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Transition to Mixing and Oscillations in a Stokesian Viscoelastic Flow
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In seeking to understand experiments on low-Reynolds-number mixing and flow transitions in visco-

elastic fluids, we simulate the dynamics of the Oldroyd-B model, with a simple background force driving

the flow. We find that at small Weissenberg number, flows are ‘‘slaved’’ to the extensional geometry

imposed by forcing. For large Weissenberg number, such solutions become unstable and transit to a

structurally dissimilar state dominated by a single large vortex. This new state can show persistent

oscillatory behavior with the production and destruction of smaller-scale vortices that drive mixing.

DOI: 10.1103/PhysRevLett.103.094501 PACS numbers: 47.50.�d

In low-Reynolds-number flow the nonlinearities pro-
vided by non-Newtonian stresses of a complex fluid can
provide a richness of dynamics more commonly associated
with high-Reynolds-number Newtonian flow. For example,
experiments by Steinberg and collaborators have shown
that dilute polymer suspensions being sheared in simple
flow geometries can exhibit highly time-dependent dynam-
ics and show efficient fluid mixing [1]. The same experi-
ments using Newtonian fluids do not, and indeed cannot,
show such nontrivial dynamics.

Extensional flows, as in a four-roll mill or in a cross-
channel device, can be more effective in stretching and
aligning polymers than a standard shear flow [2]. Therefore
extensional flows may exhibit instabilities more readily
than shearing flows. Experiments have shown that as poly-
mer molecules pass near extensional stagnation points in a
microchannel cross flow, they are strongly stretched and
can exhibit nonlinear behavior such as bistability [2–4]
(see also [5,6]). In observations of cross-channel flows,
Arratia et al. [4] inferred molecular stretching through
the appearance of two flow transitions with increasing
flow rate. At the first, the flow remained steady but became
asymmetrically deformed (see also [7,8]). At higher flow
rates the velocity field fluctuated in time and produced fluid
mixing. Numerical studies of this experiment have found
instabilities for large Weissenberg number [9–11].

In this Letter we simulate the low-Reynolds-number
dynamics of a viscoelastic fluid being driven by a simple
background force. For a Newtonian fluid the forcing cor-
responds to a four-roll mill flow with a central stagnation
point. Our viscoelastic simulations exhibit flow states
qualitatively similar to those reported in [4], and can
show fluid mixing as in [1]. In particular, we show that
small perturbations from an isotropic initial stress field can
induce a symmetry breaking transition that evolves to
solutions that are qualitatively different in character from
symmetric solutions, and from solutions at smaller
Weissenberg number (which are essentially ‘‘slaved’’ to
the background force). Beyond a first critical Weissenberg

number, the flow near the stagnation point becomes asym-
metric and stretched, losing the symmetry of the back-
ground forcing. This new state appears steady. At yet
higher Weissenberg number, the system transitions to a
state dominated by a single large vortex and has persistent
oscillations and a continual destruction and generation of
smaller-scale vortices. These vortical oscillations can lead
to mixing of the fluid across broad regions of the flow
domain.
As our flow model, we adopt the Stokesian Oldroyd-B

equations, given in dimensionless form by

� rpþ�u ¼ ��r � Sþ f and r � u ¼ 0; (1)

S r ¼ �ðWiÞ�1ðS� IÞ þ ��S; (2)

where Sr � @S
@t þ u � rS� ðru � Sþ S � ruTÞ. Here

Wi ¼ �p=�f is the Weissenberg number, with �p the poly-

mer relaxation time and �f the time scale of the fluid flow.

