =y (£ (yw)) forally € S.
Hence (3) follows. O

Our construction recovers the top-coset classes for compositions with two parts that were discussed in
the previous section.

Remark 4.6. In the special case where k = X, Lemma tells us that f;h) is supported on the coset Syvy,
corresponding to the Bruhat-maximal element of »S,,. In this case, given w = yv, we have

A
My = I tww —tsw) = I e —twi)

to—tpESk tiftjGN’: (1})\2)

This shows that fi’\Z) is precisely the top-coset GKM class f» introduced in the previous section.

The function f )(\k) : S, — Clt1,- - ,t,] defined above sometimes, but does not always, yields a well-
defined class in H7(Hess(S, h)), as we illustrate in the next example.
Example 4.7. Let n = 6 and fix a Hessenberg function h = (3,4,5,6,6,6). In this case we have

O, = {ty —t1,t3 —to,ta — t3,t5 — ta,te — t5,t3 — t1,t4 — to, t5 —t3,t6 — ta}.
For this example, we take A = (2,4). We get:
(*Sy)o = {vo,v1,v2,v3,v4}
where
vyt =11,6,2,3,4,5],v; " =[2,6,1,3,4,5],v5 " = [3,6,1,2,4,5],v3 " = [4,6,1,2,3,5],v; " = [5,6,1,2,3,4].

Consider the case when k = 1. We have N(vfl) = {t1 —t3,to —t3,ta —ta,ta —t5,t2 —tg} and 81 = {t; —t3,t2 —
ts,to —tg} so,

(1)( v) 1= (ty(2) = ty(3)) (ty(2) — ty(e)) (byr) — ty3))  if v € {v1, vz, 03,04}
x YU 0 otherwise

For example, we have that

AP(ws) = BV (01) = (02 = 15)(t2 — to)(tr — t3) and f{7 (sav1) = sa({" (1)) = (t2 ~ 1) (b2 — fo) (11 — ).
Consider vy ' = [4,6,1,2,3,5]. Since ty —to € ®; and swapping the numbers 2 and 4 in vy * yields the permutation
(s4v1)~1 = [2,6,1,4,3,5] of length strictly less than vy * we know that the GKM graph of Hess(S, h) contains the
following edge:

4.9) vg — s sy

where t1 — tg = v3(ty — t2). But f)(\l)(’l)g) — f)(\l)(swl) is not divisible by t; — t4, 50 fil) does not satisfy the
GKM-conditions. Now consider the case in which k = 2. As 8o = {ta — t5,t2 — te,t1 — t3,t1 — t4} we have

FD ) = { e ~te) e —te) b — tye) (o) —tyw) 1o € {2,504}
A : 0 otherwise.
In this case, the right S cosets in the support set of f ;2) are those with coset representatives vy, vy and vy. Note that
f§2) clearly satisfies the GKM conditions for the edge in (4.9) since f§2)(54v1) = 0 and t, — t4 divides f)(\2)(’03). As
another example, by similar reasoning as above we obtain another edge of the GKM graph:
V4 —>t17t5 S5V2.

In this case, we have

A2 (1) = (t2 — t5)(t2 — t6) (b — ta) (1 — ta) = £ (s502)
since s stabilizes the product (to — t5)(ta — tg)(t1 — t3)(t1 — ta). Thus f§2) satisfies the GKM conditions for this

edge also. The reader can check that f§2) defines an equivariant cohomology class in HS(Hess(S, h)); this fact will
also follow from Theorem 4.8l below.
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The content of the next result, which is also the first main theorem of this manuscript, is that when we
impose an additional hypothesis on the integer k in relation to the Hessenberg function h, then fik) is a
well-defined GKM class. Theorem 4.8 gives us a new construction of GKM-classes in Hi.(Hess(S, h)) that

differs from that in the literature, since now more than one coset may get a non-zero label.

Theorem 4.8. Let h : [n] — [n] be a Hessenberg function and A = (A1, \2) a composition of n with exactly two
nonzero parts. Let 0 < k < Xo. If \i > 1 then we additionally assume that h(k + 2) = n. Then the function

ik) : Sy = Clta, ..., t,] defined in @.8) is a well-defined equivariant cohomology class in H;'Sk‘ (Hess(S, h)).

Before beginning the proof, we emphasize that the assumption of h(k + 2) = n in the statement above is
necessary, as noted for & = 1 in Example[d.7labove.

Proof of Theorem To prove the theorem, we must show the following. Let

w()
W —————— WSy

be an edge of the GKM graph of Hess(S, h). Then w,ws, € S, are permutations such that ¢(ws,) < ¢(w)
and w(y) € N(w™') Nw(®, ). We must prove that w(v) divides fﬁk)(w) - f)(\k) (ws,). We argue on a case-
by-case basis.

Case (1): Suppose w is not contained in the support of f )(\k), ie, f )(\k) (w) = 0. In this case we claim that s,w
is also not contained in the support of f )(\k). This is because if ws., is contained in some Syv; with k < j < A,
then ws, > v; in Bruhat order, which means w > ws, > v; > vy, in Bruhat order. By Lemma 4.5 this implies

w is contained in the support of f ik), contradicting our assumption. Hence f ;k) vanishes at both w and ws,,
and the claim follows trivially.

Case (2): We now assume w lies in the support of fik). By Lemma 4.5 this is equivalent to the condition
that there exists j with k& < j < Ay such that w € Syv;. We write w = yv; for y € Sy. It will be convenient
to divide this further into sub-cases, according to the coset in which ws, lies. In fact, we first argue that
ws~ cannot lie in certain right cosets; more precisely, we claim that, under the given hypotheses, it cannot
happen that ws,, € Syv, for j < £ < Ay. Indeed, if ws, = yyv¢ for such an £ and y; € Sy then we have

wsy Sw=y1v <Yv; = v v =L

where the second implication is by [4, Proposition 2.5.1] and the third follows from Lemma[4.3l Hence we
obtain a contradiction.

Throughout the arguments below, we fix j as the integer such that w € S)v; and write w = yv; for
y € S). The above discussion implies that the three remaining cases we must consider are as follows:

(2-a) wsy & Supp(f)(\k)), or equivalently, ws, ¢ Syv forany v € {vg, - ,vj_1,v;},

(2-b) wsy € Syv;, or

(2-c) wsy € Syv, for some k < £ < j.

Before proceeding, we give an explicit description of the root § := v;(7) in each of these cases. By
assumption, y € N, (w) = N~ (w) N ®, and N~ (w) = N~ (v;) U vj_lN*(y) by Lemma 2.11] Thus we have

B=1v;(7) €v;N~(w) = N(; ) UN"(y).

We can decompose the set N (vj*l) appearing in the RHS of the above equation even further. The formula
for N (v, ') for different values of k as given in LemmaE.4 implies

N ) =N Yu{ti—ty |[be{h+k+1,..., M +j}},

and therefore, combining the previous two statements, we obtain

(4.10) BeEN@HU{ti—ty|be{M+k+1,....;0 +j}UN(y).

Now consider ws, = yv;s, = ys,,(1)v; = ysgv;. Write 8 = t, — t;,. Then we obtain the one-line notation
for sgv; from that of v; by swapping the entries a and b. Equivalently, the one-line notation for (sgv;)~*
is obtained from that of v;l by exchanging the entries in positions a and b. Using the formulas for the

one-line notation of v;l from (.5) (or equivalently, the formula for the one-line notation of v; from {#.4))
and Lemma[4.4] it is now straightforward to check the following characterizations of the three cases (2-a),



20 MEGUMI HARADA, MARTHA PRECUP, AND J. TYMOCZKO

(2-b), (2-c) above. First we consider case (2-a). We claim that if ws, ¢ supp( ik)) then 8 € N(v; ') Nw;(®;).
From (@.10) we know that 8 can lie in one of 3 sets:

N, {ti—ty | be {M+k+1-, N +5}}, and N~ (y).

If 3 € N~ (y) then sg € S\ and hence ysgv; € Syv;, which would imply ysgv; € supp(f)(\k)). Hence this
cannot occur. If 5 € {t; —t, | be {A\ +k+1,---, A\ +j}} then from the formula for the one-line notation
of v; in @.4) and from the description of shortest coset representatives given in Remark [2.5]it follows that
spv; lies in the right coset of an element v € {vy,--- ,v;_1}, hence ysgv; € supp( ik)). Thus this also cannot
occur. We conclude that if sgv; ¢ supp( ik)) then 8 € N(v;'). Since v € ®;, we are always assuming
B € vj(®; ) and we now conclude that if ws, ¢ supp( ik)) then 8 € N(v, ') Nv;(®; ). Second, for case
(2-b), observe that ws, = ysgv; € Syv; if and only if sgv; € Syv; since y € Sy, and the latter is equivalent
to s € Sx. From the decomposition (£.10) and Lemma[4.4lit follows that sg € S, if and only if 3 € N~ (y).
Thus we obtain that ws, € Syv; if and only if 5 € N~ (y) Nv;(®,, ). Third, for case (2-c), we can use similar
reasoning to see that ws, = ysgv; lies in Syv for some k < ¢ < j if and only if

Befti—ty | be{d+k+1,--- A+ Nov(Py).
We can now argue each case separately, based on the above characterizations of the root (.

Sub-case (2-a): In this case f;k) (wsy) = 0, so in order to prove the GKM condition it suffices to prove
that w(v) divides f;k) (w), ie. that w(y) = y(B) for some § € 8. Since w = yv; this is equivalent to
v;(7) = B € 8. Recall from @Z) that 8, = N(v; ') Nwv(®,). As we saw above, in this case we have
B € N(v;') Nvj(®;), so it remains to establish that 8 € vy, (®; ). Write § = t, — t;. The assumption
that t, — ¢, € v;(®, ) implies that U;l(a) < h(v;l(b)). Since 3 € N(v, '), from Lemma {4 it follows that
a€{l,...;x} and b € {\ +1,...,n}. Now the explicit formula in @5) for the one-line notation of v; *
and 0;1 implies v; ' (a) < v;l(a) and v; '(b) > v;l(b). Thus v; ' (a) < v;l(a) < h(v;l(b)) < h(v; (b))
implying 8 = t, — t, € vi(®, ) as desired, and case (2-a) is complete.

Sub-case (2-b): In this case, we have 3 = v;(y) € N~ (y), so s3 € Sx. This implies that s, s
Sw(y) € Sx also. Now from Lemma.5we conclude that

£ wsy) = £ (swiyw) = suwi) (A7 (w)).

It is a classical fact that w(y) divides f — s,,()f, S0 we obtain our result. This completes case (2-b).

= Syvi(y) =

Sub-case (2-¢): In this case we have ws, € Syve for k < ¢ < j, so in particular fik)(ws,y) # 0. We aim to
show that fik) (wsy) = f ;k) (w), from which it follows that fik) (w)— ik) (wsy) = 0, which is clearly divisible
by w(7).

First observe that the only way we can have ws, € Syv;is if v = t;11 — t¢y1. This is because w € Syv;,
which implies the entries {1, ..., A1} are in the (j + 1)-th and the last A; — 1 positions in the one-line notation
of w. Any element in S)v, must have the {1, ..., A1} entries in the (¢ + 1)-th and last \; — 1 positions of its
one-line notation. In order for this to happen, we must have s., exchange the positions j 4+ 1 and £+ 1. Next
recall the decomposition w = yv; = yvou; where vy and u; are as defined in (4.2) and (4.1), respectively.
Since s, is the reflection swapping j + 1 and £ + 1, an explicit computation yields

we. — 4 Yotz Sl ifj>0+1
T yuoue = yup ifj=0+1

which implies that ws, = yv, if j = ¢ + 1. Hence for the case j = ¢ + 1 it is immediate that fik)(ws,y) =
Wlyve) = Tyes, v(m) = £ (w) by definition of £{*. Thus £{* (ws,) — f{" (w) = 0 and we are done.
Therefore, in what follows we may assume that j > ¢+ 1. In this case we claim that

/
WS~ = YVoSp42 " SjUp = Y VoUy
for some y’ € Sy. Indeed, we get

y' = y(vosera- 5500 ") = YSuy(e42) ** Sue(s)
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and we know vy (i) = A\ +i — 1 foralli = 2,..., X\ from @2). Since £ + 1 < j by assumption and j < X,
we know /¢ + 2 < )\ and also since j > £ + 1 where £ > 0, we know j > 2. So it follows that
(4.11) Y = YSx 404180, 10427 Sa+j—1 € Sa.
Let y1 := Sx, 4441504642 - SA,+j—1. To summarize, we have shown ws., = yy vy, where yy; € Sh.
Bv definiti £ ¢
y definition of f," we have
wsV H yyi(n) and (k) H y(n
nESk nESk
If we establish the following equality

(4.12) vi| [T n]=1In

VIS IS

then it would follow that f;k) (wsy) = ik)(w), hence fik)(ws,y) - fik)(w) = 0 and we are done. In the
remainder of the argument we therefore focus on proving (@.12).
To prove ({.12), first notice that y; € Stab(1,2,...,A\;+¢). Motivated by this, using the explicit description

of N(v;, ') in LemmaAlwe decompose the elements of S, into two subsets 8, = S,(Cl) I_IS,(CQ), where we define

(4.13) S = {ty —ty €8x |a,be {1,2,..., M + k}}
and
(4.14) 8 = {ty—ty €S| (a,b) €{2,...,. M} x {\ +k+1,...,n}}.

Since k < ¢, it is clear thatif n € 8¢ x Y then y1(n) = n. Next we analyze the set S,(f). Note first that in the case

A = 1,then §;, = S,(Cl) and hence we are done. Thus for the remainder of the argument we may assume
A1 > 1. Forany (a,b) witha € {2,...,\1}and b e {\ +k+1,...,n} then

vil(a) € Mo +2,...,n}and v, ' (b) € {k+2,k+3,..., 0 + 1}.

Since A1 > 1, we have by the hypothesis in the statement of the theorem that h(k+2) = n. Thus h(v; ' (b)) =
n for any v, '(b) € {k+2,...,22 + 1} and v '(a) < n = h(v; ' (b)), implying t, — t, € vix(®;,) for all
ac{2,...,x}and b e {\ +k+1,...,n}. The above discussion implies that

8 = {t, —ty | (a,b) €{2, ..., M} x {\ +k+1,...,n}}.

Since Y1 = Sx,4+4+15xn;4042 - - Sx1+j—1 permutes the elements of {\; +k +1,...,n} (because \; + k + 1 <
AM+L+land A +5—1< XA + X —1=n—1)and stabilizes the elements of {2, ..., A1}, it follows that
Y1 (S,(f)) = S,(f). Since we already saw y; stabilizes the elements in S,(cl), we conclude (£.12) holds, as desired.
This completes the (2-c) case and hence the proof. O

By Lemma35, the class f") constructed in Theorem ERlis fixed by S under the dot action. As in the
case of the top-coset classes of the previous section, we consider the orbit of f ik) under the dot action:

{fv- £V vesit.

We will prove in SectionBlthat this set of classes is Hj.(pt)-linearly independent, in a special case and under
further assumptions on the Hessenberg function h.