The external force, f, drives the flow, and its dimensional
scale F sets the flow time scale as �f ¼ �=�LF, where �

is the solvent viscosity, � the fluid density, and L the
system length scale. With the particular choice here for f,
��1
f is also the strain rate of extensional stagnation points

in the induced Newtonian flow.
The parameter � ¼ G�f=� measures the relative con-

tribution of the polymer stress to momentum balance,
where G is the isotropic stress induced by the polymer
field in the absence of flow. The parameter � controls
polymer stress diffusion. Stress diffusion can arise when
including the effect of center of mass diffusion of polymer
coils [12]. Here it is added to control polymer stress
gradient growth as Eqs. (1) and (2) otherwise lack a
scale-dependent dissipation (see also [13–15] for other
models incorporating stress diffusion). Aside from advec-
tively driven gradient growth, there is stress growth related
to the microscopic origins of the Oldroyd-B model [16,17]:
the bulk fluid is assumed to be a Newtonian solvent with a
dilute concentration of immersed polymer chains, them-
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selves modeled as Hookean springs. This underlying as-
sumption can yield infinite viscosities at finite strain rates
for steady viscometric straining flows [17] (see also
[18,19]), and unbounded stress growth in time-dependent
flows [20] as a consequence of a coil-stretch transition.
Here we set � ¼ 10�3, which is sufficient to control S on
the time scales needed for these simulations. Last, the
quantity � �Wi is the ratio of polymer to solvent viscosity
so that given a particular working fluid, its value is fixed
independent of experimental conditions. In the work of
Arratia et al. [4], � �Wi � 0:5, which is the value used
here.

Equations (1) and (2) are simulated in a 2D periodic box
½��;��2. To obtain extensional stagnation points in the
flow, a steady spatially periodic background force is used,
f ¼ ð�2 sinx cosy; 2 cosx sinyÞ, which for a Newtonian-
Stokes fluid yields a velocity field with a four-roll mill
geometry. The system is solved with a pseudospectral
method (see [20] for details). The high-wave number part
of the spatial Fourier spectrum is Oð10�12Þ throughout the
simulations.

The initial data are a perturbation of the identity

S 0 � Iþ "1gðxÞ cosðyÞ �"2 sinðxÞ cosð2yÞ�"2 sinðxÞ cosð2yÞ "3 cosðxÞgðyÞ
� �

;

(3)

with gðxÞ ¼ 2 sinðxÞ � 3=2 sinð2xÞ, and "k ¼ Oð10�2Þ,
k ¼ 1, 2, 3. The data are chosen so that the resulting
solution for the initial velocity field is a small perturbation
from the four-roll mill geometry, with initially unequal
vortical strengths. For example, for Wi ¼ 10, the vorticity
perturbation in quadrants I and III is roughly 3 times larger
than in quadrants II and IV. The perturbations in quadrants
I and IV are negative relative to the unperturbed state, and
in quadrants II and III are positive. Quadrant III receives a
slightly larger perturbation than quadrant I. The maximum
perturbation in the vorticity is Oð10�3Þ.

Figures 1 and 2 (and supplementary material [21]) show
the vorticity ! and polymer stress components both before
and after the onset of a symmetry breaking transition.
Figures 1(a), 2(a), and 2(b) are at t ¼ 100, showing that
the initial near-symmetry of the dynamics is maintained
well into the evolution. At early times, trS ¼ S11 þ S22
(representing the mean-squared distension of polymer
coils) concentrates along the incoming and outgoing
streamlines of the extensional stagnation points in the
flow, and oppositely signed vortices arise along these
streamlines. These vortices are a consequence of the coil-
stretch transition which occurs forWi � 1 [20] and are not
seen for Wi< 1. At t � 200, a symmetry breaking tran-
sition occurs, and the central stagnation point (CSP), ini-
tially at (0, 0), migrates into quadrant I. The vortex in
quadrant I weakens relative to the vortex in quadrant III.