We now discuss potential connections between our Theorem [4.8 and some other recent results by Cho,
Hong, and Lee on equivariant cohomology classes for the regular semisimple Hessenberg variety. We first
remark that, as noted in the introduction, the advantages of our construction are: (1) we have an explicit

formula for the value of f ik) at each w € S,,, namely that in (£.8) and (2) we can give simple, concrete

descriptions of the elements in the S,,-orbit of f )(\k) as well as their support sets. On the other hand, the
drawbacks of our construction are that, in its current form, the construction only applies in the case that
the composition A has two parts, and we are not yet able to use such classes to construct a basis for the
free module Hj (Hess(S, h)). In contrast, Cho, Hong, and Lee recently gave a geometric construction of an
HZ%.(pt)-module basis for Hi(Hess(S, h)) for general Hessenberg functions [6]. Their classes arise from a
Biatynicki-Birula decomposition of Hess(S, h). While the existence of such classes is not new;, it is in general
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a difficult question to compute the values of these classes at different permutations w € S,,. The results
of [6] are significant in that they make progress toward describing these classes explicitly. For example, the
authors describe the support set of each class combinatorially in terms of the Hessenberg function 4. On
the other hand, these classes do not give a permutation basis of H}.(Hess(S, h)), and an explicit formula
for their values at w € S, similar to that given in (.8) is only known in the case where h = (2,3,...,n,n).
In that special case, the authors express certain equivariant classes defined by Chow in the statement of his
Erasing marks conjecture [7] as linear combinations of their “Biatynicki-Birula classes”, and use their results to
prove Chow’s conjecture. As we have already noted, Chow’s classes are top-coset classes for appropriately
chosen Young subgroups.

This recent progress, together with our Theorem 4.8 above, naturally suggest the following open prob-
lem. We expect a solution to this problem to lead to further progress in the “permutation basis program” in
more general cases of Hessenberg functions.

Problem 4.9. Let h : [n] — [n] be a Hessenberg function and A = (A1, A2) a composition of n with exactly two parts
satisfying the assumptions of Theorem Compute that expansion of f ;k) as an H7.(pt)-linear combination of the
HZ.(pt)-module basis of “Biatynicki-Birula classes” for Hy.(Hess(S, h)) studied by Cho—Hong—Lee in [6]].

Finally, in the last part of this section, we prove some properties of our classes f ik) which will be useful
in the analysis in the following sections. We begin with a proof of the analogue of Lemma[3.4] describing
the support set of each v - fik) for v € S). Given the composition A of n, recall that for each v; € (*S,,)o we
obtain from Lemma 2.9 a bijection

Bu, = S\\Sn —+ Su/SYs b, (Sav) = v Lo, ST
where ¢ := v; ' S\v;. Recall also that (S))~! = *S,, by @8).
Lemma 4.10. Let A\ = (A1, A2) be a composition of n with two parts and 0 < k < Ay. Foreachv € S we have

(k) _ [ Ies wv;l(n) if w € ¢y, (Sxv™') for some k < j < Ay
(U I )(w) { ‘0 otherwise.

In particular, v - f ik) : Sy, — Clta, . .., ty] has support equal to the union of left cosets,

|_| Gu, (Sav™!) = |_| vvjsg\j).
k<j<Az kE<j<Az
Proof. Let v € S;. We have (v . f;k)) (w) # 0 if and only if fﬁk)(v_lw) # 0. The latter condition is
equivalent by Lemma 5 to the condition that v~ *w € S)v; for some k < j < X5. We have

viw=yvjforye Sy, & w= vvjvj_lyvj for y € Sy

& we Uijgj) = ¢vj(S,\U_1).

This proves the assertion about the support of v - f ik). Given such a w, write v—!

vy = wv; ! and we get

w = yv; for y € Sx. Then

(v 1) @) = o P tw) = o | IT v | = IT wey* ).

nESK neESy

This proves the lemma. [

Our last lemma of this section states that the stabilizer of the element f ;k) is precisely 5.

Lemma 4.11. Let A = (A1, A2) be a composition of n with two parts and 0 < k < Xo. If Ay = 1 then we also assume
that k > 1. Then the stabilizer in Sy, of f ;k) is equal to S.

Proof. We have already seen in Lemma[4.5(2) that S) stabilizes f ;k). Hence it suffices to show thatif v € S,

satisfies v - f ik) =f )(\k), then v € S). Since we already know that S) is contained in the stabilizer, it suffices
to prove the statement for v € S) a shortest left coset representative. So suppose v € S, and suppose that
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v f )(\k) =f §k). We wish to show that v € Sy, which means v is the identity permutation (since the shortest

left coset representative for the identity coset is the identity). Since v - f ik) =f )(\k), their supports sets must

be equal, and by Lemma .10t follows that

|_| vij/(\j): |_| ij;j)

k<j<Az k<j<Az
or equivalently
|_| vV = |_| Srvj.
k<j<Az k<j<Az

In particular this means that, for every j with £ < j < Ay, we must have that vv; is contained in some coset
Sxve for £ with k < £ < Ao, In particular, there exists some ¢ with k& < ¢ < Ag such that vv,, € Syve. We
consider the cases A; > 1 and A\; = 1 separately.

Suppose A1 > 1. Recall that v;, has one-line notation as given in (&.4), and in particular that the last
(A1 — 1)-many entries of the one-line notation for vy, are given by the sequence 2, 3, ..., A1, and similarly for
vg. Thus v, € Shve for kb < £ < X implies that {v(2),v(3),---,v(A1)} is a subset of {1,2,---, A1 }. Now
recall that v is a shortest left coset representative. From Remark [2.4it follows that we may assume its first
A1 entries are increasing, i.e., v(1) < v(2) < --- < v(A1). If 1 € {v(2),---,v(A\1)}, then since the entries
must be increasing we conclude v(2) = 1, but then we come to a contradiction since there is no value of
v(1) which can be less than v(2) = 1. Thus 1 € {v(2),...,v(A\1)}, but then {v(2),...,v(\)} ={2,...,\1}
and we conclude that v(2) = 2,v(3) = 3,--- ,v(A1) = A;. Now the condition that v(2) = 2 and v(1) < v(2)
forces v(1) = 1 also. Thus v must be the identity (since it is a shortest left coset representative, and acts as
the identity on {1,2,--- , A1}, so it must also act as the identity on {\; +1,--- ,n}).

Now we suppose A\; = 1 and k > 1. In this case, v, = u, is the unique permutation with 1 in position £+ 1
and all other entries in increasing order. In particular, since y(1) = 1 forall y € Sy we get that vu;, € Syv, for
k < ¢ < Xy implies that 1 = vv (€+1) € {v(1),v(k+2),...,v(n)}. Now suppose 1 liesin {v(k+2),...,v(n)}.
Since v is a shortest left coset representative, we may assume v(2) < v(3) < --- < v(n). In particular, if
v(1l) # 1 then we must have v(2) = 1. This contradicts the assertion that 1 € {v(k + 2),...,v(n)}, since
k > 1. Hence the only possibility is that v(1) = 1, which in turn implies that v must be the identity by the
same reasoning as above. This concludes the proof. O

5. LINEAR INDEPENDENCE FOR AN S,,-ORBIT: SPECIAL CASES

In the previous two sections, we gave a purely combinatorial algorithm that produces, in certain situ-

ations, classes f ;k) € Des, Hr(pt) which satisfy the GKM conditions for a Hessenberg function /, and
hence can be viewed as equivariant cohomology classes in H}.(Hess(S, h)). Moreover, Lemma .1 proves

that the stabilizer of the class f ik) under the dot action is S. Thus we can view the results of Section [3land
Section[l as a partial answer to the first problem posed at the end of Section 2.4l

The purpose of this section is to take the theory developed in Sections Bl and ] one step further, by
addressing the main question posed in Problem 2 at the end of Section2.4] namely: under what conditions

is the Sy,-orbit of f ik) linearly independent over H.(pt)? Note that, in the case of the “top coset” classes, the
Sy-orbit is indeed H7.(pt)-linearly independent, as we have already recorded in Proposition 3.5 Therefore,
in this section we focus on proving the linear independence statement — in some special cases — for the
classes we constructed in Section 4 which have supports that are a union of more than one right coset.

We begin by stating the main result of this section. We need some notation to state one of the (technical)
hypotheses. Let v/(zl_l be the permutation defined as in f.5); for the reader’s convenience, we record its
one-line notation here as well:

(5.1) v =P Ae+2,,n, 1,2, A — 1, A+ 1]
We note in particular that
(5.2) v, () =b—X if +1<b<n—1, and vy, j(a) =a+ X if 2<a <A

The above remarks will be useful in the arguments below. We also define

(5.3) jor=min{b € {\ +1,---,n—1} | Ay < h(v;)_, (b))}
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The index jy is used in our proof to describe the set 8,1 = N (v;;_l) Nwvx,—1(P}, ). We can now state our
theorem.

Theorem 5.1. Let n be a positive integer and h : [n] — [n] a Hessenberg function. Let A = (A1, A2) - n be a
composition of n with two parts. Assume h(1) < Xo. In addition, if A\; > 1, we also assume h(Ay + 1) = n and
h(v;;_l(jo)) < X+ 1. Then

(1) the Sy-orbit of f ;’\2_1) is H7.(pt)-linearly independent, and
(2) the stabilizer of each element in the S,,-orbit of f ;’\2_1)
In particular, the H.(pt)-submodule of Hy.(Hess(S, h)) spanned by the S,,-orbit of f A’\Tl) is an Sy-subrepresentation

with the same character as Indgz (1) =~ MY where P()\) is the partition of n obtained from \ by rearranging the
parts to be in decreasing order.

is a conjugate of the reflection subgroup S.

Note that since we are taking k¥ = X2 — 1 in the above theorem (with respect to the construction of the

ik) in the previous section), we have k + 2 = Xy + 1, so the assumption k(A2 + 1) = n in Theorem [5.T]is
equivalent to the necessary hypothesis h(k+2 = A2+ 1) = n in the statement of Theorem[4.8l Hence, under

the hypotheses of Theorem [5.1] we do know from Theorem (.8 that the classes f ;’\2_1) are well-defined in
HY(Hess(S, h)).

We also note that the claim regarding the stabilizers of the elements in the S,,-orbit is a straightforward
consequence of the construction of the f ;k) and Lemma [A.17] (see also Proposition B.5), so the main task at
hand is to prove the H7 (pt)-linear independence, and this is what occupies the bulk of this section. More
specifically, we begin with the following.

We introduce some notation. Since A = (A1, A2) is a two-part composition, shortest left coset representa-
tives in S;) are parameterized by subsets of n of cardinality A;. Indeed, given a subset J = {j; < jo < -+ <
Ja } € [n], the corresponding shortest left coset representative is the permutation defined as
(54) vy = [jlana-"ajhvjiv"'ng\g]687)1\
where [n] \ J = {j] < --- < j},} and it is straightforward to see that all shortest left coset representatives
arise in this way. Moreover, given a permutation w we obtain the one line notation for the shortest left coset
representative of w in S by rearranging the values in positions 1,2, ..., A\; and those in A\; +1,...,7n so that
they are in increasing order. With this notation in place we can write

Sx={vs | JC[n],|J] = M}
Note that since (*Sy,)o € S, = (5})~! forall k with 0 < k < X, we have
U= ka1 a4 2}

where vy, is the permutation (£.4) considered in Section 4l Lemma [4.5(2) shows thaty - f ik) =f )(\k) for any

y € Sy. This implies that the S,,-orbit of f )(\k) under the dot action is
(5.5) {vs- 17 [vs €53},
Our linear independence argument requires the following statement.
Proposition 5.2. Suppose I, J, K C [n] are subsets with cardinality Ay and let k = Ao — 1. Then

(1) supp(vy - f;k)) N supp(vy - fik)) #Qifand onlyif I = Jor|JNI| =X —1,and
(2) if I, J, K are pairwise distinct subsets of [n], then supp (v - f;k)) Nsupp(vy - f;k)) N supp(vg - fik)) ={.
Proof. We begin by proving statement (1). First, it is clear that if I = J then
supp(v, - f3) Nsupp(or - /1) # 0.
Thus to prove the statement it suffices to show that, in the case that I # J, the condition supp(vy - f ik)) N
supp(vr - fik)) # () is equivalent to |J N I| = A\; — 1. So now suppose I # J. Recall that ng) = vj_ls,\vj for
any 0 < j < Ay, s0 ijf\j) = Syv;. By Lemmal.I0land using the fact thatk = Ay — land £+ 1 = X (so fik)

has support consisting of exactly two cosets), we have

(5.6) supp(v, - fﬁk)) N supp(vr - f,ik)) - (”JUkS,(\k) U ’UJ’Uk+18§\k+l)) N (vjka,(\k) H vzvk+15,(\k+1)) :
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Since I # J, vr and vy are distinct shortest-left-coset representatives of S, from which it follows that
vJkaf\k) N vjka/(\k) = () and similarly v 41 S/(\Hl) N vlkaS/(\kJ“l) = () (see Lemma [2.9). Hence we can
continue the computation started in (5.6) to obtain

(5.7) supp(vy - fik)) N supp(vy - fik)) = (vjvk+15§\k+1) N vwksg\k)) u (vJkagk) N VU1 Sg\kﬂ))
= (vgSA\vE+1 NUrSxavg) U (vySyvg N vrSxvk41) -
This proves that, in the case I # J, the intersection of the two support sets is nonempty if and only if
vySavkr1 NurSyor # 0 or vyShvp NvrSyverr # 0.

To complete the proof of statement (1), it now suffices to argue that each of these conditions is equivalent
to the condition that |J N I| = A\; — 1. First, we have
ViSAUk+1 NvrSxvp #0 & vsy1vk41 = vy for some y,y1 € Sy
& vy = visye)y forsome y,y; € Sy and 0=t —t,
where the second equivalence follows from the fact that vkv,;il = sp since kK = X2 — 1, as can be readily
checked by computation. We conclude that v;S\vi41 NvrSavr # 0 if and only if there exists y € Sy such
that the shortest left coset representative of vs,,g) in S; is v;.

The one line notation for v;s,(g) is obtained from the one line notation of v; by exchanging the values
in positions y(1) and y(n). Since y € Sy we know y(1) € {1,..., M} and y(n) € {\ +1,...,n}. In
particular, the description of the one line notation for v; and v; given in (5.4) implies that the desired
condition holds if and only if we can obtain J from I by changing a single element, or more precisely, if and
only if |J N I| = A; — 1. This proves the desired result in this case.

Next, consider the condition that v;S\v N vrSxvk+1 # 0. By the same logic as above, this intersection
is nonempty if and only if there exists y € Sy such that the shortest left coset representative of v;s,g) is v
for some y € Sy. By the same reasoning as in the paragraph above we obtain |J N I| = A; — 1. This proves
statement (1).