At even later times the flow becomes temporally and
spatially more complex. At t � 1000, a new and higher

frequency of flow oscillation emerges [Fig. 3(a) and [21] ].
At that time the vestigial vortex center in quadrant I, still
seen in Fig. 1(b), is first destroyed, and the flow becomes
more complicated spatially thereafter, with patches of
positive and negative vorticity roiling about in quadrants
I, II, and IV [as in Figs. 1(c) and 1(d) and [21] ].
The behavior at smaller Wi is quite different. For Wi &

5 the velocity field remains slaved, like the Newtonian
case, to the background forcing, and perturbations in the
initial data do not lead to symmetry breaking spatially. In

FIG. 1 (color online). Contour plot of vorticity field ! for
Wi ¼ 10, at t ¼ 100 (a), 800 (b), 1400 (c), and 1700 (d). A
symmetry breaking transition occurs at t � 200, and the stag-
nation point at (�=2, �=2) is destroyed at t � 1000.

FIG. 2 (color online). Contour plots of polymer stress compo-
nents for Wi ¼ 10. Panels (a) and (b) show trS and the shear
stress S12, respectively, at t ¼ 100, and panels (c) and (d) show
the same t ¼ 1400. Note that the magnitude of trS is much larger
than that of S12.
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fact, if S0 is chosen to be far from symmetric (say, by
taking that from the Wi ¼ 10 simulation at large times),
and a simulation is performed with sufficiently small
Weissenberg number (here Wi & 5), the flow will relax
to a steady symmetric state qualitatively similar to that in
Figs. 1(a), 2(a), and 2(b).

Figure 3(a) shows the first component of velocity at a
fixed point in the flow for Wi ¼ 5, 6, and 10 with 0 � t �
5000. For Wi ¼ 5, the onset of the symmetry breaking
transition occurs over a very long time, and the solution
converges to a slightly asymmetric steady state, where the
CSP sits in the first quadrant and the lower left vortex is
slightly dominant. For Wi ¼ 6 the onset of the symmetry
breaking transition occurs more rapidly, after which there
are decaying time-periodic oscillations in the velocity
field, with relaxation to an asymmetric steady state. The
asymmetry is more pronounced than for Wi ¼ 5, and the
CSP oscillates between the two upper quadrants before
settling to a steady state in the upper half-plane. The
streamlines of the steady state are seen in Fig. 4(a). The
onset of the symmetry breaking transition occurs even
more rapidly for Wi ¼ 10, after which there are time-
periodic oscillations in the velocity field and the CSP
oscillates in the first quadrant. Again, at t � 1000 yet
higher frequency, persistent oscillations appear [21]. (A
simulation up to t ¼ 10 000 reveals no decrease in their
amplitude.)

Figure 3(b) shows the temporal Fourier spectrum of uðtÞ
for Wi ¼ 10. There are two fundamental frequencies, a
and b, labeled in the plot. The first corresponds to the

longer period � � 317, while the second arises as the
vortex in the first quadrant is destroyed, and has period � �
59. The other activated frequencies are sums, differences,
and harmonics of a and b. The spectrum at different points
in the domain gives the same two dominant frequencies.
The simulations indicate that a � 0 for Wi ¼ 5 with a
increasing withWi. The second frequency b decreases with
Wi and only arises for Wi * 9. These high frequency
oscillations lead to very complicated dynamics in the
flow as can be seen in the late-time plots of the vorticity
and stress [Figs. 1(c), 1(d), 2(c), and 2(d)].
Figure 4 shows how symmetry breaking and oscillations

can produce fluid mixing in the system. We subdivide the
2�-periodic cell into quadrants, label fluid particles blue,
green, red, and yellow (quadrants I through IV, respec-
tively), and track them in the flow. For small Wi, say,Wi ¼
0:5, there is essentially no mixing among the four quad-
rants as the initial asymmetric perturbation relaxes away
(not shown). Figure 4(a) shows the particle positions at t ¼
2000 for Wi ¼ 6, as the system relaxes to steady state.
While there has been considerable mixing, large regions of
unmixed fluid remain corresponding to the perturbed, yet
coherent vortices.
Very different are Figs. 4(b) and 4(c), which show the

particle distributions for Wi ¼ 10 at t ¼ 500 and 2000,

FIG. 4 (color online). Panels (a)–(c) show Lagrangian particle
distributions from the numerical simulations (using 65 536 par-
ticles). Particles originating in quadrants I (upper right) through
IV (lower right) are colored blue, green, red, and yellow,
respectively. (a) Particle distribution for Wi ¼ 6 at t ¼ 2000
with streamlines of the steady state overlayed. (b) and
(c) Particle distribution for Wi ¼ 10 at t ¼ 500 and 2000,
respectively. (d) The percentage of particles of each color in
quadrant I over time, 0< t < 2000. The dashed line at 1=3
shows the nearly equal representation of quadrants I, II, and
IV over long times.

FIG. 3. (a) The first component of the velocity field at a fixed
point versus time [uðtÞ ¼ u1ð�=4; �=4; tÞ] for Wi ¼ 5 (upper
curve), 6 (middle curve), and 10 (lower curve). (b) The temporal
spectrum of uðtÞ for Wi ¼ 10 with the transform taken over late
times.
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respectively. Figure 4(b) shows layers of particles from
quadrants I, II, and IV mixing and interleaving, while
4(c) shows the emergence of a well-mixed fluid outside
of the large stable vortex of quadrant III. Figure 4(d) shows
the percentage of each color in quadrant I as a function of
time. This quadrant is singled out because of the specific
structure of the asymmetric state, and gives time scales of
the observed processes. Under transit to the asymmetric
state, the fluid begins to mix outside the stable vortex, as
seen in 4(b). However, with the onset of higher frequency
vortical oscillations for t > 1000, there is more significant
mixing of particles from three of the four quadrants, with
red particles from the remaining vortex also being stripped
away and mixed. The coherent vortical structure which
remains is reminiscent of the persistent elliptic regions
found in experiments of Newtonian flows at an intermedi-
ate Reynolds number driven by an array of magnets and
associated Lorenz forces [22]. Those patterns are periodic
recurrences in response to a periodic driving force, but the
remaining vortex here arises from a steady force and is not
associated with any recurrences.

In conclusion, we find that in this simple theoretical
setting, viscoelastic fluids can exhibit two transitions.
The first is to a steady asymmetric state, and the second
to persistent oscillations at multiple frequencies. This sec-
ond, higher Weissenberg number state produces fluid mix-
ing over broad regions of the flow. These results seem
similar to observations of Arratia et al. [4] and of
Groisman and Steinberg [1]. Unlike those experiments,
we do not find broadband activity in temporal spectra,
but instead several active discrete modes. Another interest-
ing observation concerns the early part of the oscillatory
phase of the flow. Though the initial data slightly perturb
the locations of all of the stagnation points, we find that the
flow relaxes into a complex dynamics with no obvious
symmetries and yet has stagnation points refixed at the
vortex centers of the Newtonian flow (even though the flow
there may not be elliptical). At higher Wi the appearance of
faster oscillations destroys this pinning, and more rapid
mixing begins. One important question is how the evolu-
tion of the system depends upon the initial data. In trials
with initial stress taken as random perturbations from the
identity, the qualitative features of the transitions are ro-
bust, although the ultimate location of the persistent vortex
displays a complicated dependence on the initial data. It is
noteworthy that in one such trial the vortex does not relax
to a single quadrant, but instead switches dynamically and
persistently from quadrant to quadrant [21]. If instead the
forcing is perturbed and is strongest in a quadrant, then that
quadrant’s vortex will become dominant over long times.
This suggests possible protocols for global mixing of the
fluid, for example, by using relaxation interleaved with
biased forcing that exploits the multistability of the asym-
metric state. We have also found similar dynamics in
simulations of the FENE-P model [23] which limits the

growth of polymer stress through introduction of a length
constraint to polymer stretching. More detailed studies are
ongoing. Future work includes investigations into the ori-
gins of the instability via bifurcation and stability analysis.
Finally, other modes of instability are available in three
dimensions, and we anticipate yet richer behavior there
[24].
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