We now prove statement (2). Suppose I, J, K are pairwise distinct. Using the same reasoning as above
the intersection of the three support sets is

(5.8) |:(UJUk+1S§\k+1) N U]Uksgk)) u (vJkagk) N vlvk+18§\k+l))} N (vak;S’gk) u vak+1S§\k+l)) .
As before, since J # K and I # K we know that UJUk+1S§\k+1) N vak+1S§k+l) = () and v;kagk) N
VK Uk Sg\k) = (). In particular we obtain
(vjvk+15’§k+1) N vwksgk)) N (UKkagk) U UKUk+1S§\k+1)) = 0.
Similarly we obtain
(v]ka( )ﬁvﬂ;k 15’( + )) (vakS( )I_Ivak 15’( +1)) 0.
Hence the set in (5.8) is empty, i.e.
|:(’UJ’U]§+1S§\k+1) N vIUkS/(\k)) U (UJkaf\k) N UlkaS/(\kH)H N (vaka\k) U vakHS/(\kH)) =0
as desired. This proves statement (2). O

We are now ready to prove Theorem[5.11

Proof of Theorem[5.1l First, Theorem 4.8 implies that the class f )(\Arl) is indeed a well-defined GKM class
under the hypotheses of Theorem 5.1l Now we want to show that the set (5.5) is H}-(pt)-linearly indepen-

dent. Suppose there is a H(pt)-linear combination of {v; - f;Arl) | vy € S)} that gives the zero class,
ie.,
(5.9) ZCJ’UJ f)\A2 D=oe Hj.(Hess(S, h)) @ Hj.(pt)

J wESn

for some ¢; € Hi(pt). We must show that ¢; = 0 € Hj.(pt) for all J C [n] with |J] = A;. Since (5.9) holds
as an equality of GKM classes, then in particular the LHS must evaluate to 0 at any permutation w € S,,.
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By Proposition[5.2] only two elements in the set (5.5) can be nonzero when evaluated at any given w € S,,.
Consider, in particular, the evaluation at vy, of the LHS of (5.9). Let K = {2,3,...,A1,n}. We now show

that vy, € Supp(fik)) N supp(vg - fik)). To see this, we apply equation 5.7) to J = {1,2,..., A} and
I'=K=1{2,3,...,\,n} (so vy = eis the identity permutation) to obtain
(5.10) supp( ik)) N supp (v - fik)) = (Savkt1 NurSivr) U (Sxvg N vk Savk41).

Recall that v ,\2,11;;21 = sy as in the proof of Proposition 5.2 where 6 = t; — t,, s0 vy, 0;21_1 = sy also (since

S9 1 = 54). Also, from the definition of v in (5.4) it is not hard to see that vx sg € Sx. We then have

(5.11) 1)[_(189 €S, => UI}IUA2U;21_1 € S\ = vx, = UKYUx,—1 forsome y € S,

SO Ux, € VkSA\UE = VK S\Ux,—1. Since vy, € S\vpt+1 = Savy, also, we see that vy, € S\vgt1 N vKS\vg SO

by (5.10) we conclude v, € supp( ik)) N supp(vg - fik)).
The discussion above implies that when we evaluate the LHS of (5.9) at w = vy, we obtain

erf D on) + e (o £0070) (o) = o 02 ) +excore (172D (0i o)
= ch)(\A271)(’U)\2) + cr VK ( §’\271)(vl}lv,\Qv;;flv,\g—l))

(5.12) =c; [[ B+exvx| J] vitorevnli(8)

BESN,—1 BESN,—1

=cy H B+cK H s0(8)

BESN,—1 BESN,—1

where in the third equality we have used that vl}lv Ao v;;_l € S\ as we saw in (5.1T) and in the last equality
we have used that vy, 0;21—1 = sg. Since we have the equality (5.9) we conclude that

¢y H B+ ck H se(B) = 0.
BESNy—1 BESN,—1

The above analysis gives us one linear equation relating two of the coefficients appearing in the LHS
of (5.9). We need at least one more equation to be able to conclude that ¢; and ¢k are both equal to 0. To

do this, we need to evaluate (5.12) at another permutation in supp( ik)) N supp(vk - f ;k)). To find such a
permutation, it will be useful to set some notation. We define

Avi={ta =ty | (a,0) €{2,3,--- A} x {4+ 1,---,n}, o3 (a) < h(oy) (b))}
and
Agi={t1—ty [ be{M+1,--,n—1}, X < h(vy 1 (b))}
Note that A; = 0 if \; = 1. It follows from the definition of 8),_1, Lemma[.4] and properties of v),_ that
(5.13) Sxy—1 = A1 UAs.
Recall that
jor=min{be {AM +1,--- ,;n—1} | A2 < h(v;;_l(b))}.

From the one-line notation of 0;2171 in (5.0) it follows that 0;2171 (b) = b — A1, and together with the fact that
Hessenberg functions are non-decreasing, this implies

(514) .AQ = {tl _tjmtl _tj0+17...7t1 —tnfl}.

Since h(1) < A2 by assumption, we have h(v;2171()\1 + 1)) = h(1) < A2 so we conclude that A\ + 1 < jp.
Consider the simple reflection s;,_; exchanging jo — 1 and jo. Since A\; +1 < jo — 1 < n — 2 we have
Sjo—1 € Sy and Sjo—l(l) =1land sjo_l(n) =n.
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Recall that one of the hypotheses of Theorem 5.1lis that h(vy~ ;(jo)) < A2 + 1. Using this, we conclude
that, in the case when \; > 1, we have

te —ty € A1 év;;_l(a) e{X+2,---,n} by GI)
= h(v;;_ (Jo)) S A2 +1< v;;_l(a)
= h(vy,' 1 (jo)) < h(vy, (b)) by definition of A,
= ”;21—1(17) > ”;2—1(10)
= b > jo since v;;ﬂ isincreasing on {\ +1,--- ,n}, and b,j0 € {\1 +1,--- ,n}

(5.15)

= Sjofl(ta — tb) = t, — tp since jo < banda <A\ < jo —1.

Since (5.15) holds for any 8 = t, — t;, € A; we conclude s;,_1(3) = B forall 5 € A;. (In the case \; = 1, the
set A; is empty so this statement is vacuously true.) From (5.14) and (5.13) we then see immediately that

f>(\)\271)(’l))\2) = (tl — tjo)(tl - tjo-l-l) tl —tn- 1 H ﬁ

BEAL

£ (s50-100) = 850-1(FA2 7D (0,)) = (1 — tjo—1)(tr = tipsr) - (1 —tas) [] B
BeEAL

(5.16)

since sj,—1 € Sy and sj,_1 acts non-trivially only on the first factor of f(*2=1(v,,). (Here we interpret the
product over A; to be equal to 1 if A\; = 1 and A; = (.) Note that the above equation implies sj,_1v5, €

supp( 27 Y).

In (5.12) we computed vg - (A2~ (vy,) and obtained

(517) VK - f(kz—l)(,u)\z) = H 59(6) = (tn - tjo)(tn - tj0+1) T (tn - tn—l) H Se(ﬁ)

BESAy—1 BeAL

We can compute
VK f;\kz_l)(SijlU&) = U (f(kz_l)(vz}lsjofwh))

A2—1)/ —1 . 1
= VK (f)(\ (v sjo,lsgv&,l)) since sp = VA, vy, 4

|
<
/Q
>~
>
M

—1 _
)(UKlsgsjo_l’U)\z_l)) because sg and s;,—1 commute

= 50Sjo—1 (fi’\z_l)(mz,l)) because vy 'sg € Sy and sj,_1 € Sy
(5.18)

so | (b —tj—1)(th = tjo1) - (= to1) [ B

BEAL
by definition of f ;’\2_1) and (5.16)
= (tn — tjo-1)(tn — tjop1) -~ (tn —ta—1) [] s0(B).

BEAL

In particular, our computations imply s;, _1vx, € supp(f3> ") Nsupp(vk - f ih)).
Evaluating (5.9) at vy, and sj,_1v), we obtain equations

(5.19) cr 1O (0ag) + e vie - 027 (03,) = 0
and
(5.20) Ccj >(\>\2_ )(SJD 1’0)\2) + CcK VK - f()\z 2 (SjoflvAz) =0.

Subtracting (5.20) from (5.19) and using the formulas given in (5.16), (5.17), and (5.18) we obtain
cyltio—1 = i)t — tigr1) -+ (1 —tn1) [ B+ cx(tio-1 = tjo)(tn = tipr1) - (tn —tn1) [] s0(8) =0.

BEAL BeAL
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Dividing by t;,_1 — t;, and rearranging yields
ity = tjoqr) -+ (= tn1) [ B=—cxltn —tjor1) - (ta —tn1) ] s0(B).

BEAL BEA
Substituting this expression back in to (5.19) and using (5.16) and (5.17) we obtain

(v = ty) | —cxc(tn = tjgrn) -+ (tn = tur) J] 50(8) | +cxltn = ti)(tn = tigrr) - (tn — tn1) [] 0(8) =0

BeEAL BeAL

from which it follows that

CK(tn _tl) (tﬂ_tjo-l-l)"'(t”_tn_l) H 89(6) =0

BEAL
and we therefore conclude cx = 0, and hence ¢y = 0 also.
We have now shown that two of the coefficients, namely ¢; and cx for J = {1,2,...,\} and K =
{2,3,...,\1,n}, appearing in the linear combination from (5.9) are equal to 0. Now for any I C [n] of

cardinality A; with |J N I| = Ay — 1, by Proposition 5.2 we can find a permutation w such that vy - f ik) and
vy - fik) do not vanish at w, and v - f)(\k) (w) = 0forall K # I and K # J. But then the fact that c; = 0
implies ¢; = 0 also. Now we can use the fact that any I C [n] of cardinality \; can be obtained from J
in finitely many steps by changing 1 element in the subset at a time, so that by iterating this argument we
conclude that ¢; = 0 for all coefficients appearing in the LHS of (5.9), as desired. This shows that the classes
{vs- fi)‘rl) | vy € S)} are HZ(pt)-linearly independent, as desired.

Finally, the assertion that the submodule of H7(Hess(S,h)) spanned by the S,-orbit of fi)‘rl) has
the same character as Indg’;(l) follows immediately from the fact that the stabilizer of f )(\Arl) is Sy by

Lemma 71l The stabilizer of v - fﬁk) isvySyv; ' =~ Sy. This completes the proof of the theorem. O

6. LINEAR INDEPENDENCE BETWEEN TWO S,,-ORBITS

In this section, we seek to partially address Problem 3 of Section2.4] in a special case. Recall that Problem
2 asks when a single S,,-orbit is H4.(pt)-linearly independent. Problem 3 then asks for conditions under
which a union of more than one S,-orbit is also H;(pt)-linearly independent. In this section we focus
exclusively on the case where the S,,-orbits under consideration consist of homogeneous elements of the
same degree. This is a reasonable condition, since the dot action preserves degrees. We now state precisely
the hypotheses for the special case we consider in this section. First, we restrict to the case A = (1,n — 1),

so A1 = 1 and X\ = n — 1. In this setting, by Theorem [4.8 we know that fik) is a well-defined equivariant
cohomology class of Hy(Hess(S,h)) for all 0 < k < n — 1. Second, we also assume h(1l) < n — 1 so

Theorem 5. T holds and thus the set of cohomology classes in the S,,-orbit of fﬁ’\rl) =f i"_Q) is H}.(pt)-
linearly independent.

We now consider the two GKM classes fi’\Z) = fi"_l) and f)(\’\rl) = fi"_m as defined by @.8) corre-
sponding to the choices k = A\; = n —1land k = Ay — 1 = n — 2, respectively. Since A = (1,n — 1), the
Sp-orbit of both f i"_l) and f in—2) are given by taking the images under the dot action of the elements of

S) = {e,uytuyt, ... u, ), where uy, was defined in @). For the purpose of this section only, we define
notation as follows:
(6.1) fi= ufl : f)(\n—2) and g; := u{l : fin_l) for i =0,...,n—1.

As explained above, we restrict our considerations to the case in which deg(fo) = deg(go). The main result
of this section is Theorem[6.2] which states that the set { fo, f1," -, fn—1,90,91," "+ , gn—1} is H7(pt)-linearly
independent whenever deg( fo) = deg(go) > 2. In other words, we show that the union of the two permuta-
tion bases { fo, . .., fn—1} and {go, - - ., gn—1}, shown individually to be linearly independent in Theorem[5.1]
is still linearly independent when considered together. This therefore represents another step toward the
larger goal of building a global permutation basis for the entire cohomology ring H3(Hess(S, h)), as pro-
posed in Problem 3 of Section 2.4l
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Before embarking on the proof of Theorem [6.2 we consider the hypothesis that deg(fy) = deg(go). Recall
that 8 := N(vk_l) N vk (P, ). Since A = (1,n — 1), we have that v, = uy, forall 0 < k < n — 1 as noted in
Remark[4.]] In particular, by Lemma 4.4 we have

Nu,*))={ti—t|2<b<n} and N(u,'))={ti —t,|2<b<n—1}.
We also have
wp®y = {ti —t; [ w1 () < uy ' (3) < hluyt(5))}
from which it follows that
Sn,1 = {tl—tb | 2§b§nandn§h(b—l)}:{tl—tiﬂ | 1 §z§n—1,h(z):n}
and
Sn,QZ{tl—tb | 2§b§n—1andn—1§h(b—1)}:{t1—ti+1 | 1§Z§n—2,h(z)2n—1}

n—2)

Since the degrees of fy := f )(\ and go := fi"_l) are given by the cardinalities of the sets §,,_ and §,,_1,

respectively, we obtain
deg(fo)=1{i|i<n—1, h(i) >n—1} and deg(go) = |{i | i <n, h(i) =n}|.
Thus, in order to ensure that our classes have the same degree we assume throughout this section that the
Hessenberg function h : [n] — [n] has the property that
(6.2) Hili<n—1, h(i) >n—1} = |{i|i <n, h(i) =n}|
The following lemma records some properties of Hessenberg functions satisfying (6.2).

Lemma 6.1. Suppose h : [n| — [n] is a connected Hessenberg function such that (6.2) holds. Then
(1) theset {i|i<n—1, h(i) > n — 1} is non-empty,
(2) ifwelet j:=min{i|i <n—1, h(i) > n — 1}, then j is the unique element of [n] such that h(j) =n —1,
(8) deg(fo) = deg(go) =n — j — 1 for the classes fo, go defined above, and
@ if{ili<n—1,h(t) >2n—-1}={i|i<n, h(i)=n}| >2,thenj <n —2.

Proof. For the first claim, observe that under the assumption (6.2), it suffices to show that {i | i < n —
1, h(i) = n} is non-empty. But it follows from the connectedness of h that h(n — 1) =nson—1€ {i|i <
n, h(i) = n} and hence the set is non-empty as desired. To prove the second claim we first observe that

{ili<n—1,h(E)>n—-1}={i|li<n—-1, h(i)=n—-1}U{i|i<n—1, h(i) =n}
and
{ili<n, h(@i)=n}={ili<n—-1, h(i)=n}U{n -1}

where we have again used that h is connected, so h(i) > i+ 1 forall 1 < i < n — 1. Combining these
equations with assumption (6.2) we conclude

(6.3) {ili<n-—1, hi)=n—-1}=1.

The assertion that j is unique and i(j) = n — 1 now follows. To see the third claim, note that by definition
of j we have

which implies [{i | ¢ < n —1, h(i) > n —1}| = n — j — 1, as claimed. Finally, the last claim follows

immediately from the third claim, since |[{i |i <n—1, h(i) >n—1}|=n—j— 1> 2implies j <n — 3, or
equivalently j < n — 2. O

We now state our main theorem.

Theorem 6.2. Let A\ = (1,n— 1) and assume that h : [n] — [n] is a connected Hessenberg function satisfying condi-
tion (©.2) and such that h(1) < n—1. Let f; = u;l-f/(\"ﬂ) and g; = u;l-f/i”*l)for alli =0,...,n—1. Suppose that
deg(fo) = deg(go) > 2. Then the union of the S,,-orbits of fo and go, namely the set { fo,. .., fn=1,90,--->9n—-1},
is Hx.(pt)-linearly independent.
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Let us make some preliminary observations. In order to show that {fo, fi, -+, fn—1,90,91, - , gn—1} is
HZ(pt)-linearly independent, we need to show that if the following equality holds
(6.4) cofotcafit -+ cen—1fo-1+dogo+digi+- -+ dp—1gn—1 =0
in Hy(Hess(S, h)), where cg, -+ ,¢p—1,do," -+ ,dn—1 € Hr(pt), then the coefficients are all zero, i.e. ¢y =
cg=-=cp1=do=dy =+ =dp—1 =0.

In the course of our arguments, will make use of the following [8| p.65, Exercise 11].

Proposition 6.3. Let A be a (m — 1) x m matrix with entries in the polynomial ring R = k[t1,...,t,]) where k is a
field. Suppose also that the m — 1 rows of A are linearly independent over R. Then:
(1) The vector b'" = (a1, as, ..., a,) € R™ defined by a; = (—1)""* det(A;) satisfies Ab = 0. Here A, is the
(m — 1) x (m — 1) sub-matrix of A obtained by deleting the i-th column of A.
(2) Any solution b of the equation Ax = 0 is of the form gb for some g € R, i.e. any solution must be a
polynomial multiple of b.

We make some preliminary calculations. Set j := min{i | i < n—1,h(i) > n— 1} as in Lemmal6.1l Using
(n—2)

the definition of f; we can calculate the value of fj at u,—1 and u,,_» to obtain
(6.5) folun) = J[ ti—tis)= [ (t1—tisa)= folun—2).
i<n—1 71<i<n—2
h(i)>n—1

Similarly for go we can use the definition of f{" " to compute

(6.6) go(tn—1) = H (t1 — tig1) = H (t1 — tiy1)-
hz<)z J+1<i<n—1

Next, recall that by definition fo = f/\"ﬁ) is nonzero on precisely two right cosets of Sy in .S,,, namely
Srun—o and Syu,,_1 where

(6.7) Up—2=1[2,3,...,n—1,1,n] and u,—1 =1[2,3,...,n,1].
It is easy to confirm by a direct calculation that:
(6.8) ui_l = 8189 "8,-15182 """ Sp—1 = 8283 *** Sp_1Un—2.
The following are also straightforward computations:

Un—15j = Sj+1Un—1 which means sju;il = u;ilsjﬂ
and also
(6.9) u;i15253 ce-8p_1 = Sg

where 0 = t; — t,, s0 s¢ is the transposition exchanging 1 and n only. We can now compute

fa—1(tup—1) = (ugil . §"72)) (un—1) by definition of f,,—1
= wu, ', (fo(u?_,)) by definition of the dot action and f,
u, Ly (fo(s2s3 - sn_1un—2)) by 63)
= u;i13233 -+ $n—1(fo(un—2)) by Lemmal.5(3) with y = s283 - 5,1
= so(fo(un—2)) by ©9).
From the above and (6.5) we immediately obtain
(610) fn—l(un—l) = H (tn - ti-{-l)'
j<i<n—2

Next, note that 2 < j < n — 2 by Lemma and because we have assumed that A(1) < n — 1. We
therefore have s; € Sy and

2
(6.11) 5jUn_1 € S\Up—1 and Up_15jUp_1 = Sj41U; | = 5415253 Sp_1Up_2 € Sx\Up_1
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where we have used (6.8) and the computations above. We can now compute:
(6.12) fo(sjun—1) = (t1 — t;) H (t1 —tit1)
j<i<n—2
since fo(sjun—1) = $; fo(un—1) and by (6.5). Recall that we also know fo(un—1) = fo(un—2) by definition of
the class fy = f§"72) as computed in (6.5). Therefore,

foo1(sjun—1) = (uyly - fo) (sjun—1) = uyty (foltn—18un—1)) = uy ) (fo(sj15283 -+ Sn_1un—2)) by @II)
(6.13) = u;ilsjﬂ 5953+ Sp—1(fo(un—2)) = sjse(fo(un—1)) by the computations above
= so(fo(sjun—1)) = (tn —t;) H (tn, — ti+1) since s; and sp commute and by (6.12).
j<i<n—2

Finally, we also note that go(s;jun—1) = $;(go(tun—-1)) = go(un—1) since s; € Sy and s; fixes the product
appearing in (6.6).

With these preliminaries in place, we can now begin our proof of Theorem [6.2]
Proof of Theorem[6.2l The computations above show that fo, f,—1, and go are all nonzero at u,,_; and s;u,_1.

Lemma [3.4] and Proposition tells us that all other f; and g; evaluate to be zero at u,—; and sju,—1. It
follows that, when restricted to the T-fixed point u,,_1, equation (6.4) becomes

cofo(un—1) + en—1fn-1(tn-1) + dogo(tn—1) = 0
and when restricted to s;u,_1 the same equation (6.4) becomes

cofo(sjun—1) + cn—1fn-1(sjun—1) + dogo(sjun—1) = 0.

This is equivalent to the statement that the vector of polynomials (cg, c,—1,do)” is a solution to the matrix

equation AX = 0, considered over the ring H3(pt), where A is the 2 x 3 matrix

A= Jo(un—1) Srn—1(un—1) go(un—1)
[ fo(sjun—1)  fa—i(sjun—1)  go(sjun—1)]’
The entries in A are elements of H(pt) = Cl[ty, ..., t,], a polynomial ring over the field C.

We wish to apply Proposition [6.3| with m = 3, for which we need first to check that the rows of A are
linearly independent over H}.(pt). To do this it suffices to see that the determinant of at least one of the
2 x 2 minors of A is non-zero. Let A; for i = 1,2, 3 denote the minor of A with the i-th column deleted. It is
a straightforward computation to see that

Az = H (t1 —tiy1) H (tn —tiv1) | (tjz1 —t5)

jH+1<i<n—1 j<i<n—2

and

A = I t-tiy) Tt —tivn) | (& = tia).
jH1<i<n—1 j<i<n—2
In particular, we see that A; # 0 and As # 0 and A; = —As. Thus we may apply Proposition and
from it we conclude that (co, cn—1,do) = ¢(A1, —A2, A3) for some ¢ € Hi(pt). Since we saw above that
Ay = —As, it follows immediately that ¢y = —do.

We now give the idea of the next steps in our argument before giving the details. From Lemma [3.4land
Proposition 5.2 we know that at any given w € S,,, exactly two of the f;’s and one of the g;’s evaluate to
be non-zero. In the above argument we chose two permutations u,,—; and sju,—; which had the property
that it was exactly fo, fn—1 and go which evaluated to be non-zero at these permutations, thus isolating
the 3 coefficients cg, ¢,—1 and dy for analysis. By using Proposition [6.3lwe were then able to conclude that
(co, cn—1,do) must be a scalar multiple of a certain vector obtained by taking minors of a 2 x 3 matrix,
constructed from the values of fy, fn,—1 and go at these permutations. In the next part of our argument,
our strategy is to find another permutation w’ such that fy, f,,—1 and gy are exactly the three elements in
{fo, f1,--+s fn=1,90,91,- - -, gn—1} Which evaluate to be non-zero at w’'. Replacing s;u,—1 with w’, a similar
argument as that given above creates a new 2 x 3 matrix B and yields the conclusion that (cg, ¢,—1, do) must
be a scalar multiple of a vector defined using the minors of B. Thus, if we can find a permutation w’ such
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that the vector of minors of B and the vector of minors of A are linearly independent, then we can conclude
that (co, ¢p—1, do) must be equal to 0.

We now turn to the details of the argument sketched above. Recall from Lemma that deg(fo) =
deg(go) = n — j — 1, and our assumption deg(fo) = deg(go) > 2 implies j < n — 2. This in turn implies that
the simple reflection s;1 commutes with s9. We now argue that we may take w’ = s;;1up—1. Indeed we
can compute that since s;11 € S, using (6.6) we have

(6.14) go(8j+1un—1) = sj41(go(un—-1)) = (t1 — tj41) H (t1 — tit1)
j+1<i<n—1

and

(6.15) fo(sjr1un—1) = sj41(fo(un—1)) = fo(un—1)

since s;41 fixes the product appearing in (6.5). Next, using similar reasoning as in (6.11) and (6.13), we
obtain

Jn—1(8js1tn—1) = sj41 (fn—1tn—1) = fa—1(un—1)
since s;41 also fixes the product appearing in (6.10). Thus fo, f,.—1, go are precisely the 3 classes that evaluate

to be non-zero at w’, and the other classes are all zero at w’. The above computations allow us to analyze
the relevant 2 x 3 matrix

g | folun-) fr—1(un—1) 9go(tn—1)
Jo(sjr1un—1)  fa-1(Sj+1un—1) Go(Sj+1Un—1)
Recall that we had already observed that A; = —Aj3 in the vector of minors obtained from the original

matrix A. Let B; be the analogous minor of B obtained by deleting the i-th column. As argued above, it
suffices to show that (A1, A2, As3) is linearly independent from (B4, Bz, Bs), for which it suffices to see that
By # —Bj (since H7(pt) is an integral domain). From the above computations we obtain,

B = fnfl(unfl)go(SjJrlunfl) - gO(unfl)fnfl(SjJrlunfl) = fnfl(unfl)[QO(SjJrlunfl) - go(unfl)]
and thus

Bi=|{ [ (tn—tirn) I[I 1 —tin) ) (s —tyn0)

j<i<n-—2 j+Hl<i<n—1
so By # 0. On the other hand, we have

B3 = fo(un—1)fr-1(Sj41un—1) — fa—1(tn-1)fo(sj41un-1) =0

and the result now follows.

Thus we have seen that (B1, Ba, Bs) is H(pt)-linearly independent from (A1, Az, As), which shows that
Co = Cp—1 = do =0.

To complete the argument, we must now show that¢; =d; =0foralli, 0 <i<mn—1.

Consider w € S, such that w(n) = 1and w(n — 1) =i+ 1 fori ¢ {0,n — 1}. Since w(n) = 1, we obtain
w € S\un—1 which implies that fo(w) # 0 and go(w) # 0. Furthermore, w(n — 1) = i + 1 implies that
ww(n —1) = u;(i + 1) = 1 so u;w € Syu,_2 which tell us that

filw) = ui "+ fo(w) = u (foluiw)) # 0
also. Thus, evaluating equation (6.4) at w we get
co.fo(w) +cifi(w) + dogo(w) = 0.

However, since ¢g = dy = 0, this implies that ¢; = 0, since f;(w) # 0 and Hx(pt) is an integral domain.
Thus ¢; = 0 forall 0 < ¢ < n — 1. This means that the original linear dependence relation is among the
90,91, - - -, gn—1, but we have already proved these are linearly independent, so d; = 0 forall0 <i <n — 1.
This concludes the proof. O

We conclude with a motiving example and open problem. As noted in the introduction, one reason for
focusing on partitions with two parts is the fact that when h : [n] — [n] is an abelian Hessenberg function
(that is, when h(1) > max{i | h(i) < n}), the only irreducible representations which occur in the dot
action representation are those corresponding to partitions with at most two parts (see [12, Cor. 5.12]). In
this case, the Stanley—Stembridge conjecture is known to hold and work of the first two authors gives an



TOWARD PERMUTATION BASES IN THE EQUIVARIANT COHOMOLOGY RINGS OF REGULAR SEMISIMPLE HESSENBERG VARIETIES 33

inductive formula for number of permutation representations M* that appear in each graded part [12]. The
following example considers a special case of abelian Hessenberg functions. Using the constructions of
this manuscript, we are able to define the correct number of equivariant cohomology classes generating the
representations M ("~11) in certain graded pieces of the dot action representation.

Example 6.4. Let n be a positive integer withn > 5and h = (n — 2,n — 1,n,n,...,n). We consider the decompo-
sition of each graded piece of the dot action representation into permutation representations, given by
(6.16) H*(Hess(S,h)) = €D cpiM™.
pkEn
p=(p1,p2)

In the special case under consideration, we apply the results of [12]. The possible two-element sink sets (i.e. indepen-
dent sets) of the “incomparability graph” of h = (n —2,n — 1,n,n,...,n)are {1,n — 1}, {2,n}, and {1,n}. Now
the inductive formula of [12, Thm. 6.1] tells us that

cui =0 unless p € {(n),(n—1,1),(n—2,2)}.
and
Cn—-1,1),i — 0 forall0 <i<n-—-4 and C(n—1,1),n—3 = 2.
(The interested reader can find a similar computation in [12, Example 6.2].) In other words, the minimal degree in
which M™=1Y) appears is 2(n — 3), and there are exactly two copies of M "~1V) in this degree. By assumption, h is
a connected Hessenberg function satisfying all assumptions of Theorem[6.21above. In particular:

{ili<n—1,h(GE)>n—-1H=|{i|i<n,h(i)=n}=n—-3
in this case. Thus, the classes { fo, f1,- -, fn=1,90, 91, - - -, gn—1} give us a linearly independent set of equivariant

classes in H?F("_g) (Hess(S, h)) that together span exactly two H}.(pt)-modules, each of which is isomorphic to
M(n—l,l)'

The example above shows that our Theorem[6.2lyields part of a permutation basis for H2("~3) (Jess(S, (n—
2,n—1,n,...,n))). Indeed, one easily confirms that the only other representations appearing in this degree

are trivial. We therefore recover a permutation basis for H %("_3) (Hess(S,(n—2,n—1,n,...,n))) by adding
to our collection an appropriate number of S,,-invariant classes of degree 2(n—3). It is still an open question
how to build, in the other degrees, linearly independent sets of classes spanning permutation modules.
More interestingly, since 2(n — 3) is the minimal degree in which M™~11) occurs in H*(Hess(S, (n —
2,n—2,n,...,n))), one could hope to obtain classes in higher degree generating an isomorphic H}.(pt)-
submodule by multiplying each of the f;’s (or g;’s) by some appropriately chosen S,,-invariant class.

Problem 6.5. Let n be a positive integer with n > 5 and set h = (n —2,n — 1,n,...,n). Suppose k > n — 3 and
C(n—1,1),k 7 0 where c(,_1 1,1, is the coefficient defined as in (6.16) above. Identify S,,-invariant classes hy, . .., hy, €

H%(kf(”f?’))(ﬂfess(& h)), where m = ¢, 11k, and r with 1 < r < m so that the set
{hifil1<j<r0<i<n—-1}U{hjgi|r+1<k<m,0<i<n-—1}
is H7.(pt)-linearly independent.

Any solution to this open problems is another step toward the construction of a permutation basis for
the dot action representation in this case. In general, one may hope to show that our construction always
yields a linearly independent basis for those M* of minimal degree that appear as summands of the S,,-
representation on H}.(Hess(S, h)), whenever h is abelian.
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